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ADVERTISEMENT TO THE SIXTEENTH EDITION. 


THis Edition possesses several advantages over the preceding 
one : 


Ist. It has been printed with new type; and an unusual 
amount of labour has been expended in correcting the press. 
Also every Example, Problem, and Exercise, has been worked out 
xy myself, and its Answer verified. So that the book now appears, 
it is hoped, as nearly free from errors, and as attractive, as it is 
possible for such a book to be. 


Qndly. Numerous slight, but not unimportant, improvements 
1ave been made throughout the work, for the most part according 
to suggestions contained in the valuable MS. Norss of the late 
Rev. G. B. Wildig, of Caius College. And I have re-produced a 
portion of the 2nd Part of Algebra, (as it was formerly called), 
which, though not furnishing a complete discussion of the General 
Theory of Equations, will yet be found sufficient for the majority 
of Students. 


Moreover, some additional NOTES are given at the end of the 
900k, of which one, compiled by permission from the late Professor 
Peacock’s Algebra, and two others by the Rev. J. R. Lunn, and 
ihe Rev. H. G. Day, Fellows of St. John’s College, will suggest 
riews on Symbolical, or Formal, Algebra, in advance of those 
which are at present generally entertained. 


3rdly. Although the Collection of Examples and Problems in 
his volume (presenting the marrow of the Cambridge Examina- 
ions for the last 40 years) contains some of extreme difficulty, not 
me is given of which a detailed Solution will not be found either 
n the “COMPANION”’ designed for Students, or in the “Kry’”’ for 
Schoolmasters, lately published. 


As before, I have printed Dr. Wood’s matter in large type to 
listinguish it from the rest, having too great respect both for 
Jr. Wood’s memory, and for my own character, to appropriate to 
nyself that which is another’s. 

T. L. 


Morton Rectory, near Alfreton, 
Aug. 1, 1861, 
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INTRODUCTION. 


VULGAR FRACTIONS*. 


ART. 1. A FRACTION is a quantity which represents a part or 
parts of an integer or whole. 


2. A simple fraction consists of two members (or terms), the 
numerator and the denominator ; the denominator shews into how 
many cqual parts the whole, or unity, is divided ; and the nume- 
rator the number of those parts taken. The numerator is usually 


placed over the denominator with a line between them. Thus = 


(two therds,) signifies that unity is divided into three equal parts, 
and that two of those parts are taken. 

Tt must be observed, that we suppose every integer to be 
divisible into any number of equal parts at pleasure. 


3. A proper fraction is one whose numerator is less than its 
denominator, as ie 
4, An improper fraction is one whose numerator is equal to, 


is : 6 
or greater than, its denominator, as 6 z 


uc oe : ‘ 3.5 
5. A compound fraction is a fraction of a fraction, as a of 5? 


* Sud& is the importance of a right knowledge of Arithmetical Fractions, and so 
common is it for the Student to fail herein, that the Author has wisely prefixed this 
chapter to his treatise on Algebra, as knowing that no sure progress can be made in the 
Agtter subject, while there is any unsoundness as to the former. Ep. 


2 VULGAR FRACTIONS. 


where 2 5 is the whole quantity of which is to be taken ; also 5 Oo 


of = is a compound fraction; &c. 
6. A quantity consisting of a whole number and a fraction 


called a mixed number, as 77, which signifies 7 integers togeth 


with - of an integer. 


7. Every integer may be considered as a fraction whose den 


xd 
e e » e wo 
minator is 1; thus 5, or 5 units, is I 


And 2 7 may be read 5 integers, or 5 wholes. 


8. A continued fraction is one whose roi is continued by bein 
itself a mixed number, and the denominator of tHe fractional part agai 


continued as before, and so on: thus 
] 5 s e 
a 7+ are called continued fractions*. 
Q4-——- 34 
34 1 9+ &e. 
4 


9. To multiply a fraction by any whole number. 
Rue. Multiply the numerator by that number and retain the 


same denominator. 


2 
Thus is 


5 


multiplied by 7 is = For the unit in each of the 


e 
a 


fractions aa nd ai is divided into 15 equal parts, and 7 times as 


many of those parts are taken in the latter case as in the former. 


10. To divide a fraction by any whole number. 


Rue. Multiply the denominator by that number and retain 
the same ee 


Thus ® divided by 4 is = 


0° For, the unit being divided into 


3 
four times as many equal parts in — as it is in 


50 5? each of the parts 


* To avoid repetition the reader is referred to the first section of the Algebra for the 
explanation of the signs +, —, x, =, +, &c. 


VULGAR FRACTIONS. 3 


in the latter case is four times as great as in the former, and the 
same number of parts is taken in both cases; therefore the former 
fraction is one fourth of the latter. 


1]. A semple fraction may be considered as representing the 
quotient arising from the division of the numerator by the de- 
nominator. 


Thus the fraction : represents the quotient of 3 divided by 4; 


for 3 is : (Art. 7)*, and this divided by 4 is the fraction 3 (Art. 10). 


If the integer be supposed a pound, or twenty shillings, : of £1, 


which is 15 shillings, is equal to ; of £3, which is also 15 shillings. 


12. If the numerator and denominator of a fraction be both 
multiplied by the same number, the value of the fraction is not 
altered. 


For, if the numerator be multiplied by any number, the fraction 
is multiplied by that number (Art. 9); and if the denominator be 
multiplied by the same number, the fraction is divided by it 
(Art. 10); and if a quantity be both multiplied and divided by the 
same number, its value is not altered. 

5 15 150 
Thus M4 m7 ag? &* | 

Cor. Hence, if the numerator and denominator of a fraction 

be both divided by the same number, its value is not altered. 


150 15 5 
Thus 490 = 42 = 14 ° 
REDUCTION. 


The operation by which a quantity is changed from one deno- 
mination to another, or by which a fraction has its terms dimin- 
ished, without altering its value, is called Reduction. 


* This is the usual way of referring, eithor for illustration or proof, to some ether 


clause, or Article. Kd. 
1—2 
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13. Zo reduce a whole number to a fraction with a give 
denominator. 

Rue. Multiply the proposed number by the given denom! 
nator, and the product will be the numerator of the fractio 
required. | 

Ex. Reduce 5 to a fraction whose denominator is 6. 

This is , or sap because 5 may be considered as a fraction - 
(Art. 7), the numerator and denominator of which are multiplied b. 
6, therefore its value is not altered (Art. 12). 


14. To reduce a mixed number to an improper fraction. 


RULE. Multiply the integral by the denominator of the frac 
tional part, to this product add the numerator of the fractiona 
part, and make its denominator the denominator of the sum. 


Ex. 1. Reduce 74 to an improper fraction. 

The quantity 74 is 7 + : , which is equal to 2 + 5 or - ; for 7 
(by last Art.), is equal to - , and if to this : be added, the whol 
is = 

5 6 


11x283+9 2534+9 26 


met 
——— 
— 


to 


Ex. 2. Also 232 = 








—_— ___-_--. 
ed 


ll 11 ll- 


15. To reduce an improper fraction to a mixed number. 


Rue. Divide the numerator by the denominator for the 
integral part, and make the remainder the numerator of the 
fractional part, and the divisor its denominator. 


9 ; 
Ex. Reduce = to a mixed number. 


The fraction ==7$; because the unit being divided into 5 
equal parts, 39 such parts are to be taken, that is, 7 units and 4 
such parts. 


16. To reduce a compound fraction to a simple one. 


Rue. Multiply all the numerators together for a new nume- 
rator, and all the denominators for a new denominator. 
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' Ex. 2 of=5 ; for one third of 5 is (Art. 10); therefore 


two thirds of - same quantity, which te be twice as great, is 
8 
iz (Art. 9). 


3 3 5 15 
Ex. 2. gorb=z of >= 7- 

2 9 72 
Ex. 3. of 5 0 lL ~ 165° 


Mixed adios must be reduced to improper fractions before 
the rule can be applied. — 


° of 2 (Art. 14) = 3/2. 


5. 22 1 
Ex. 4. 8 of 5 of 35 = 864 


a : of 35 = - 5 0 
17. Lo reduce a continued fraction to a simple one. 


Apply the rule (Art. 14) for reducing a mixed number to an improper 
fraction, commencing at the lowest extremity of the continued fraction, and 
proceeding gradually upwards until the whole is reduced to a simple 
fraction. But as this operation requires the use of a rule not yet proved, 
the example is deferred to Art. 35. 


18. To reduce a fraction to lower terms. 

RuLE. Whenever the numerator and denominator of a fraction 
have a common measure, that is, a number which dinides each of 
them without remainder, greater than unity, the fraction may be 
reduced to lower terms by dividing both the numerator one deno- 
minator by this common measure. 


Ex. 730 is reduced to — 5 by dividing both the numerator and 


denominator by 5; and i is again reduced to d by dividing its 


numerator and denominator by 3. That the value of the fraction is 
not altered appears from Art. 12, Cor. 


In the same manner 198 — 84 _ 28 _ 4, 

210 105 35 5° 
19. The “Greatest Common Measure” of two numbers 1s 
found by dividing the greater by the less, and the preceding divisor 
by the remainder, continually, till nothing is left: the last Divisor 

1s the Greatest Common Measure required. 


6 ; VULGAR FRACTIONS. 


Der. The Greatest Common Measure of two or more numbers is the 
greatest number which will divide each of them without remainder. 


Ex. To find the Greatest Common Measure of 189 and 224. 
189) 224 (1 
189 
35) 189 (5 
175 
14)35(2 
28 
~F)IA(2 
14 
0 


By proceeding according to the rule, it appears that 7 is the last 
divisor, or the Greatest Common Measure sought. 


The proof of this rule will be given hereafter. See Art. 103. 


If the Greatest Common Measure of three numbers is to be found, find 
the G.C.M. of two of them, and then the G.C.M. of this and the third 
number, which will be the G.C. M. required. 

Also, observe, it will abridge the operation to begin with those two which 
are the nearest to each other in value. 


20. A fraction is reduced to its lowest terms by dividing its 
numerator and denominator by their greatest Common Measure. 


385 . 
Ex. To reduce 506 to its lowest terms. 


By the Rule given in the last Art. the Greatest Common 
Measure of the numerator and denominator is found to be 11; and 


35. ; eae 
therefore a8 is the fraction in its lowest terms. 


Cor. If unity be the Greatest Common Measure of the nume- 
rator and denominator, the fraction is already in its lowest terms, _ 


21. To reduce any number of fractions to a common deno- 
minator. 

RuLE. Having reduced, if there be any, compound fractions to 
simple ones, and mixed numbers to improper fractions, multiply 
each numerator by all tlie denominators except its own for the new 
numerator, and all the denominators together for a common deno- 
minator. 


VULGAR FRACTIONS. | 


1 2 3 
Ex.1. Reduce 5°53? and a to a common denominator. 


1x3x4  2x2x4 2x3x3 12 16 18 
QxBxd? Qxdx4? M4 9.3.47 T og ag and gG, 
are the fractions required. These fractions are respectively equal 
to the former, the numerator and denominator in each case having 
been multiplied by the same numbers, namely, the product of the 
denominators of the rest (Art. 12), 

1x3x4 1. 2x2x4 2 2x3x3 3 


———a en 
—_— a — 


—. i? 9x3x4 ~ 3? - 9x3x4 4° 


Ex. 2. Reduce 2 = of 2 — and 44 to a common denominator. 





- 
6 3 13 9 130 
These are or and = -, Or ; 10 and 4 3 30 aT are the 


fractions required. 


22. If the denominator of one of two fractions contain the 
denominator of the other a certain number of times exactly, mul- 
tiply the numerator and denominator of the latter by that number, 
and ut will be _— to same denominator with the former. 


Ex, Reduce j5 >and 3 to a common denominator. 


Since 12 vial 3 soe times exactly, multiply both the nume- 


rator and denominator of ; by 4, and it becomes = a fraction 


e 
having the same denominator with co ‘ 


In the reduction of fractions to a common denominator the following 
rule is frequently required, in order that the reduced fractions may be i 


their lowest terms :— 


23. To find the “ Least Common Multiple” of any numbers. 


Der. The “Least Common Multiple” of any numbers is the least 
number which is divisible by each of them without remainder. 


Rute. To find it, write down in one line the numbers of which the 
least common multiple is required, separating them by some mark, as a 
comma. Divide all those which have a common measure by that common 
measure*, and bring down the other numbers placed in a line with the 


* That is, the divisor must be prime to those numbers which it does not measure. 
We are sure we comply with the dircction, if we divide by prime numbers onty. 


8 VULGAR FRACTIONS. 


quotients, separated as before ; and repeat this process as long as any com- 
mon measure exists between two or more of them. The Least Common 
Multiple required will be the continued product of the divisors and of the 
final quotients. 
Ex. Required the Least Common Multiple of 8, 12, and 18. 
2| 8, 12, 18 
2\4, 6, 9 
3/2, 3, 9 
2 1, 3 
Least Com. Mult. is 2x2x3x2x1x3, or 72. 
The proof of this Rule will be given hereafter. See Art. 115. 





N.B. In finding the Least Common Multiple of any numbers care 
must be taken to follow the Rule strictly, viz. to “divide all those which 
have a common measure by that common measure”. Thus, as above, the 
Least Common Multiple of 8, 12, and 18 is correctly found to be 72; but 
the operation might be carelessly attempted as follows : 





6/8, 12,18 —_ first taking for a divisor 6, the common measure 
2°18; 8. - 3 of 12 and 18, instead of 2, the common measure 
4, 1, 3 of all ; 


from which we should conclude that the Least Common Multiple required 
is 6x2x4x1x3, or 144; which is twice as great as the true Least Common 
Multiple. 

Also, it is obvious, that in any proposed case those numbers may be 
entirely omitted in the operation which are contained in any of the others. 
Thus, to find the Least Common Multiple of 6, 7, 12, and 14, we observe 
that 6 is contained in 12, and 7 in 14; therefore it remains only to find the 
Least Common Multiple of 12 and 14, which is 84. 


24. To reduce fractions to a common denominator, in their lowest terms, 
find the “Least Common Multiple” of all the denominators, and make that 
the common denominator by multiplying both the numerator and denominator 
of each fraction by the quotient of Least Common Multiple divided by the 
denominator. 


, ae 
Ex. Reduce to a common denominator 3? 7? oo x ‘ 


The Least Common Multiple of the denominators, by Art. 23, is found 
to be 84; and therefore the required fractions are 
28x1 12x2 6x3 4x12 21x83 
28x83? 12x7? 6x14? 4x21? 21x4? 
28 24 18 48 65 
84° 84’ 84” 847 BA 


3 
d-. 
an 4 


Oo 


25. Cor. By reducing fractions to a common denominator 
their values may be compared. 
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Thus and 7. , when reduced to a common denominator, are 


7 


~ and a that is, the fractions have the same relative values 


that 48 and 49 have. 


26. By reducing fractions to a common numerator also their values 
may be — 


Thus = and = when reduced to a common numerator, are = 


12 . : ence 
and a ; and since the former of these fractions signifies that the unit 
oJ 


is divided into 52 equal parts of which 12 are taken, and the latter 
signifies that the unit is divided into 51 equal parts of which 12 are taken, 
it is obvious that the latter fraction 1s the greater of the two, or that 
which has the smaller denominator. 


27. To find the value of a fraction of a proposed denomi- 
nation in terms of a lower denomination. 

Rute. Multiply the fraction by the number of integers of 
the lower denomination contained in one integer of the higher, 
and the product is the value required. The value of any frac- 
tional part of the lower denomination may be obtained in the 
same manner, till we come to the lowest. 


? 
Ex. 1. What is the value of ; of £1? 


r 
First, 2 of £1 is 2 of 20 shillings, 


7 9 
or : of © shillings = Se = 142 shillings. 


2 12 
Next, 7 of a shilling = F of 7 pence, 


24 ; 
a2 pence = 37 pence. 


Lastly, 2 7 3 ofa penny = 7 Sof 4 farthings = 7 3 of = 


- 2 6 arthings = 14 farthings : 


d. 
hence, = 5 of 1£ is 14. 3. 


10 VULGAR FRACTIONS. 


The operation is usually performed in the following manner: 
£5 
20 
7)100 


—_—— —_—— 


14--9s. 


§. d. q 
ANS. 14.3. 14. 
Ex. 2. What is the value of ? of a crown? 


5C 
2 


95 
2--7s8. 
ee 
9)84 
9--3d. 
wee 
OE: 
1 --3q. 
8. d. q. 
ANS. 2.9. 13. 
28. To reduce a quantity to a fraction of any denomination. 


Rue. Make the given quantity the numerator, and the number 
of integers of its denomination in one of the proposed denomination 
the denominator, and the fraction required is determined. 


s. d. q. 
Kx. What fraction of a pound is 12.7.3? 
&. ad. = q. q. q. 
12.7.3=607; and one pound = 960; 


UUs 


therefore —, is the fraction sought; because the integer being 


& a. ‘ 
divided into 960 equal parts, 12.7. 3 contains 607 such parts. 


29. In the last example we were obliged to reduce the whole 
to farthings; and in general, if the higher denomination do not 


VULGAR FRACTIONS. 11 
contain the lower an exact number of times, reduce them to a 
common denomination, and proceed as before. 

Ex. What fraction of a guinea is half a crown? 

Here sixpence is the greatest common denomination, of which 

r 

a guinea contains 42, and half a crown 5, therefore p is the fraction 
required. :; 

Any common denomination would answer the purpose; but, if 
the greatest be taken, the resulting fraction is an the lowest terms. 

30. To reduce a fraction to any denomination. 


Rute. Find what fraction of the proposed denomination an 
integer of the denomination of the given fraction is, and the fraction 
required will be found by Art. 16. 


Ex. 1. What fraction of a pound is ; of a shilling ? 


1 shilling i is 5 *, of a pound, therefore = = of 1 shilling is = = of 5. ~ 9 of 


a pound, = re 30 of a pound. 
Ex. 2, What fraction of a yard 87 of an inch? 
1 inch is. : g of a yard, therefore = 7 ” of an inch is z 5 of 5 g of a yard, 


5 
= 555 of a yard. 
Ex. 3. What fraction of a guinea is : of a pound? 


1 pound is aT of a guinea (Art. 29); hence : of a pound is - of 


0 80 
of a guinea = —— 


2 of a guinea. 
21 189 2 2 8" 


ADDITION OF FRACTIONS. 


31. To find the sum of two or more fractions. 
Ruuel. If fractions have a common denominator, their sum 


is found by taking the sum of the numerators, and subjoining the 
common denominator. 


12 VULGAR FRACTIONS. 


Thus z+ ; = =. For, if an integer be divided into five equal 
parts, one of those parts, together with two parts of the same kind, 


must make three such parts. 


32. RuLell. Jf the fractions have not a common denomina- 
tor, reduce them to a common denominator, and proceed as before. 


Ex. Required the sum of = and =. 


; 40 45 48 
These reduced to a common denominator are Gu’ 60’ and 50° 


- 133 
whose sum is = , or Qi 


33. When mixed numbers are to be added, to the sum of the 
fractional parts, found as before, add the sum of the integers. 
I 
7 ° 
3,1, 2 315,140, 24 _ 479 
4° 3 35 420 420 420 420 
therefore the whole sum required is 5 + 6 + lim, or 1255. 


Ex. Add together 53, 64, and = of 


59 
= liza, 


SUBTRACTION. 


34. To find the difference of two fractions. 


Rute I. The difference of two fractions which have a common 
denominator is found by taking the difference of their numerators, 
and subjoining the common denominator. 


Thus pop For, if the unit be supposed to be divided 
into five equal parts, and three of those parts be taken from four, 


the remainder must be one of the parts, or - 
35. RULE IDL If the fractions have not a common denomina- 


tor, let them be reduced to a common denominator, and then take 
the difference as before. 


VULGAR FRACTIONS. 13 


9 4 
Ex.1. From ii take E° 


9 4_= 45 44 
11 age 55 55” 
3 7 
Ex. 2. From 5; of = take , of =. 
5 8 
3. 33 j ery eae 
1g Of s = gp? ands era 


33° 7 G66 ~~ 35 
60 24° 120° 120 120° 
When mixed numbers are to be subtracted, the integers may be sub- 
tracted separately, and then the fractional parts. Thus, 
$4—21=3-244-d=141=11 
And if the fractional sae of the face number to be subtracted is 


greater than that of the other, deduct 1 from the greater number and add it 
tn a fractional form to the smaller fractional part ; then proceed as before. 


Thus, 65-34 = 54 —3h= 5-340 1-243 =o. 


(Art. 24) = <5 


MULTIPLICATION. 
36. Der. To multiply one fraction by another 18 to take 
such part or parts of the Former as the latter expresses. 


Rue. This is done by multiplying the numerators of the two 
fractions together for a new numerator, and the denominators for 
a new oe 


3 5 
Thus a> 3 : for | — a by 2 5 is, according to the de- 
finition of multiplication, = 7 > of? re or? 3° (Art. 16). (See ‘Companion*,’ 


p. 2). 

If there be more than two fractions to be multiplied together, a similar 
rule applies :—multiply all the numerators together for a new numerator, 
and all the denominators for a new denominator. 


23.6 1 $1 
Thus, 3%3 3°4 24 =] 5 for 5 of 55, and 5 ar 


Compound fractions must be reduced to simple ones, and 
mixed numbers to improper fractions, and they may then be mul- 
tiplied as before. 


* Companion to Wood's Algebra, by Lund, 8rd Edition. 
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Ex. 1. Multiply 2 of 2, by 74. 
ce PY 5 13 
2.9 18, _ 87, 
5 Of 13 = 65° and 74 = 5? 


therefore their product is 


18 57 1026 505 __ 1283 
65°8 ~ 520 7s : 
Ex. 2. Multiply a by 7. 
| ae _ 2d _ 2 
217°" 217° 31° 


Hence it appears, that a fraction may be multiplied by a whole 
number by dividing the denominator by that number, when this 
division can take place. 


Much trouble is frequently saved by observing what multipliers are 
common to the new numerator and denominator, and striking them out 
(Art. 12, Cor.) before the multiplication is effected. 


2 3 4, 1x2x3x4 
> 3° 7 and 52 38, by the rule, Serre 


x5? 


tO | 


Thus the product of 


: ] Saas : 
which we see at once to be B? by striking out the quantity 2x3x4 common 
to the numerator and denominator. 


Again, if in the proposed fractions, to be multiplied together, there be 
any numerator and any denominator which have a common measure, divide 
them both by that common measure, and use the resulting quotients for 
the purpose of forming the required product. 


1 8 57 9 D7 51 3 sae 
Thus 65° 8 GR 4 960) Be 18 and 8 have the common measure 2. 


3 7 16 1 7 16 


Also 3" 37" 317 4°09" oe (dividing 3 and 27 by 3,) 
17 4 
FATAL? Goer 4 and 16 by 4,) 
1 1 4 
~7*9%3? hoteucaeodss 7 and 21 by 7,) 
4A, 


—_— 


q 


fl 
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DIVISION. 


37. To dwide one fraction by another. 


Rute. To divide one fraction by another, or to determine 
how often one 1s contained in the other, invert the numerator and 
denominator of the divisor, and proceed as in multiplication. 


Baie oy a) ae 
Ex. 1. Z divided by 7 is 4% 5 = 59 7 le 


For, from the nature of division, the divisor multiplied by the 


quotient must produce the dividend: therefore : x quotient =5 ; let 


these equal quantities be multiplied by the same quantity Z , and the 


a fe SD P 3. 7 35 
products must be equal; that is, 57 xquotient =7 x=, Or 5.x 


; but pa =1; therefore the quotient = =, 
found by the rule. And the same method of proof is applicable to 
all cases. 

Compound fractions must be reduced to simple ones, and mixed 
numbers to improper fractions, before the rule can be applied. 


quotient = as was 


Ex.2. Divide ; of : by 34. 


5 4 20 10 
9 Of = G3) and 33 =; 
therefore the quotient required is a0 oS a 2 
erefore quoti q 63°10 7 31° 


i 


38. It will often happen in practice that fractions present themselves 
which require the application, not of one single rule only, as of Addition, 
or Subtraction, or Multiplication, &c., but of several rules in one operation. 
Thus, 

Ex. 1. Required to find the single fraction which is equivalent to 


5 P) 3} 
ee —~—of 100+— >. 
=x4 100 3 0 21 

1 100 
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22 
7k 3 22 9 88 
and —2 = oe = — = 
21° 9° 38 & 27’ 
4 


therefore the whole quantity is equivalent to 
5 {> . 7 








x 
743 ary’ 
5 200+ 83 
a a 
3,98 8 _ 4940 
7 OT 189 ’ 
= 2625. 
1 : 
Ex. 2. Reduce <= to a simple fraction. 
2+ — 
Bie 
*3 
1 13 1 
Here 3+0= re nea —— Therefore 
4 A 
1 4 30 1 13 
8 —_— <= —— ——. 
a aor fa and the fraction required is 50” 30 
4: 13 


DECIMAL FRACTIONS. 


39. In order to lessen the trouble which in many cases attends 
the use of Vulgar Fractions, Decimal Fractions have been intro- 
duced, which differ from the former in this respect, that their 
denominators are always 10 or some power of 10, as 100, 1000, 
10000, &c. and instead of writing the denominator under the 
numerator, it is expressed by pointing off from the right of the 
numerator as many figures as there are je in the denominator ; 


thus ‘2 signifies —- 


10’ 
23 sasees aa) 
WOT veseee ae, 
0013s... aan? 
43°71... 485 or 222 


10° 
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40. Cor. 1. The value of each figure in a decimal decreases 
from the left to the right in a tenfold proportion, that is, each 
figure is ten times as great as if it were removed one place to 
the right, as in whole numbers; thus 
eee 2 2 
192 ot >? a008 1000’ 
and the decimal *127 is one tenth, two hundredths, and seven 
thousandths, of an unit. 


‘2s and ‘002 = &e.: 


41. Cor. 2. Adding cyphers to the right of a decimal does 
not alter its value; thus 
gn 2 2 20 _ 
10 100 
_ 200 _.. 
~ 10000” 


20, 


= yoou0 ~ 70% 
= &¢, 
the numerator and denominator having been multiplied by the 


same number. (Art. 12.) 


42. Cor. 3. Decimals may be reduced to a common denomi- 
nator by adding cyphers to the right, where it is necessary, till the 
number of decimal places is the same in all. : 


Ex. ‘5, ‘01, and ‘311, reduced to a common denominator, are 
‘500, 010 and ‘311; 


hatede 500 10 311 


1000’ 1006? 2" yo00" 

43. Cor. 4. Hence in all complicated numerical reductions decimal 
fractions possess great advantages over vulgar fractions. For, Ist, the 
denominators of the former being always 10 or some power of 10, their, 
reduction to a common denominator is easily cffected, and consequently 
all operations requiring that previous reduction are facilitated : 2nd, the 
numerators and denominators of decimal fractions being usually written in 
one line, and the value of each figure decreasing in a tenfold proportion, 
from left to right, as in whole numbers, the common rules of Arithmetic are 
immediately applicable to such fractions, care only being taken, by means 
of rules for that purpose, to mark off correctly the decimal result. 


As decimals are only fractions of a particular description, their 


operations must depend upon the principles already laid down. 
2 
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ADDITION OF DECIMALS. 


44, Ruuze. To find the sum of any number of decimals place 
the figures in such a manner that those of the same denomination 
may stand under each other; add them together as in whole 
numbers, and place the decimal point in the sum under the other 
points. 


Ex. Add together 7°9, 51°43, and °0118. 


These, when reduced to a common denominator, are 7°9000, 
51°4300, and ‘0118; and proceeding according to the rule, 
7°9000 


51°4300 
"0118 


59°3418 = the sum required. (Art. 31.) 


In the operation the cyphers may be omitted, if the several 
decimal points stand exactly under each other thus, 
79 
51°43 
0118 
BENE 


SUBTRACTION. 


45. Rue.: To find the difference of two decimals place the 
Jigures of the same denomination under each other; then subtract 
as in whole numbers, and place the decimal point under the other 
pornis. 

Ex. From 61°3 take 42°012., 


These, reduced to a common denominator, are 61°300 and 42'012; 
therefore their difference is 19°268 (Art. 34). In the operation the 
cyphers may be omitted thus, 


61°3 


a ee 


MULTIPLICATION. 


46. RULE. To multiply one decimal by another multiply the 
figures as in whole numbers, and point off as many decimal places 
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im the product as there are m the multiplier and multiplicand 
together. 

Ex. 51°3x4°6 = 235°98. 

For 013 , 46 _ 23598 
10 10 100 
235°98. And a similar proof may be given in all other cases. 


= (according to the decimal notation) 


47. When there are fewer figures in the product than there 
are decimals in the multiplier and multiplicand together, cyphers 
must be annexed to the left of the product, that the decimal 
places may be properly represented. 


Ex. °25x°3=°075; for 25 3 79 


100710 10007 (according to the deci- 
mal notation) *075. 


DIVISION. 


48. Rue. Division tn decimals is performed as in whole 
numbers, observing to point off as many decimals in the quotient 
as the number of decimal places in the dividend exceeds the 
number in the divisor. 

Ex. Divide 77:922 by 3:7. 

77922 

“37 = 21°06: 
here there are three decimals in the dividend and one in the 
divisor; therefore, there are two in the quotient. 

The trath of this rule is apparent from the nature of multipli- 
cation; for the product of the divisor and quotient is the dividend ; 
there are, therefore, as many places of decimals in the dividend, 
as there are in the divisor and quotient together (Art. 46); con- 
sequently there are as many in the quotient as the number in 


the dividend exceeds the number in the divisor*. 


* The proof here given does not directly meet the most frequent case, viz. when, the 
division being performed as in whole numbers, a remainder is left. The general proof is 
given in Art. 131. But, in fact, division in decimals is best performed without rule; thus, 


ot 336 ee a ee 
to divide ‘336 by 42, since °336 = 1000’ therefore 836+ 42= 7055 *472 1000 mye 


254.125 254 4 32. 
Again, to divide 25°4 by 12°5 ; To ™ Tien iag72t tog 2 +000 =? 032. Also 


12 36 
386° = = —~J - = e a 
012=36 Lo0c 1000x 44 8000. Ep 
2—2 
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49. If figures be wanting in the quotient to make up the 
proper number of decimal places, cyphers must be added to the 
left. 

Ex. Divide ‘336 by 42. 

336 _ g. 

42 : 
and as the quotient of -336 divided by 42 must contain three decimal 
places, — ‘ileal is ‘008. 

For i sae © divided by 42 is 
to the decimal notation) -008. 


aS000! oF 7000: that is, (according 


50. When the dividend does not contain as many decimals as 
the divisor, cyphers must be added to the right of the decimals 
in the dividend, till that is the case. (Art. 41.) 

Ex. Divide 36 by 012. 

36 = 36°000, 
and 36°000 divided by °012 is 3000, according to the rule. 


REDUCTION. 


51. To reduce a vulgar fraction to a decimal. 


Rowe. Add cyphers at pleasure, as decimals, in the numerator, 
and divide by the denominator according to the rule for the 
division of decimals. The truth of this rule is evident from Art. 11. 


3 3°00 
Ex. 1. 4 = 47 = 1D. 
7 7:000_ | 
Ex. 2. 8 = ws = °875 
4 4°0000 
Ex. 2. 625 = 625 = 0064 
Ex. 4, 2 = 1000 de. _ 398 be. 
3 3 
4 _* 0000 &e. 


52. In some cases, as in the last two examples, the vulgar 
fraction cannot exactly be made up of tenths, hundredths, &c., but 
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the decimal will go on without ever coming to an end*, the same 
Jigure or figures recurring in the same ordert; but though we 

cannot represent the exact value of the vulgar fraction, yet, by 
increasing the number of decimal places, we may approach to it as 


near as we please. Thus -= ‘1111 &. Now 'l, or 0 is less than 


the true value by 3 “11, or — Ze 


700? 38 too little by a9 ; and so on. 


. Al ; ; 
Again neg "123123 d&c., the figures 123 being repeated without end ; 


: 
='148148 &e. ; ag ='138888 &c.; and so on. 


aol 


tO: 


Decimals of this kind are called recurring or circulating 
decimals. 


* It is evident that no vulgar fraction can be exactly expressed by a decimal, unless it 
either has, or can be reduced to another which has, 10 or some power of 10, for its deno- 
minator, (Art. 39). Thus, reverting to the Exs. of the last Art. 

3 3x5? 75 


ao ee = 1755 

47 Bype yaTO 

7 7x53 875 

S7 eee oe 
94 

4 = = an 0064; 


each of which vulgar fractions is expressed decimally with perfect exactness. But the 
following Exs. viz. 7 and ss » Since they cannot be expressed by equivalent fractions with 
a denominator of 10 or some power of 10, are not capable of being expressed by termi- 
nating decimals. 

Also since 10, and its powers, are divisible by 2 and 5 only, and their powers, it 
follows that no vulgar fraction can be expressed by a terminating decimal unless, when it is 
in tts lowest terms, its denominator is divisible by one or both of the numbers, 2 and 5, or ther 
powers, and by no other number. Ep. 


+ This is easily shewn by a particular instance; and it may thence be seen to be true 
; 4 
in all cases. Thus, suppose it is required to find the decimal equivalent to a7 ° The 


required decimal is found by dividing 4°00000 &c. by 27; and if the quotient does not ter- 
minate, after each division there will be a remainder less than 27. Therefore, under the 
most unfavourable circumstances, at least after the quotient has reached to 26 figures, one 
of the remainders 1, 2, 3, &c....26 must recur; and consequently after that the figures in 
the quotient will recur. In the case proposed the remainder for one figure in the quotient 
is 13; for two figures, 22; for three figures, 4; which is a recurrence of the original 
figure: consequently the decimal is 0°148148, &c. the figures 148 being repeated tn inji- 


nitum. Similarly also in other cases. Ep. 
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Hence, although some vulgar fractions cannot be accurately represented 
by. decimals, this affords no objection to the use of decimals, because for 
such fractions equivalent decimals can be found approximating to the true 
value as nearly as we please™. 


53. The method of reducing a terminating decimal to a vulgar fraction 
is pointed out in Art. 39. The following method will serve for converting 
recurring decimals into their equivalent vulgar fractions.— 


It appears, by actual division, that 


57011111 Bon eee in inf. (1), 
Henke gp 07010101 weeps [dividing (1) by 11], 
1 
—— ~= MUU TUUTL ....cceeeeee ividi 11 ] 
S00 0:001001 [dividing (1) by 111] 
sgg9 7000010001 ae [dividing (1) by 1111], 


and so on ; where the recurring part of the decimal is always 1, preceded by 
as many ciphers as make the number of recurring digits equal to the num- 
ber of 9’s recurring in the denominator of the fraction. 


If then, for instance, the vulgar fraction equivalent to 0°1212 &ec. be 
required, we have 


01212 &c.=0'0101 eens 19s : 


99 99 33° 


128 Al 
Again 0°123123 &c.=0-001001 boiage= vejoge 


999 999 333° 
Hence, when the recurring period begins immediately after the decimal 
point, the Rule is :—Make the recurring period the Numerator with as 
many 9's for Denominator as there are figures in the Numerator. 


* ‘*The addition, subtraction, multiplication, and division, of decimal fractions, are 
much easier than those of common fractions; and though we cannot reduce all common 
fractions to decimals, yet we can find decimal fractions so near to each of them, that the 
error arising from using the decimal instead of the common fraction will not be perceptible. 
For example, if we suppose an inch to be divided into ten million of equal parts, one of 
those parts by itself will not be visible to the eye. Therefore, in finding a length, an error 
of a ten-millionth part of an inch is of no consequence, even where the finest measurement 
is necessary.” 

**In applying Arithmetic to practice, nothing can be measured so accurately as to be 
represented in numbers without any error whatever, whether it be length, weight, or any 
other species of magnitude. It is therefore unnecessary to use any other than decimal 
fractions; since, by means of them, any quantity may be represented with as much cor- 
rectness as by any other method.” De Morgan’s Arithmetic, pp. 68-9, 
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If the recurring period does not begin with the first figure after the 
decimal point, multiply and divide by such a power of 10 as will move the 
decimal point to the required position ; then proceed as before. Thus, 


0°4545 &e. 1 
Ex. 1. 0°:04545 & e— —_—— 4 
5 d0,= "= x0°0101 de. x45, 
145 45 1 


_ 13°888 dic. 13 0°888 &c. 


Ex. 2. 0°13888 &c. =—-—____"=——_  —____-,, 
100 100 100 


Now 0°888 &c.=0'111 &ex B=ox8 =F 
13 8 125 5 


therefore 0°13888 &¢c, =——+—. =——-=-—. 
100 900 yoo 36 


Similarly it may be shewn, that 0°09009009 &c.= an ‘ 


54. If it be sufficient for the purposes of any calculation to take a 
number of decimals less than the number given or obtained, the following 
rule is to be observed :— 


Rutz. When the first of the figures struck off is 5, or > 5, add 1 to 
the last remainivg figure. 


Thus, if 27182818 be the decimal under consideration, 2°72 is nearer 
to the true value than 2°71, for 2°7182818—2°71, 1s 0°0082818; and 2°72 
—2°7182818 is 00017182, which is considerably less than the former 
difference. Also 2°7183 is nearer to the true value than 2°7182, as may be 
shewn in a similar manner. 


It may also be observed here, that in the multiplication of decimals 
some caution is requisite in taking the product as correct to a certain 
number of places of decimals, when either the multiplicand or multiplier is 
only approximately correct. Thus, if 3:12 express a certain length in inches, 
and is known to be correct within the thousandth part of an inch, the true 





1 1 , 
12— 
length may be any thing between 3°12+ Te and 3:1 F000. that is, 


between 3°121 and 3:119; and if the proposed number is to be multiplied 
by 10, for example, the product is 31:2; whereas it may be any thing between 
31:21 and 31:19; and therefore may not be correct even to one decimal 


place. 


55. To find the value of a decimal of one denomination in 
terms of a lower denomination. 


This may be done by the rule laid down in Art. 27. 
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. Ex. Required the value of °615625 £. 


"615625 £ 
20 


12°312500 shillings 
12 
37500 pence 
3:00 farthings. 
: oa s. d. q- 
The value required is 12.3. 3. 
First, 615625 £ = 12°3125 shallengs. 


Next, 31253. = 3°75....pence. 
Lastly, ‘75d. = Bessie Jarthings. 


56. To reduce a quantity to a decimal of a superior deno- 
mination. 

Rue“. Divide the quantity by the number of integers of its 
denomination contained in one of the superior denomination, and 
the quotient is the decimal required. 

Kx. 1. What decimal of a shilling is threepence ? 

12)3°00 
25 Ans. 
For in the denomination shillings its numerical value must be 





= of its value in the denomination pence. 
& dad. @. 
Ex. 2. What decimal of a pound is 13.4. 3? 
4) 3:00 
12) 4°75 
20 )13°3958333 &e. 


eee 


°66979166 &e. 


First, we find what decimal of a penny 3 is; this, by the rule, 


is ‘75; then, what decimal of a shilling 4 3 or 475d. is; this is 
found in the same manner to be °3958333 &c.; lastly, we find, by 
the same rule, what decimal of a pound 13'3958333 &c. sh. is, which 
appears to be ‘66979166 &c. 

The conclusion will be the same if we reduce the quantity to 
a vulgar fraction (Art. 28), and this fraction to a decimal (Art. 51). 


DECIMAL FRACTIONS. 25 


57. It will often happen in practice that a whole series of vulgar 
fractions, instead of a single one, 1s to be reduced to a decimal, and in such 
cases considerable trouble may frequently be saved by making each fraction, 
when reduced, subservient to the reduction of some one or more of the 
others. Thus, 


Ex. 1. Required to reduce to a single decimal having 5 decimal places 
the following serves of fractions :— 




















ae 1 ‘ 
1 xe 10x08 | 1eoGxk 
Q 
Here — = 2000000 
1 _ 1000 _ 
_ = —3- = *500000 
1 -5000 
STE =~ = 166667 (Art. 54). 
1 166667 
1x2x3x4 A 041667 
| 041667 
1x2x3x4x5 og nee 
1 008333 
1x2x3x4x5x6 eed; aie Romeee 
1 001389 
1x2x3x4x5xO0x7 = oT—~™ pees 
1 000198 
1x2x3x4x5x6x7x8 8 a nas 
1 000025 
Se ES EQ ONOOS 
1x2x3x4x5x6x7x8xQ 9 


Sum = 2°718282 
Hence the decimal required is 2°71828. 


Each single fraction is calculated to siz places of decimals, that the 
figure which occupies the 5 place in their sum may be correct; and no 
nore terms of the series need be added, because the first five places of deci- 
mals are not affected by them. 


_ Ex. 2. Required to convert into a single decimal having fwe decimal 
places the following series :— 


ax|-+5 : $2 at ed \ 
(3 ot. Tt 


® Some trouble in writing may be saved in this and similar examples by making the 
symbol | 8 stand for 1x2x3, | 4 for 1x2x3x4, |5 for 1x2x8x4x5; and go on. 
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Here 7 = 0'1428571 


1 
— = 0°0029154 


7 

1 

a= 0:0004164 

] 

773 = 00000594 

1 

a= 00000084 

1 

wi = 00000012. 


Since 5 decimal places only are required, it is not necessary to add any 
more terms of the series. Therefore we have 


ae 0°1428571 


= 0°0009718 


x 


ae ee eg 


x-; = 0°0000118 


= 0:0000001 


x 


“Tf tr} mt Gof 


7 


Sum = 0°1438408 


Mult. by 4 
0:2876816 


Therefore the required decimal is 0°28768. 


' The proofs of the rules for the management of vulgar and deci- 
mal fractions here given are necessarily confined to particular 
instances, though the same reasoning may be applied in every 
case; and by using general signs the proofs may be made general. 


But this requires a knowledge of Algebra. 


The Student is recommended to accustom himself to reason out the place 
of the decimal point. He will find the subject admirably treated in 


De Morgan's Arithmetic, Section VI. 


1. 


10. 


11. 


12. 


13. 


14, 


15. 
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EXAMPLES, 


‘ 17341 2001 
Reduce to bers —-, — ——., 
edu mixed numbers 18? 40? 824 Soo 
Reduce to improper fractions 913, 1i9, and 105%. 
" a ee 23 
What is a of 7 of 2:7? Ans. 175. 


5184 7631 236432 
Reduce to 1 69012’ 26415’ 2347432 
eauce to lowest terms 6012’ 26415’ 2347432 


3 13 14 
1 > Fe Ye ~Te ° ~~ 7 
(1) Ans a (2) Ans = (3) Ans 139 
7 ‘ 1 3 21 1 41 1 
Reduce to a common denominator ee Oe and 7 
2520 1680 1260 1008 840 720 








mB. 5040’ 5040’ 5040’ 5040’ 5040’ 6040" 


‘ 2 5 
Reduce to a common denominator 21, ae . and 14. 


336 27 10 24 
" 16’ 16’ 16’ 16° 


Find the Least Common Mult. of 1, 2, 3, 4, 5, 6, '7, 8, and 9. 
Ans. 2520. 


Find the Least Com. Mult. of 21, 22, 23, and 24. Ans. 42504. 


Ans 


Find the Least Com. Mult. of 24, 7, 4, 21, and 14. Ans. 168. 


‘ 1 3$ 4&4 5 7 
Reduce to a common denominator 7? 3? 9? 24? 72° 


72 189 224 105 49 


Ans 504? 504’ 504’ 504? 504" 
What is the value of = of half a guinea ? Ans. 28. 3d. 
What is = of a day -7 of an hour? Ans. gh. 109m. 
What fraction of half a crown is of 6s. 8d.? Ans. 1%. 
12 3 4 5 n 
Add together =, 3, g» 5) and =. Ans. 33. 


2 
Add together 3874, 285}, 3943, and =~ of 3704. Ans. 
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16. From 201% take 975. Ans. 103§. 

1 111 =41 1 1 1 1 

. .® so of = oe om Reece bad ond 2 cea 
17. Divide 13 by 1}; and 5+4+6*8*i0 by 3t5tgt s 
(1) Ans. I}. (2) Ans. ia. 
18. Convert 0:08, 0:00125, and 0:0078125 into their equivaleng vulgar 
: 2 1 1 
fractions. Ans 


"25° B00? 138" 

19. Divide 3:1 by 0:0025 ; and 365 by 0:18349 to 6 places of decimals, 
(1) Ans. 1240. (2) Ans. 1989-209221, 

@ 

20. Reduce 2s. 113d. to the decimal of £1. © Ans. £0°14895833 &e. 


91, Find the value of 0:07 of £2 10s. and express the result as the 
decimal of £1. Ans. 3s. 6d. or £0°175. 


22. Prove that 0°304565321 is more nearly represented by 0°30457 
than by 0°30456. 


THE 


ELEMENTS OF ALGEBRA. 


DEFINITIONS AND EXPLANATION OF SIGNS. 


58. THE method of representing the relation of abstract quan- 
tities by letters and characters, which are made the signs of such 
quantities and their relations, is called ALGEBRA. 

ALGEBRA may also be called the science of generalization as regards 
number and magnitude. Thus, for example, whilst Arithmetic teaches that 
the sum of the two numbers 6 and 4 multiplied by their difference is equal 
to the difference of their squares, Algebra teaches that the same is true for 
any two numbers whatever, whole or fractional. 


59. Known or determined quantities are usually represented 
by the first letters of the alphabet, a, 6, c, d, &c., and unknown or 
undetermined quantities, by the last, ~, y, x, w, &e. 


It must be observed, that this is simply a matter of agreement amongst 
Algebraical writers, for the sake of convenience, and not essential to the 
subject. Also, sometimes the letters of the Greek alphabet are used ; some- 
times A, B, C, D, &c. X, Y, Z; and sometimes others, according to circum- 
stances or the will of the writer. 

The following s¢gns or symbols are made use of to express the 


relations which the quantities bear to each other:— 


60. + (which is read Plus) signifies that the quantity to which 
it is prefixed must be added. Thus a+ 6 signifies that the quan- 
tity represented by 6 is to be added to the quantity represented 
by a; if a represent 5, and 6 represent 7, then a + 6 represents 12. 

Also a+b+e signifies that the swm of the quantities represented by a, 
b, and ¢, is to be taken. 

If no sign be placed before a quantity, the sign + is under- 
stood: thus a signifies +a. Such quantities are called positive 
quantities. 


61. — (which is read Minus) signifies that the quantity to 
which it is prefixed must be subtracted. Thus a—6 signifies 
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that 6 must be taken from a; if a be 7, and 6 be 5, a — b expresses 
7 diminished by 5, or 2. 

Quantities to which the sign —is prefixed are called negative 
quantities. 

+, or +, (the former of which is read plus or minus, the latter minus or 


plus) signifies that the quantity to which it is prefixed may be either added 
or subtracted. Thus 6=4 1s either 10 or 2. 


62. x (which is read Into) signifies that the quantities between 
which it stands are to be multiplied together. Thus axb signifies 
that the quantity represented by @ is to be multiplied by the 
quantity represented by 5*. 

This sign is frequently omitted; thus abc signifies axbxc. Or 
a full point is used instead of it; thus 1x2x3, and 1.2.3, signify the 
same thing. 

But the sign must never be omitted, for obvious reasons, when two or 
more numerals are to be multiplied together. 

‘Any quantity which, as a multiplier, serves to make wp a product, is 
called a factor of that product. Thus, of the product 3abc, each of the 
quantities, 3, a, 6, c is a factor; as also each of the quantities 3a, 30, 3c, 
8ab, 3ac, 3bc, ab, ac, bc, abc; the former being called simple factors, and the 
latter compound factors. 


63. If in multiplication the same quantity be repeated (as a 
factor) any number of times, the product is usually expressed by 
placing, above the quantity, the number which represents how 
often it is repeated; thus a, axa, axaxa, axaxaxa, &e. have re- 
spectively the same signification as a’, a’, a’, a’, &c. These quan- 
tities are called powers; thus a’, or a, is called the first power of 
a; a the second power, or square, of a; a the third power, or 
cube, of a, &c. The numbers 1, 2, 3, &e. (thus affixed to a) are 
called the zndices of a, or exponents of the powers of a. 


Likewise a’, a’, a’, &c. are said to be of one, two, three, éc. dimensions 
respectively ; and, in general, any product is said to be of n dimensions, if 
the sum of the indices of its several literal factors is equal ton. Thus ab, 
that is a'b', is of two dimensions ; 3a°b* is of five dimensions; and go on. 


64. +(which is read Divided by) signifies that the former 
of the quantities between which it is placed is to be divided by 
the latter. Thus a+b signifies that the quantity @ is to be 
divided by 0. 


* By quantities we understand such magnitudes as can be represented by numbers; 
we may therefore without impropriety speak of the multiplication, division, &c. of 
quantities by each other. 
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The division of one quantity by another is frequently repre- 
sented by placing the dividend over the divisor with a line between 
them, in which case the expression is called a Fraction. Thus 
= signifies a divided by 6*; and a is the numerator, and 6 the 


b 
denominator, of the fraction ; also ee 


c added together, are to be divided by e, /, and g added together. 


signifies that a, 6, and 


65. A power in the denominator of a fraction is also expressed 
by placing it in the numerator, and prefixing the — sign to 


bie ae I 1 1] 
its index; thus a’, a’, a’, a”, signify at? at? a? qi 1 respectively ; ; 


these are called the negative powers of a. 


66. The sign ~ between two quantities signifies that their dif 
ference is to be taken. Thus a~ a, is a— 2%, or x —a, according as 
a or x is the greater; and a+ signifies that the sum or difference 
of a and «x is to be taken. 


67. When several quantities are to be taken collectively, they 
are enclosed by brackets, as ( ), { |, [ |. Thus @—6b+c)x(d—e) 
signifies that the quantity represented by a—6+c¢ is to be multi- 
plied by the quantity represented by d — 

Let a stand for 6; 0,5; c,4; d,3; and e,1; then a—b+cis 
6—5+4, or 5; andd-—eis 3—1, or 2; 

therefore (a — 6 + ¢)x(d@ — e) is 5x2, or 10. 

Also (ab — ed)x(ab — ed), or (ab — cd)’, signifies that the quan- 
tity represented by ab — cd is to be multiplied by itself. 

Sometimes a line, called a venculwm, is drawn over quantities, 
when taken collectively. Thus a—6+¢xd—e means the same as 


68. = (which is read Kquals, or 1s Equal to) signifies that the 
quantities between which it is placed are equal to each other; thus 


* Since ; has already received a distinct signification by Definition in Art. 2, it seems 
scarcely allowable to define it again, as the Author has done here, without shewing that 


the two Definitions are coincident. It is true that is equal to a--b, but it requires to be 
proved. It was shewn to be true in a particular case in Art. 11, The general on will 


be given hereafter (See Art. 96). En. 
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ax — by =cd +ad signifies that the quantity ax — by is equal to 
the quantity cd + ad. 


69. The sign > between two quantities signifies that the former 1s 
greater than the latter, and the sign < that the former ¢s dess than the latter. 
The sign .°. signifies therefore, and -.* since or because. 


70. The square root of any proposed quantity is that quantity 
whose square, or second power, gives the proposed quantity. The 
cube root is that quantity whose cube gives the proposed quantity ; 


and 80 on. 
The n* root is that quantity whose n“* power gives the proposed quantity. 


The signs j/ or ¥/, +/, W, &e. 4/, are used to express the square, 
cube, biquadrate, &c. 2", roots respectively of the quantities before 


which they are placed. 
V@=a, Va=a, Va'=a, &e. Va"=a. 


i 1 
These roots are also represented by the fractions x, a, 7? &e, 


placed a little above the quantities, to the right. Thus a’, at, at, 


a”, represent the square, cube, fourth, and n, root of a, respec- 
tively ; a’, a*, a®, represent the square root of the fifth power, the 
cube root of the seventh power, the fifth root of the cube, of a, 
respectively. 

71. If any of these roots cannot be exactly determined, the 
quantities are said to be zrratzonal, or are called surds. 

The quantities are called rational, when the roots expressed can be 
exactly determined. 

72. Certain points are made use of to denote proportion, thus 
a:6::¢:d signifies that a bears the same proportion to 6 that c 
bears to d. 

Sometimes this is written thus,a:b=c: d. 

73. The number prefixed to any quantity, (as a factor), and 
which shews how often the quantity is to be taken, is called its 
coefficient. Thus, m 2a, which signifies twice a, the coefficient of a 
is 2; and in the quantities 7azx, 6by, 3dz, the numerals 7, 6 and 3 
are called the coefficients of ax, by, and dz, respectively. 

When no number is prefixed, the quantity is to be taken once, 
or the coefficient 1 is understood. | 


A fraction is not excluded from being a coefictent. Thus in ae the 
; + . 
coefficient of x is =" 


DEFINITIONS. 33 


These numbers are sometimes represented by letters, which are 
also called coefficients. 


Thus in the quantities px’, gx’, ra, we call p, g, and r the coefficients 
of x", x", and a, respectively ; since they may be read p times 2°, g times 
x, and r times x, respectively. 

In fact coefficient simply means co-factor ; so that in the product ab, 
for example, a is the coefficient of b, and 6 is the coefficient of a, 

74. Similar or like algebraical quantities are such as differ 
only in their coefficients; 4a, Gab, 9a’, 3a’be, &c. are respectively 
similar to 15a, 3ab, 12a’, 15a°be, &ce. 

Unlike quantities are different combinations of letters; thus 
ab, a*b, abc, &c. are unlike. 

But a distinction must be made in those cases where letters are taken 
to represent coefficients; for ax* and ps* are dike quantities when a and p 
are coefficients of x”. 

75. A quantity is said to be a multiple of another, when it 
contains it a certain number of times exactly; thus 16a is a multiple 
of 4a, as it contains it exactly four times. 

76. A quantity is called a measure of another, when the 
former is contained in the latter a certain number of times exactly ; 
thus 4a is a measure of 16a. 


77. When two numbers have no common measure but unity, 
they are said to be prime to each other. 

Thus 3 is prime to 7; 13 to 31; and so on. 

A prime number is one which is prime to every other number ; thus 83, 
7, 11, 13, &e. are prime numbers. 


78. A simple algebraical quantity is one which consists of a 
single term; as 4a, or abc, or Gry, Kc. 

A compound algebraical quantity consists of more terms than one— 
the number of terms meaning the number of quantities connected together 
by + or —; as a+b, or 2a—3x4 4y, &e. 

A binomial is a quantity consisting of two terms, as a+8, 
or 2a—3bx. <A trinomial is a quantity consisting of three terms, 
as 2a + bd — 3c. 

A polynomial or multinomial is a quantity consisting of many terms, 
as a+ ba + cx" + da* + &e. 

The following examples will serve to illustrate the method of 


representing quantities algebraically. 
Let a= 8, 6=7, c=6, d=5, and e=1; then 
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Ex.1. 3a—26+4c—e=24—144 24-—1=83. 
Ex. 2. ab+ce—bd = 564+ 6—35 = 27. 


= a 5 9 
a+b | 3b 2¢ 847, 21 2-48 











Pes ae ea Ga ee 

Ex. 4. d?x(a — c) — 3ce’ + d? = 25x2 — 18 + 125, 
= 50-184 125=157. 

Ex. 5. Ja? 3dx/0?— &— 2e=0/49x 4/125 =7 x 5=35. 


[The student is recommended at this stage to test the accuracy of his 
knowledge of the preceding Definitions by working out the Hmercises A, 
placed at the end of the book.] 


AXIOMS. 

79. If equal quantities be added to equal quantities, the sums 
will be equal. 

80. If equal quantities be taken from equal quantities, the 
remainders will be equal. 

81. If equal quantities be multiplied by the same, or equal 
quantities, the products will be equal. 

82. If equal quantities be divided by the same, or equal quan- 
tities, the quotients will be equal. 

83. If the same quantity be added to and subtracted from 
another, the value of the latter will not be altered. 


84. If a quantity be both multiplied and divided by another, 
its value will not be altered. 


ADDITION OF ALGEBRAICAL QUANTITIES. 


85. Rute. The addition. of algebraical quantities is per- 
formed by connecting those that are unlike with ther proper signs, 
and collecting those that are similar into one sum. 


Add together the following unlike quantities ; 


Ex.l. ax 
— by 
+é Ex.2. a+2b—c 
— ed ad — 5e+f 


Sum = ax — by + é —ed Sum =a+2b—c+d—5e+f 
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It is immaterial in what order the quantities are set down, if we 
take care to prefix to each its proper sign. 


Generally speaking, however, it is convenient to arrange algebraical 
quantities in the order in which the letters occur in the alphabet. 


When any terms are simzlar, they may be incorporated, and the 
general expression for the sum shortened. 

1%, When seunilar quantities have the same sign, their sum is 
found by taking the sum of the coefficients with that sign, and 
annexing the common Icticrs. 


Ex. 4. 4a’c — 10bde 
6a’°c — 9bde 
ll@vce— 3bde 


Sum = 2la’e — 22bde 


Ex.3. 5a—30 
4a—7b 


Sum = 9a — 10b 


The reason is evident; 5a to be added (Ex. 3), together with 
4a to be added, makes 9a to be added; and 30 to be subtracted, 
together with 7b to be subtracted, is 10) to be subtracted. 


24 If similar quantities have diferent signs, their sum is found 
by taking the difference of the coefficients with the sign of the 
greater, and annexing the common Icttcrs as before. 


Ex. 5. 7a+ 30 Ex. 6. cas y 
— 5a — 9b ; ; 
Sum = 2a — 6b ea 








Sum=5 2 : y 

In the first part of the operation (Ex. 5) we have 7 times a to 

add, and 5 times @ to take away; therefore upon the whole we 

have 2a to add. In the latter part, we have 3 times 0 to add, and 

9 times J to take away; therefore we have upon the whole 6 

times 6 to take away; and thus the sum of all the quantities 
is 2a — 6b. 


Ex.7. a+6 Ex. 8. 1—x”+2" 
a—b 1 +2x%—22" 
Sum = 2a Sum=24+2—27 


It must be borne in mind that when any quantity, as a, or x, or 2”, 
has no coefficient expressed, the coefficient 1 is understood. 
s3—2 
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3, If several similar quantities are to be added together, some 
with positive and some with negative signs, take the difference 
between the sum of the positive and the sum of the negative cocffi- 
cients, prefix the sign of the greater sum, and annex the common 
letters. 

Ex.9. 3a°+4be—-e'+10 
— 5a’ + 6be + 26-15 
— 4a’ — 9be — 10e’ + 21 








Sum = — 6a? + be— 9¢ +16 


— 











The method of reasoning in this case is the same as in Ex. 5. 
Ex. 10. 4ac—15bd + ex 
llac+ 76° — 19ex 
— Ala’ + 6bd — 7de 





Ex.1l. pa*?—qxe’-—re 
ux — bx* — x 


Sum = (p +a) ao — (q+ b) a" —(r+ Da. 


In this example, letters are taken to represent coefficients, and the 
coefficients of like powers of x are enclosed within brackets ; for it is evi- 
dent, that p times 2° together with a times x’ is the same as (p+a) times 
x*; also g times 2° to be subtracted together with ) times 2* to be sub- 
tracted is the same as (¢+6) times x’ to be subtracted ; and r times x to 
be subtracted together with x, or 1a, to be subtracted, is (r+1) times x 
to be subtracted. 


The Rules above given for the addition of algebraical quantities differ in 
no respect from those employed in Arithmetic. For in adding together like 
quantities, as 3 hundreds, and 4 hundreds, we take the sum of the coefti- 
cients 3 and 4, so as to make 7 hundreds. But if we have to add together 
3 hundreds, 5 tens, and 6 units, these, being walike quantities, cannot be 
added in the same way, but only put together in one line, 3 hundreds+ 
5 tens+6 units, which for shortness is written 356. 


[ Hxercises B.] 


SUBTRACTION. 


86. Rue. Subtraction, or the taking away of one quantity 
from another, is performed by changing the sign of the quantity to 
be subtracted, and then adding it to the other by the rules laid 
down in Art. 85. 
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Ex.1. From 262 take cy, and the difference is properly 
represented by 2bx — cy; because the — prefixed to cy shews that 
it is to be subtracted from the other; and 2bxa — cy is the sum 
of 2bx% and — cy, (Art. 85). 


Ex. 2. Again, from 2ba take — cy, and the difference is 2bx + cy; 
because 2bx = 2bx + cy —cy, (Art. 83); take away —cy from these 
equal quantities, and the differences will be equal (Art. 80); that is, 
the difference between 26a and — cy is 2bx + cy, the quantity which 
arises from adding + cy to 262. 








Ex. 3. From ath Ex. 4. From 6a — 126 
take a—b take —5a—106 
Difference = + 2b Diff. =lla— 2b 
Ex. 5. From 5a? +4ab—Gxry Ex. 6. From 7a—2b+4c—2 
take lla’ + 6ab — 4ay take 6a—66+4c~1 
Dif, = — 6a? — 2Qab — 2Qay Diff. = a+4b—1 





ceeete  e mee  nr 


Ex. 7. From 4a — 3b+6e—-11 
take l0da+ a —~-15-2y 


— ee ee ae ee 


Diff=—l0x+3a—3b+4+6c+2y take Sery+5 


1 
Ex. 8. From B+ cyt 





; ] 1 1 
9 Diff. =f — yy 
Kx. 9. From aa’ — bar + x a” aI S 


take pa — gv + rx -_ 


tee ett even: 


Diff = (a—p) ve—(b-gze+1-rne 











In this example the coefficients of like powers of x are bracketed, for 
reasons similar to those given in Ex. 11, Art. 85. 


[Haercises C. | 


ADDITION AND SUBTRACTION BY BRACKETS. 


Tn actual practice it seldom happens that either Addition or Subtraction 
of Algebraical quantities is presented to us as in the Examples, Art. 85, 
and 86. All the quantities concerned are more commonly én one line, and 
are so retained through the whole operation, for the sake of convenience. 


This arrangement renders necessary the frequent use of Brackets. 


Thus Ex. 3. Art. 85 would stand (Sa—3b)+(4a—7b)=9a—100. 
DXB oP: SO waesteeststoels (a+b)—(a—b)=26. 
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In the management of Brackets much care is needed, and the following 
rules are to be observed :— 


87. Ruel. If any number of quantities, enclosed within Brackets, 
be preceded by the sign +, the brackets may be struck out, as of no value or 
signification. 

Ruiz Il. Jf any number of quantities, enclosed within Brackets, be 
preceded by the sign —, the brackets may be struck out, if the signs of all the 
quantities within the brackets be changed, namely + into —, and — rnto +. 


Rule I. is obviously true; for in this case all that is meant is, that a 
number of quantities are to be added; and it can clearly make no difference 
whether they be added collectively or separately. Thus a+()+c) is equiva- 
lent toa+b+c; for the former signifies that the sum of 6 and c is to be 
added to a, which is evidently the sum of a, }, and c. ‘Also a+(b—c) is 
equivalent to a+b—c; for the former signifies that a quantity is to be 
added to a less than 6 by the quantity ¢; and the latter, that when 6 has 
been added to a, c must be subtracted, which is evidently the sume thing. 


Rule II. is proved thus :— 

Let a, 6, c represent any Algebraical quantities, simple or compound, 
of which 6+c is to be subtracted from a; this will be expressed by: 
a~—(b+c). 

Now if from @ the portion 6 be taken, the result is a—b; but there 1s 
not enough subtracted from a by the quantity ¢, since 6+¢ was to be sub- 
tracted. Therefore c must also be subtracted, which leaves the result 
a~-—b—c; that is, 

a—(b+c)=a—b—c. 

Again, if b—c is to be taken from a, this will be expressed by 
a—(b-c). 

Now if from a the quantity § be taken, the result is a—b, but there 
has been too much taken away by the quantity c, since b~c only was to 
be subtracted ; therefore c must be added, and the result becomes a—b+c ; 
that is, 

a—(b—c)=a—b+e. 

The preceding rules apply also to quantities held together by a vincu- 

lum, since a vinculum serves the same purpose as brackets. Art. 67. 


N.B. It is immaterial whether a vinculum or brackets be used in any 
case, that being dependent solely upon the will of the writer: but in some 
cases it is necessary, for distinction’s sake, to use both at the same time, or 
else two kinds of brackets. Thus, to express a times the difference between 
6 and c—d, we must write either a.(b—c—d), or a.{b—{c—d)}. Conse- 
quently it requires to be especially noted, that in all cases when the Student 
meets with ( or { or [, he must look, whatever may intervene, for the 
counterpart ) or } or | respectively ; and all that is included within the 
complete bracket must be treated, irrespective of other brackets or vincula, 
as the sign which precedes it directs. So that in striking out brackets by 
Rules I and I, each pair of symbols, as (), {}, [], must be struck out 
separately, and not all confusedly and at once. 
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A few examples will make this clearer. 
Ex. 1. Perform the addition expressed by (a+b)+(a—8). 
(a+b)+(a—b)=a+b6+a—6, by Rule I, 
= 2a. 
Ex. 2. Perform the subtraction expressed by (a+b)—(a—8). 
(a+6)—(a—6)=a-+-6—(a—6), by Rule I, 
=a+b—a+b, by Rule II, 
= 2b, 
Ex. 3. Simplify a—(a—a)—{x—(a—x)}. 
a—(x—a)—{x—(a—x)}=a—x+a—%+(a—2), 
=@—L+A—-L+a—2, 
=3a—-3x. 
Ex. 4. Simplify 1—{1-(1-1—2)}. 
1—{1-(1-1—2x)}=1-1+(1-1—2), 


=l]-—1+1-1-a, 
=]-—1+1-—1+2, 
= 2. 


Ex. 5. Simplify —[—{-(-a)}]. 
-[-{-(-a)}]=+{-(-a)}, by Rule 1, 
=—(—a), by Rule I, 
=a, by Rule II. 


The converse of each of the Rules I and II evidently holds, viz that 
any number of terms, following the sign +, may be inclosed within brackets ; 
and also that any number of terms, following the sign —, may be inclosed 
within brackets, provided the sign of every term within the brackets be 
changed, + into —, and — into +. 

| Hxercises O*.] 


MULTIPLICATION. 

88. The multiplication of szmple algebraical quantities must be 
represented according to the notation pointed out in Art. 62. 

Thus axb, or ab, represents the product of a multiplied by 6; 
abc the product of the three quantities a, 6, and c; and so on. 

It is also indifferent in what order they are placed, axb and bxa 
being equal. 

For 1xa=axl, or 1 taken a times is the same with a taken 
once; also } taken a times, or bxa, is ) times as great as 1 taken 
a times; and a taken b times, or axb, is b times as great as a taken 
once; therefore (Art. 81) bxa=axb. Also abc=cab=bca=acb; 
for, as in the former case, 1xaxb=axbx1; and cxaxb is c times 
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as great as lxaxb; also axbxc is c times as great as axbx1; therefore 
axbxc = cxaxb. (Art. 81); and a similar proof may be applied to the 
other cases. . 


89. To determine the sign of the product, observe the follow- 
ing rule :— 

If the multiplier and multiplicand have the same sign, the pro- 
duct is positive; tf they have different signs, the product is negative. 

1*, +ax+b=+ab; because in this case a is to be taken 
positively & times; therefore the product ab must be positive. 

21, —~ax+b=—ab; because —a is to be taken 0 times; that 
is, we must take —ab. 

34. +ax—b=—ab; for a quantity is said to be multiplied by a 
negative number — 6, if it be subtracted 6 times; and a subtracted 
b times is —ab. This also appears from Art. 92. Ex. 2. 

4) —ax—b=+ab. Here —a is to be subtracted 0b times, 
that is, — ab is to be subtracted; but subtracting — ab is the same 
as adding + ab (Art. 86); therefore we have to add + ab. 

The 24 and 4 cases may be thus proved; a—a=0, multiply 
these equals by 6, then ab together with —axb must be equal to 
bx0, or nothing* ; therefore —a@ multiplied by b must give — ab, a 
quantity which when added to ab makes the sum nothing. 

Again, a—a=0; multiply these equals by —0b, then —ab to- 
gether with —ax— 6 must be equal to 0; therefore —ax—b=+ ab. 

Cor. Since +ax+b=+ab=—ax—b, the product of any two quantities 
is not affected by changing the signs of both multiplicand and multiplier. 

90. If the quantities to be multiplicd have coefficients, these 
must be multiplied together as in common arithmetic; the sign and 
the literal product being determined by the preceding rules. 

Thus 3ax5b=15ab; because 3x ax 5x6=3x5xaxb=15ab (Art. 88). 

Again, 4ax—lly=—44xy; —9bx—5c=+ 45bc; 

: and — 6dx 4m = — 24md. 

91. The powers of the same quantity are multiplied together 

by adding the indices; thus a’xa’® =a’, for aaxaaa=aaaaa. In 


the same manner a’xa” =a"; and — 3a7v*x 5aay’ =— l5a’aty’, — 


* It is a common mistake of beginners to say that an algebraical expression which 
appears under the form ax0 is equal to a, by supposing it to signify a not multiplied 


at all; whereas, since axb signifies a taken 5b times, in the same manner ax0 signifies 
2 taken 0 times, and is therefore equal to 0.—ED. 
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To prove generally that a™xa"=a™*", m and n being any positive integers. 


By Def. Art. 63. a"=axaxaxax &e. continued to m factors ; 
also a" =@xa@xaxax KC ...... cece e eee We: eaewaots 


2. a"xa"=axaxa...to m factorsxaxaxa...to n factors, 


=axaxa...to m+n factors, 
=a"**, by Def. Art. 63. 


It will be proved hereafter that the same rule holds when m and n are 
either fractional or negative. (Arts. 132, 162.) 


It follows, that a".a..a’=a"*"a’=a"*"*?, 
m+ntpt &€. 


—@ 
Also a”b"xal’bt=a™.a’.b". b'=a™*?h"*", 


And, gencrally, a".a". a?. &e. 


HY — 


Exs. a™*'.a™'=a™; aa”. be"=aba"*"; pa. ga 


Qone 
a 


TL =PPe 


92. If the multiplier or multiplicand consist of several terms, 
each term of the latter must be multiplied by every term of the 
former, and the sum of all the products taken for the whole product 
of the two quantities. 


Ex. 1. Mult. a+b 
by e+d 


Prod. = ae + be + ad + bd 





Here a+ 6 is to be taken c+ times, that is, c times and d 
times, or (a+ b)e+(at+b)d. 


Ex. 2. Mult. a+b 
by e—d 
Prod‘. = ac + be — ad — bd 
Here a+6 is to be taken c—d times, that is, c times wanting 


d times; or c times positively and d times negatively; that is, 
(a+b)e—(at+b)d, or ac + be — (ad + bd), or ac + be — ad —6d, Art. 87. 





ux. 3. Mult. a+b Ex.4. Mult. @+0 
by a+b by a—b 
Prod‘. by a= a’+ ab a + ab 
wae by +b= +0640 —ab—v' 


— 


Whole prod’. =a + 20b +0 Prod’. = @ _p? 
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Ex. &. Mult. 3a’ — 5bd Ex. 6. Mult. w+a 
by — 5q'-+4- 46d by x2+b6 
— 15a‘ + 25a°bd a" + at 
+ 12a°bd — 200d? +ba+ab 
Prod‘. = — 15a‘ + 37a°bd — 20b°d? = Prod’. = a* + (a+6)a+ab 
Ex. 7. Mult. a’?+ 2a6+06' Ex. 8 Mult. 2"+x 
by @—2ab+8 by a” 
a’ + 2a°b+ a’®b’ Prod*. = a"*"+ oot 


— 2a*°b— 4a’°b*® — 2ab® 
+ ab’ + 2ab’ + b* 
Prod. = a —2ab?+ I 


: 1 1 
Ex.9. Mult. l—-v4+2’-2' Ex. 10. Mult. 5 3Y 





by 1+2 by 20 —3y 
fea ree A ee, ay 
l-avt+a?—a’ ar = ay 


+2 — 2+ a° — a 3 
ee es 2 
Prod‘. = 1 — a‘ gery 
Prod‘.= a’— ~ cy ty? 


Ex.11. Mult. 2’?-—px+q 
by L+a 
a? — pa? + ga 
+ ax” — apx + aq 
Prod‘. = x«° — (p — a)a?+(q —ap)x + aq 





Here the coefficients of x’ and x are bracketed, since — (p — a)a? 
—px’+ax’; and (¢q—ap)x = qu—apx. 


Ex. 12. Mult. ma"+na" 
by na"+ma" 
mna™ +nia™*" 
+ma™*"+mna™" 


Prod’, =mna*™" + (m*+n*)a™*"+mna™ 


[Haercises D.| 
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It may be useful to exhibit the Rules for Multiplication as follows :-— 


RvuLes. p(a+b)=patpb.....ccccccccccccceee (1), 
P(G—b) = PA— pb... ...sceseeecseeeess (2), 
(a+b)(c+d)=ac+be+ad+bd.........06 (3), 
(a+b) (c—d)=ac+be—ad—bd............ (4), 
(a—b) (e—d)=ac—be—ad + bd............ (5). 


Assuming (1) and (2), which are too obvious to need a proof, to prove 
(3), let a+6=m, then, 
(a+b) (c+d)=m(c+d), 
=mc+md, by (1), 
=(a+b)e+(a+b)d, 
=ac+be+ad+bd, by (1). 
Similarly for (4). 
To prove (5) let a—b=m, then 
(a—b)(c—d)=m(ce—d), 
=me—md, by (2), 
= (a—b)e—(a—b)d, 
=uc—be—(ad—bd), 
=-ac—bc—ad+bd, by Art. 87. 

N.B. The Rules for the management of Brackets, given in Art. 87, 
apply only to the Addition and Subtraction of quantities so enclosed. If 
a collection of quantities within brackets is to be multiplied, or divided, by 
apy quantity or collection of quantities, the brackets must not be struck out 
until the multiplication or division is actually performed. Thus (a+6)x 
(c+d) signifies that a+6 is to be taken c+d times, and is obviously not 
the same as cither a+b(c+d), or (a+b)e+d. Again, (@+b)+(c+d) is not 
equivalent to either a+b=(c+d), or (a+6)+c+d; but it may be written 
a+b 


c+d ’ 
a vinculum to both. 
The learner would do well to practise multiplication of quantities by 
means of brackets as early as possible. Thus, 
Ex. 1, (a—b)(c—d) =(a—b)e—(a—b)d, 
=ac—be—(ad—bd), 
=ac—be—ad + bd. 
Ex. 2. (2+a)(a+b)=(x+a)x-~+(a+a)b, 
=x" +ax+ ba --ab, 
=2°+(a+b)a+ab. 
Ex. 3. (2+1)(x+2)(w+3)=(a°+2+1.%+2)(e+3). (Ex. 2.) 
= (2° + 30+ 2)x0+ (a+ 3x0+2)3, 
=o + 37+ 224+ 327+ 9xu+6, 
= 2° +62°+1le+6. 


the line which separates the numerator and denominator serving as 
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It is also useful to commit to memory at an early stage the three fol- 
lowing results ; as will appear from the subjoined Examples :— 


(A +B).(A4+B) or (A+B) =A*+ B?+24A8......... (1) 
(A—B).(A—B) or (A—B)’=A’+ B’—2AB......... (ii) 
(A+B).(A+B)= AP—B?... 0... eee (ili) 
whatever quantities A and B may represent, simple or compound. 
Ex. 1. (ax+by)(ax+by)=(ax)’+ (by)? +2.ax.by, by (i), ‘ 
=a +b*y" +2abxy. 


Ex. 2. (ax—by)(ax—by)=(ax)’+(by)’—2.ax.by, by (ii), 

=a’a’+b*y*—2abxy. 

Ex. 3. (ax+by)(ax—by)=(ax)’—(by)’, by (ill), 

=a —b*y’, 

Ex. 4. (axt+bt+ey+d)=(ax+b+ey+d)’, 
=(ax+b)+(cy+d)?+2(uet b) (cy +d), 
=Wa° +b? 4+2aba+c?y" +d? 4+2edy 

+ 2acxy + 2ad.c+ 2bey + 2bd. 
Ex. 5. (a+b+c)(a+b—c)=(a+b+e) (at+b—c), * 
=(a+6)’—c*, by (iil). / 
-0°+b?+2ab—c’. 
Ex. 6. (b+c—a)(c+a—b)=(e—a—b) (e+a—b), 
=¢°—(a—b)’, by (iii), 
=¢*—(a?+6°—20b), 
=c°—a"—b' +2ab. 
SCHOLIUM. 

The method of determining the sign of a product from the 
consideration of abstract quantities has been found fault with by 
some algebraical writers, who contend that —a, without reference 
to other quantities, is imaginary, and consequently not the object 
of reason or demonstration. In answer to this objection we may 
observe, that whenever we make use of the notation — a, and say it 
signifies a quantity to be subtracted, we make a tacit reference to 
other quantities. 

Thus, in numbers, —@ represents a number to be subtracted 
from those with which it is connected; and when we suppose —a@ 
to be taken 6 times, we must understand that a is to be taken 6 
times from some other numbers. In estimating lines, or distances, 
—a represents a line, or distance, In a particular direction. The 
negative sign does not render quantities imaginary or impossible, 
but points out the relation of real quantities to others with which 
they are concerned. 


_ 
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DIVISION. 


93. To divide one quantity by another is to determine how 
often* the latter 1s contained in the former, or what quantity mul- 
tiplied by the latter will produce the former. 


Thus to divide ab by a is to determine how often a must be 
taken to make up ab, that is, what quantity multiplied by a will 
give ab; which we know is 8. 

From this consideration are derived all the rules for the division 
of algebraical quantities. 


94. If the divisor and dividend be affected with like signs, 
the sign of the quotient is +; but if their signs be wnlike, the sign 
of the quotient is —. Thus, 

If —ab be divided by —a, the quotient is +5; because —a 
x+6 gives —ab; and a similar proof may be given in the other 
cases. 


95. To divide one simple quantity by another. 


RuLE. In the division of s¢mple quantities, if the divisor be 
found as a factor in the dividend, the other part of the dividend, 
with the sign determined by the last rule, is the quotient. 


This is obvious, since QuotientxDivisor =Dividend in all cases. 
Thus —76+b=-—7; -ax+-a=2; 14ab=7b-2a.76+7b=2a. 
Also abe + ab =c; because ab multiplied by ¢ gives abe. 


If we first divide by «, and then by 6, the result will be the 
same; for abe +a = be, and bc +b =c, as before. 


Cor. If any power of a quantity be divided by any other 
power of the same quantity, the quotient is the same quantity 
with an index which is found by taking the index of the divisor 
From the index of the dividend. 

Thus a'-a*—-axa*+a* (Art. 91)=a’, (Art. 84); and generally, if m 


lit nm, ” mM 
e 


and 2 be positive integers, and m>n, a" +a" =a" x @ +a" =a 
Similarly 6a‘b°+3a7l?=20°b' x307b°=3a*b*=20°" ; and (a"b")=+(a?b") = 
aD”, ab = abt = a" Pb", 


* « TIow often”? must be understood here in a very wide sense, because that which 
expresses it, called the ‘‘ Quotient,’ may be either a simple or compound quantity, 
integral, or fractional; in fact, the quantity, whatever it a) which multiplied by the 
divisor will produce the dividend.—Eb. 
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96. Lancs. To shew that ab is equal to the fraction =. 


According to the definition of a ‘fraction’ the unit is divided into } 


equal parts, and a of them are taken, to make the quantity represented by 
- Now, each of these parts is clearly the 5 part of the unit, and .. ; 
is equal to a times the b part of 1, =2, suppose. Multiplying these equals by 


6, (Art. 81), xa times the 6” part of 1, or axb times the b™ part of 1=ba; 
but 5 times the 5% part of 1 is clearly 1,..a=0a. Now let a+b=y, then 


by Definition (Art. 93), a=by, .. ba=by, or x=y, (Art. 82); that is =a+ b. 


97. In dividing one simple quantity by another, if only a part 
of the product which forms the divisor be contained in the dividend, 
the division must be represented by a fraction according to the 
direction in the last Art., and the factors which are common to the 
divisor and dividend expunged. 


Thus 15a°b’c + — 3a°bx = perc Bip salle 
— 3a°bx wv 

For, Ist, divide by —3a‘b, and the quoticnt is —5abc; this 

quantity is still to be divided by a (Art. 95), and as x is not con- 

tained in it, the division can only be represented in the usual way; 


that is, mes is the quotient. 


98. To divide a quantity of two or more terms by a simple 
quantity. 

Rue. If the dividend consist of several terms, and the divisor 
be a semple quantity, every term of the dividend must. be separately 
divided by it. 

Thus to divide a’x’ — 5abx’ + 6aa* by az’, 

3,2  F 3 4 
Quotient = — — = - ae = a — 5bx + 62. 
a 6 e 1 1 J 

Also (a+6+¢)+abe=—— tha aha Be saa 5 

99. To diwide one quantity by another when the divisor 
consists of two or more terms. 

Rue. When the divisor consists of several terms, arrange 
both the divisor and dividend according to the powers of some one 
letter* contained in them, (that is, beginning with the highest 

* The operation will be shortest when that letter is chosen whose highest power in 
. the dividend comes nearest to the highest power of the same letter in the divisor; and 


the same arrangement according to the powers of that letter must be kept up throughout 
the whole operation.— Ep, 
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power and going regularly down to the lowest, or vice verad,) then 
find how often the first term of the divisor is contained in the first 
term of the dividend, and write down this quantity for the first 
term in the quotient; multiply the whole divisor by it, subtract the 
product from the dividend and bring down to the remainder as 
many other terms of the dividend, as the case may require, and 
repeat the operation till all the terms are brought down. 

Ex.1. If a’—2ab+06* be divided by a—6, the operation will 
be as follows: 

a—b ja — 2ab + 6 (a—b 
a’ — ab 
—ab+b? 
—ab+b° 

The reason of this and the foregoing rulc is, that as the whole 
dividend is made up of all its parts, the divisor is contained in the 
whole as often* as it is contained in all the parts. In the preceding 
operation we inquire first, how often a is contained in a’, which gives 
a for the first term of the quotient; then multiplying the whole 
divisor by it, we have a’ — ab to be subtracted from the dividend, and 
the remainder is —ab+0’, with which we are to proceed as before. 

The whole quantity a’ — 2ab + 6’ is in reality divided into two 
parts by the process, cach of which is divided by a—0; therefore 
the true quotient is obtained. 

Ex.2. @ + )ac+ ad + be + bd (6+ ad 


ac + be 
ad -- bd 
ad + bd 
oe it Remainder 
Ex. 3. 1—@ )} (itete + x! + &,+ J 
l1-—2z 
+e 
+2 — 2° 
4+ g%— 2° 
+ 2° 
+ a — 2c" 
+ a* &e. 


* See Note p. 45. 
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Ex. 4. y-l)y-l(ytytl 
yy 
+y°—1 
+y'-y 
yl 
+y—1 





From this example it appears that y’—1 is divisible by y—1 without 
remainder, the quotient being y’+y+1. It may be shewn in the same 
manner that z*—a* is divisible by x—a, the quotient being a2*+azx+a’; 
und that 2°+a’* is divisible by «+a, the quotient being 2*—ax+a*, These 
results are worth remembering. Or thus, 

y—-1=(y-1) yy’ +y+1), 
x’—a*=(x—a) (x*+ax+e°*), 
a+ a= (2+ a) (a*—ax+a*). 

Ex. 5. To divide 4ab°+51a°b’ + 10a‘ —48a°b— 15b* by 4ab— 5a’ + 3b’. 

First arrange the terms of both dividend and divisor according to the 
powers of a, beginning with the highest. 

—5a°+4ab+ 3b?) 10a*— 480°) + 51a°b? + 4ab — 1504 (—2a* + 8ab— 50° 
10a‘— 8a°b —6a’b" 
—4.0a°b +57a°b? + 4ab* 
—40a*b + 32a°b? + 24.ab* 
25a°b’ — 20ab*— 1564 
25a°b’ — 20ab* — 1 5b* 


tI 


Ex. 6. a —y ) xe” — yy" + wy tay tity 
a™ oes sai y 
+ ae) y am y” 


{m2 , 2 


+ ay — ay 
4+ ym"? y? —y” 
4 yn? y? — gin y 
This division will obviously terminate without remainder for any 


proposed integral and positive value of 2, when the quotient has reached 
to m terms, the last term being y”"'. Hence we have, 
(x —y')+(2-y) =a +a2y +79, 
(2*—y*)+(a—y)=2? + ay +2y*+y’, 
(2° —y") + (a—y)=a +2°y+a%y*+2y*+y'; and so on. 
Or thus, generally, x”"—y"=(2—y) (a™~ Nae Fy +. ty") 
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Ex. 7. v— a ) x" — pix* + qe —r( xi +(a —p)t+a—pat+aq 
a? — a2’ 
(a—p)x’+ gx 
(a — p)x* — (a* — pa)a 
+(a’'—pat+q)x-r 
(a? — pa + qx — (a’— pa’ + qa) 
Remainder a’—pa’'+qa-r 
[Exercises E.} 
TRANSFORMATION OF FRACTIONS TO OTHERS OF 
EQUAL VALUE. 


100. If the signs of all the terms both in the numerator and 
denominator of a fraction be changed, its value will not be altered. 


For 20) ation tab ate as 
Tae +a 
ab _ _—ab a—-xX% -A2+xX UL—-A 

and =O. © sae ae b-x2 —b+x2 a2—b' 


101. If the numerator and denominator of a fraction be both 
multiplied, or both divided, by the same quantity, its value is not 
altered. 


For in ; the unit is divided into b equal parts, and a of them are taken, 


WD a= oad unseat icaaee Mae eeeade DC siscenchindeyae c times as many as before, 


and a of them taken; therefore in the former case each part is c times 
as great as in the latter. But if c times as many of the smaller as of the 
greater parts be taken, it is obvious that the result in either case will be 
the same, that is, that ac parts of the latter are equal to @ parts of the 

ac @ 

former, or a 
Hence a fraction is reduced to its lowest terms by dividing 
both the numerator and denominator by the greatest quantity that 


measures them both. 

This quantity is called the Greatest Common Measure, or Highest 
Common Divisor, of the numerator and denominator. 

102. A fraction which has either its numerator or denominator a 
simple algebraical quantity is easily reduced to lowest terms ; for the high- 
est common divisor of the numerator and denominator 1s at once found 
by inspection, that is, by observing at sight what factors are common. 

. 2 
eae to its lowest terms, we see that a*b is the highest 
5a*b'd . 


4 


Thus to reduce 
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common divisor of the numerator and denominator; therefore the fraction 





F . & 
required is aba’ 
. 8at+5ax, 2+52 . a” a 
Again, ar ee is at once reduced to ae and OT eae as 


But in the case of fractions having for both numerator and denomi- 
nator a compound algebraical quantity the following rule is often, though 
not always, needed. 


103. The Greatest Common Measure of two compound alge- 
braical quantities is found by arranging them according to the 
powers of some letter* (as in division), and then dividing the 
greater by the less, and the preceding divisor always by the last 
remainder, till the remainder is nothing; the last divisor is the 
Greatest Common Measure required. 

Let a@ and 6 represent the two quantities, and b)a(p 
let b be contained py times in a, with a remainder 70 
c; again, let ¢ be contained ¢ times in J, witha Cb(q 
remainder @; and so on, till nothing remains; let qe 


d be the last divisor, and it will be the greatest ae 
common measure of @ and Db. Ts 


104. The truth of this rule depends upon these 
two principles ; 

1", If one quantity measure another, it will also measure any 
multiple of that quantity. Let 2 measure y by the units in 7, then 
it will measure my by the units in m2; for since y= nx, my = mnx 
(Art. 81) = mn.a, that is, 2 is contained mn times in my, or mea- 
sures my by the units in mz. 

2°. Ifa quantity measure two others, it will measure their sum 
or difference. Let a@ be contained m times in x, and 7 times in y; 
then ma=wx, and na=y; therefore vty=ma+tna=(minja; 
that is, a is contained 2 + 7 times in # + y, or it measures x + y by 
the units in m +n. 

105. Now it appears from the operation (Art. 103), that 
a—pb=c, and b—qc=d; every quantity therefore, which mea- 
sures a and b, measures pb, and a — pb, or c; hence also it measures 
gc, and 6— qc, or d; that is, every common measure of a and b 
measures d. 


* This letter is called the letter, or symbol, of reference; and of the two quantitics 
that is said to be the greater, which contains the highest power of this letter. So also, the 
Greatest Common Measure is the highest common divisor, highest, that is, in its dimensions 
with respect to the letter of reference.—ED. 
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It appears also from the division that a=pb+e, b=qe+ d, 
c=rd; therefore @ measures ¢, and gc, and qc +d, or b: hence it 
measures pb, and pb+c, or a. Every common measure then of 
a and 6 measures d, and d measures a and 6; therefore d is their 
greatest common measure*. 

Ex. 1. To find the Greatest Common Measure of a°+2a+1 and 
a’+2a+1 








a? +2a?+2a+1; and to reduce --—_;———— to its lowest terms. 
a+2a°+2a+1 
a'+2a+1) a’ +2a7+2a+1 (a 
a’+2a°+a 
a+1 
a+1) a'+2a+1 (atl 
a+a 
at+l 
atl 
a+1 is therefore the Greatest Common Measure of the two quantities; and 
; ‘ ss ‘ Esc, i a+l 
if they be respectively divided by it, the fraction is reduced to a es 


and is in its lowest terms. 


Ex. 2. To find the Greatest Common Measure of a‘— x‘ and 


3 2 2 3 
o-Wx—axr’+ux 
a —a’x —ax’+ x°; and to reduce ——- see to its lowest 





terms. 
a — ae — aa! + & ) at — ax a+xz 
a — ac — Wa + are’ 
ae + ax? — ax’ — a* 
8 2,2 3 4 
wu — aa? — av’?+ a 
9a°x? — Qx* = Qa*(a* — x"), 
leaving out the factor 2z*, the next divisor is a’ — 2”. 
a’ — x) a—avx—aat+a’ (a—% 
a’ — 


aa* 


— Wx + x 
—-@xer+a2° 


* This conclusion is more obvious when stated thus :—every common divisor of a and 6 
is a divisor of d, but no quantity can be a divisor of d which is greater than d, therefore 
every common divisor of @ and } is not greater than d; and since d is one of them, 


therefore d is the greatest.—Ep. 
A—2 
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Therefore a*— 2" is the G.c.M. required; and the fraction is 
3 3 
reduced to <= , and is in its lowest terms. 


The quantity 22°, found as a factor in every term of one of the 
divisors, 2a°x*— 2a‘, but not in every term of the dividend, 
a? — ax — ax’ + x’, must be left out; otherwise the quotient will be 
fractional, which is contrary to the supposition made in the proof 
of the rule: and by omitting this part, 2x°, no common measure of 
the divisor and dividend is left out, because, by the supposition, no 
part of 22” is found in all the terms of the dividend. 

[Exercises F.] 

106. The proof of the rule for finding the a.c.m. of two algebraical 
quantities (Art. 103—5) excludes every case in which any one of the 
quotients p, g, 7, is fractional: for mb is not considered a “multiple” of 6, 
unless m be either a whole number, or free from terms in a fractional form. 
But the fractional quotients may always be avoided by rejecting certain 
factors which can be detected by inspection. 

(1) Let such factors be common to the proposed quantities; so that 
a=ka ; b=kb’, where & contains all such common factors. Then, as all 
factors that are common to a and b, excepting &, are also common to a’ and 
b', and al? that are common to a’ and 0’ are also common to a and 6, the 
a.c.M. of a and 6 will =kxa.c.m. of a’ and 6. Whence we see that such a 
common factor as & may be neglected, provided we multiply it into the 
G.c.m. that will afterwards be obtained. 

(2) Let such factors be not common; and let a’ = ma", b’=nb", where 
m and 7 contain all of them that can be detected by inspection; a” and 
6” consequently have no such factors; therefore m and » have no factors 
in common with b” and a”, and by hypothesis they have none in common 
themselves; therefore all factors common to a and 0’ are also common to 
a” and b”, and conversely: therefore the com. of a’ and b’ =a.c.m. of a” 
and 6”. The factors m and m therefore may be entirely rejected. 

From this also it is evident that such factors as the above can be 
mtroduced into one of the proposed quantities, provided that they do not 
contain any factor that already appears in the other. 

If then we dispose at once of the factors that we can detect by inspec- 
oF according to the foregoing remarks, we can proceed to find the a.c.m. 
as follows: 


c= me’ suppose 
c)b(g 
ge 
d=nd' suppose 
d'j)e'\r 
ra’ 


0 
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where m and n consist entirely of such factors as have been considered, or 
are not either of them a “measure” of the succeeding dividend. 


Now every common measure of a and 5 measures a—pb or c, and 
therefore 1s a common measure of b and c; also every common measure of 
6 and c measures c+pb or a, and therefore is a common measure of a 
and 6. 

Therefore the a.c.m. of a and 6 is also the a.c.m. of b and c. 


But as m contains no factor that appears in 6, the c.c.m. of 6 and c 
will be also the c.c.m. of 6 and c’, by what has been said above. 


And this, by the same reasoning as before, is also the c.c.m. of c’ and 
d, and therefore also of c’ and d’; and so on: d’ being the last divisor, is 
evidently the G.c.m. of c’ and @’; and therefore it is the G.c.m. of a and 6. 


All this reasoning will equally hold good, if we introduce such factors 
as m and » in the course of the operation, provided only that by such 
introduction they do not become common to the divisor and dividend; for 
otherwise the G.c.M. of the divisor and dividend, which has been proved 
to be the same as that of the proposed quantities, would be increased by 
such common factors, and the result would cousequently be erroneous. 


Care must be taken therefore, lest in rejecting a factor, we reject a 
part of the G.c.m.; as also in introducing a factor, lest we introduce one 
which will increase the common factors of the proposed quantities. 


From what has been said, it will be seen that every common measure 
of a and 6 will measure c’, and by the same reasoning, will measure a’, and 
so on: ie. every common measure of @ and 6 will measure their G.c.M. 


Ex. 1. Required the c.c.m. of 92°+532°- 9x—18 and x2*+11x%+30. 
x?+112¢+30) Q2* + 532° —Q.v—18 (Gc —46 
Qa + 9927+ 27 0.x 


— 4627 — 279c—18 
— 462° — 506x—1380 


2272+ 1362= 227 (x+ 6); 
227 is evidently not a common divisor of the two proposed quantities, 
and may therefore be rejected. 
2+6) 2°+112+30 (@+5 
x? + 62 
5x+ 30 
5x+30 








.. 2+6 is the G.c.M. required. 


Ex. 2. Required the c.c.m. of 2a°+2°—8x+5 and 7a*—12a+5. 

To avoid a fractional quotient in the first step the former quantity 
must be multiplied by 7, which is not 4 factor of the other quantity, and 
will therefore not affect their G.c.M. 


54 GREATEST COMMON MEASURE. 


Qn + we — 8H + 5 
7 
7a'—~12x+5) 140°+ 7e°— 562435 (Qu+4 
142° 242°+ 10x 
31a*— 66.2435 
282° —48x + 20 
Sx°— 182+ 15=3(x'—6x+5); 
3 is evidently not a common divisor of the proposed quantities, and may 
therefore be rejected. 
a —62+5) 728-1224 5 (7 


~ 2 
17% — 4297435 


en ee 








30x —-30=30(x-1); reject the factor 30; 
a-1) c?¥-6r45 (e-5 


—~b0+5 
-~5w+5 





. x—1 is the G.c.M. required. 
Ex. 3. Required the c.c.mu. of 36a°—18a°—27a*+9a* and 
27a°b* —18a*b*~— 9a’. 

Here 36a°—18a*— 27a‘+ 9a® =9a*(4a*-—2a*-3a+1), 

and 27a°b’— 18a‘b’—9a*b’= 9a*b*(3a*?—2a—1) ; 


.. 9a* is a factor of the a.c.m., and the factor J’ in the latter quantity 
may be rejected. 


Proceeding with the other factors, 
4a°—2a’-34+1 
3 
$a’—2a—1) 12a°—6a*—9a+3 (4a 
12a°—8a"— 4a 


 Ba*-5a4+3=2a(a—1)—3(a—1), 


=(2a-3)(a—1) ; 
2a—3 may be easily seen not to be a common divisor of the proposed 
quantities, and may therefore be rejected : 


a—1) 3a*—2a—1 (3a+1 
3a°—3a 
a—]| 
a-1l 
-. @~1 is the a.com. of 4a°—2a'’~3a+1 and 3a’—2a—1. 
Hence 9a*(a—1) is the GoM. required. 
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107. To find the Greatest Common Measure of three quan- 
tities, a, b, c, find d the Greatest Common Measure of a and b; and 
the Greatest Common Measure of d and c is the Greatest Common 
Measure required. 


Because every common measure of a, b, and c, measures d and 
c; and every measure of d@ and c measures a, b, and c (Art. 105); 
therefore, the Greatest Common Measure of d and c must be the 
Greatest Common Measure of a, }, and c. 


108. In the same manner the Greatest Common Measure of 
four or more quantities may be found. 

The Greatest Common Measure of four quantities, a, b, c, d, 
may be found by finding x the Greatest Common Measure of a and 
b, and y the Greatest Common Measure of ¢ and d; then the 
Greatest Common Measure of « and y will be the common measure 
required. 


109. It should be borne in mind that the Greatest Common Measure 
of two or more algebraical quantities found as above is not necessarily 
the Arithmetical Greatest Common Measure of the same quantities when 
numerical values are given to the letters contained in them; and the reason 
is this:—there may be factors in the several quantities which, in their 
algebraical state, are prime to one another, Lut become divisible by some 
common number, when certain values are given to the letters contained in 
them. For example, the faciors x—7, and a—4, have no common measure 
greater than 1, as a/gebraical expressions; but if 10 be put for a, they be- 
come 3, and 6, which have a common measure, 3. Hence it is plain, that 
if we exclude certain factors from the Greatest Common Measure as having 
no common (divisor, and afterwards change thgir form so as to make them 
to have a common divisor, the Greatest Common Measure obtained on the 
former supposition cannot possibly agree with the Greatest Common Measure 
obtained on the latter supposition. In fact, the phrases ‘ Greatest Common 
Measure, ‘ Lowest Terms, ‘Least Common AM ultiple, applied to algebraical 
quantities, do not regard comparative magnitude. 

“P10. In practice the Greatest Common Measure of two or more 


algebraical quantities is frequently found by a more expeditious method 
than the preceding, as follows. Taking Ex. 2, Art. 105, 


Ex. Required the c.c.m. of a‘—a* and a°—a*x—ax* +2". 
First, a*—a*=(a?+2")(a°—2"). 
Also a —a’x—az* +2°=a*(a—x)—2*(a—z), 
= (a'— 23") (a—2) ; 7 
therefore a’—2? is a common factor or divisor of the proposed quantities ; 


and since the other factors a’+a2* and a—az have no common sonnei 
greater than 1, therefore a*—x* is the Greatest Common Measure required. 
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111. In the same manner fractions are usually reduced to their lowest 
terms without the application of the Rule for finding the a.c.m. of the 
numerator and denominator. 

2° +11%2+ 30 
Oa + 53a"—Yae—18 
w+112+30 — a(2+6)+5(2+6) 
Ox+53a°—Ja—-18  9au%(x+6)—(x*+9a+18)’ 
(+5) (+6) 
~ Qa* (a +6)—(x +3) (a+6)’ 
(2+ 5)(x+6) 
= Ga? -a—8)(+6)’ 


Ex. 1. Reduce to lowest terms 


a ‘ 2 _— £&t+5 
(divid*. num’. and denom’. by x+6) res 


x’+(a+c)x+ac 


Ex. 2. Reduce a? +(b+ c)e+be 


to its lowest terms. 


x?+(at+c)atac=2'+ax+cxt+ac, 
= 2(a+a)t+e(x+a), 
=(x+c)(x+a) ; 
also a°+(b+ce)x+be =(x+c)(x+6) 5 
.. the fraction becomes (aro) ag 2) , 
(+c) (x%+b) 


" . «e£+a 
and in lowest terms 1s — 


a+b” 
3a°—3a° + ab?—b* 
4a? —5ab+6* 
3a°—3a'b+ab’—b” _ 3a*(a—b) +b*(a—b) 
4a*—5ab+b* —  4a(a—b)—b(a—b) ’ 
_ (3a? +6")(a—6) 
~ (4a—b)(a—6) ’ 
8a° +b? 
~ 4a—b 
pr aan to its lowest terms. 
(a+b){(a+b)*—c"} = (a+b) (a+b+c)(a+b—c) 
46°c*—(a*—b?—c*)* (2bc+ a*—b*—c*)(2bc—a* +b’ +c*)’ 
_ (a+b)(a+b+c)(a+b—c) 
~ {a?—(b—c)*}{(b+c)*—a"}’ 
= (a+b)(a+b+c)(a+b—c) 
_ fi+b—c)(a+e—b)(a+b+e)(b+e—a)’ 





Ex. 3. Reduce to its lowest terms. 








Ex. 4. Reduce 
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_ a+b 

~ (a+e—b)(b+c—a)’ 
_ atb 

~ t—(a—b)? 


[Haercises G.] 


112. Fractions may be changed to others of equal value, with 
a common denominator, by multiplying each numerator by every 
denominator except its own, for the new numerator, and all the 
denominators together for the common denominator. 
adf cbf ebd 
bdf? bas? bap? 
fractions of the same value respectively with the former, having the 


; adf _a@, cbf _¢. ebd _e 
common denominator bdf. For bdf b> bafta and bff 


Let Af 5 jbe the proposed fractions; then 


(Art. 101); the numerator and denominator of cach fraction having 
been multiplied by the same quantity, v¢z. the product of the deno- 
minators of all the other fractions. 


113. When the denominators of the proposed fractions are 
not prime to each other, find their Greatest Common Measure; 
multiply both the numerator and denominator of each fraction 
by the denominators of all the rest, divided respectively by 
their Greatest Common Measure; and the fractions will be re- 
duced to a common denominator 77 lower terms than they would 
have been by proceeding according to the former rule. 

Thus —- , a “_ reduced to a common denominator, are 

ma’? my? mz 
ayx bwz ery 
macye! mays? macys 

114. To obtain them in the lowest terms each must be re- 
duced to another of equal value, with the denominator which is 
the Least Common Multiple, or Lowest Common Muttiple, of 
all the denominators. 

It becomes necessary therefore to investigate a rule for finding the 
Least Common Multiple of two or more quantities. And first, 

115. Zo find the Least Common Multiple of any number of simple 
quantities. 

To do this, observe the combinations of letters which form the several 
quantities, and resolve each quantity, by inspection, into its simple factors. 


The object then will be, to construct such a quantity as shall contain all the 
different factors found in the proposed quantities ge no factor repeated 
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which is not also similarly repeated in some one of them ; for thus we shall 
obviously form a quantity, and the least quantity, which is divisible by 
each of the proposed quantities without remainder, that is, the Least 
Common Multiple of them all. To this end, detach from each quantity 
all the factors, which are common to two or more of them, until the 
quantities are left prime to each other. The continued product of these 
common factors and prime results will be the Least Common Multiple 
required. 

Thus, let the t.c.m. of 2a, 6ab, and 8ab be required. We see that the 
three quantities have a common factor 2a, which being detached leaves the 
quantities 1, 36, and 46: of these again, the two latter have a common factor 
b, which being detached leaves the quantities 1, 3, and 4; and these are 
prime to each other. Therefore, the L. c. M. required is 

2axbx1x3x4, or 24ab. 

Ors. Since the detaching of the Common Factors is the same thing as 
dividing the quantities by their Greatest Common Measures, it is clear that 
this method coincides with the arithmetical rule given in Art, 23. 

It may also be observed that the preceding method is applicable to 
compound quantities, as well as simple, provided that each of the quantities 
can be readily resolved into its component factors. Thus, if the L.c.m. of 
ab+ad, and ab—ad be required, we see that the quantities have a common 
factor a, and when stripped of this become b+d, and b—d, which are prime 
to each other. Therefore the L.c.M. required is 

a(b+d)(b—d) or ab?—ad’. 

The following method is generally applicable to all quantities Simple or 
Compound. 

116. Zo find the Least Common Multiple of two quantities, 
or the least quantity which is divisible by each of them without 


remainder. 

Let a and b be the two quantities, x their greatest common 
measure, m their least common multiple, and let m contain a, p 
times, and 6, g times, that is, let m=pa=qb; then dividing the 


two latter equal quantities by yb (Art. 82), 7 7 ; and since m 


is the least possible, 7 and q are the least possible; therefore 7 


is the fraction ¢ in its lowest terms*, and consequently q = * . hence 
b ae? 


m = gb = = xb. 


, 
* For, if not, let some other fraction 3 be the fraction : in its lowest terms; then 


since t= i multiplying these equal quantities by p’b (Art. 81), g’b=p’a, or there are 


common multiples of a and 6 leas than pa and gb, which is impossible, since pa and qb 
are the lcast.— Ep. 
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The rule here proved may be thus enunciated :— 


Find the G. c. mM. of the two proposed quantities; divide one of them by 
this G. Cc. M.; and multiply the quotient thus obtained by the other quantity. 
The product is the Least Common Multiple required. 

Ex. Required the Least Common Multiple of a‘—z‘ and a’—a%x 
— as +x", 

The c.c.m. of these two quantities (See Art. 105, Ex. 2), is a*—2'; 
and (a‘—x*)=(a°-x*)=a’+a". Therefore the Least Common Multiple 
required 

= (47+ 2°).(a°—a*x—ax*+2'), 
= a —a*e—an' + 2°, 


117. Every other common multiple of a and b is a multiple 
of m. 

Let n be any other common multiple of the two quantities ; and, 
if possible, let m be contained 7 times in w, with a remainder s, 
which is less than m; then 2 —7m=s8; and since a and b measure 
2 and rm, they measure 2 — 7m, or s (Art. 104); that is, they havea 
common multiple less than mm, which is contrary to the supposition. 


118. To find the Least Common Multiple of three quantities 
a, b, c, find m the Least Common Multiple of a and b, and n the 
Least Common Multiple of m and c; then n ts the Least Common 
Multiple sought. 

For every common multiple of a and 6 is a multiple of m 
(Art. 117); therefore every common multiple of a, b, and ¢ is a 
inultiple of m and c; also every multiple of m and c is a multiple of 
a, b, and c; consequently the Least Common Multiple of am and c 
is the Least Common Multiple of a, 0, and c. 

And similarly if there be four or more quantities of which the Least 
Common Multiple is required. 

Ex. Required the Least Com. Mult. of a°—a’x—ax’+a’, a‘~—a‘, and 
ax*+a*a—a*a’—a', 

Here ax*+a*°x—a’x*—a't=a(a"+a*x—ax*—a’); 

. ta find the c.c.M. of this quantity and the first, reject the factor a; 
o—a®a -axtt+a* a+ a*e—ax’—a? (1 
eo —a®e—axcr+a® 
2a —-2a°=2a*(x-a), 
x—a) 2° —a’x—ax'+a° (2°—a* 
xe” — acc" 
—~aae+a" 


Catal 
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. 2~a is the G.c.M. of the first and last of the proposed quantities; and 
their least com. mult. is 
(ax*+a°a—a*a*—a*)(x*—a")......(1) 
The other quantity is 
(as° +a7)(0? ~@"). 2. ee eee ee (2). 
The G.c.m. of (1) and (2) is («*—a*)x the G.c.m. of ax’+a*x—a'x'—a* and 
x'+a*. Rejecting the factor a in the former quantity, 
+a?) 2+ a°x—ax*—a° (x-—a 
v+are 
—ax'—a’ 
—aa*—a? 





. thea.cm. of (1) and (2) is (a? — a”) (x? + a”) ; 
.*, least com. mult. required is 
(as* + a°a—a*x*—a*)(a*—a"), 
or ax’—a*a*—a'x+a°. 


119. A more expeditious method of applying the preceding rule 
to find the Least Com. Mult., when it can readily be done, is that of 
resolving each quantity into its component factors, as follows:—taking the 
last Example, 

(1) 2 —a’x—ax’*+a°=a"(x-—a)—a"(x—a), 
= (x~a*)(ax—a). 
(2) x*—at=(a?+a")(a*—a’)=(a'+a")\(x—a)(x+a). 
(3) ax’+a°x—a*x’—a‘=ax"(x—a)+a°"(x—a), 
= a(x" +a*)(2—@). 

Now the a.c.m. of (2) and (3) is (x?+a’)(a—a); 

.. least com. mult. of (2) and (3) is a(a*—a’‘)......... (4). 

Again, the c.c.m. of (1) and (4) is 2°-—a’; 

.. least com. mult. required is a(a*—a‘)(a—a), 
or ax°’—a’a'—a’a+a’. 


119*. Zhe com. of two or more quantities is the ucm. of all the 
common measures. 


For the L.c.m. of all the common measures contains all the factors 
that appear in them, and therefore contains all the factors common to the 
proposed quantities: but their G.c.m. contains all these common factors: 
therefore the L.c.M. in question is either equal to, or a multiple of the G.c.m. 
But since every common measure of the proposed quantities measures 
their G.cm., «6 their G.c.mM. is acommon multiple of all their common 
measures, therefore (Art. 117) this G.c.m. is either equal to, or a multiple 
of the L.c.M. of all the common measures. But these two conditions cannot 
be both satisfied unless the above G.c.m. and L.e.M. are equal, therefore they 
are equal, 


[Heercises H.] 
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ADDITION AND SUBTRACTION OF FRACTIONS. 


120. If the fractions to be added together have a common de- 
nominator, their sum is found by adding the numerators together 
Jor a new numerator and retaining the common denominator. 


roe ate 
Thus —, 
ws Tt y= 5 
This follows from the principle laid down in Art. 99, Ex. 1. 
Or thus; in each of the fractions the unit is divided ee the same 


number, 0, of equal parts; and it is plain that a of these parts, or = 7? together 


with c of the same parts, or i , must be a+c such parts, or -; - 


121. If the fractions have not a common denominator they 
must be transformed to others of the same value, which have a 
common denominator (Art. 112...114), and then the addition may 


take place as before. 


ad be ad + be 
Ex. 5+5-Gatian7 bd 





; ] 1 a-—-b a+b 
Ex. 2. @1b ab @-b afb 
_a~ Aisa 2a 
a’ — b? a? — 6?" 
-¥ e afte 
Ex. 3. ats +2=-3-. 
‘fe ff 


Here a is ees as a fraction whose denominator is I. 


a+b a—b_2a’-26° a rot Bab + 0° 
Ex. 4. 2+ —p a+b ao o—b a a — b? 2 
ot 20b +8 90? — 2b? + a? + Qab + 6° 4+ a® — 2ab + Bt 
ee a | alee? = 
4a? 
=o 
a 6 c aye Obxz | cxy 
ee ae my me mayz may mye’ 
_ aye buzte. ex 
IMrYZ 
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2 3 
o e i f wee EE ee ene e 
Ex. 6. Required the sum o Fa Pare e and co are a 


By Art. 116, or Art. 119, the Least Com. Mult. of the denominators is 
found to be «*—1; therefore the sum required is 
sas 1), ae +1) 
a*—1 gt-1? 
_ 2t— 243243 
a. , 
ee 
wv—1° 


122. If two fractions have a common denominator, their 
difference is found by taking the difference of the numerators for a 
new numerator and retaining the common denominator. 


Thus © a. ; = <i . (See Art. 99, Ex. 1.) 


Or, the same reasoning will apply as that in Art. 120. 


123. If they have not a common denominator, they must be 
transformed to others of the same value, which have a common 
denominator, and then the subtraction may take place as before. 


Ex. 1 a ¢ _ad be _ad—be 
*" 6d bd td bd 
cd ab ed ab—ed 
Ex. 2. aa ay aes ahs aa 
Ex.3, @-¢t?¢ d_ac—ad_ be+bd _ac—ad—be-bd 
“ bb -¢e-d be—bd be—ba~ be —bd © 


The sign of 6d in the numerator is negative, because every part 
if the latter fraction is to be taken from the former. (See Art. 87.) 


a+b a—b _@+20b+' &@—2ab+B' 


Me Gab Geb” ee ee 
_ a + 2ab +b? —a'+2ab—b* __4ab 


ceuaedl 
— am 


a —b* a“ — b** 








Bx 5. lg Toe Toa! iat? 
_ ot te—2— 2a 1 
l-2 1-2" 


[ Exercises I.] 
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MULTIPLICATION AND DIVISION OF FRACTIONS. 


124. To multiply a fraction by any quantity multiply the 
numerator by that quantity and retain the denominator. 


(L ac 
Thus ¢xc=—.. 


For in both the fractions e < the unit is divided into the same 


number of equal parts (since the denominators are the same), and ¢ times 
as many of these equal parts are taken in the latter as in the former, 
therefore the latter fraction is c times as great as the former. 


125. Cor. 1. 7x0 = S =a; that is, if a fraction be multiplied 


by its denominator, the product is the numerator. 


126. Cor.2. The result is the same, whether the numerator 
be multiplied bya given quantity, or the denominator divided by it. 
ad 
be?’ 
cde aud 


¢, the result is he? OF OT (Art. 101), the quantity which arises 


from the division of its denominator by c. 


Let the fraction be and let its numerator be multiplied by 


127. To divide a fraction by any quantity multiply the deno- 
minator by that quantity, and retain the numerator. 


ee eee . 0 G_ ae a 
The fraction 1 divided by ¢ is be Because 7 he? and a ¢ 
part of this is ie the quantity to be divided being a c™ part of 


what it was before, and the divisor the same. (Art. 96.) 


128. Cor. The result is the same, whether the denominator 1s 
multiplied by the quantity, or the numerator divided by it. 


Let the fraction be i - if the denominator be multiplied by 


c, it becomes its or oe , the quantity which arises from the division 


of the numerator by c. . 
129. To prove the Rule for the Multiplication of Fractions, 
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Rute. The product of two fractions is found by multiplying 
the numerators together for a new numerator, and the denominators 
Jor a new denominator. 


_ ac 
Let = 3 ? and © qd © be the two fractions ; then 2 5% < = nq" 


Oss. In the strict sense of the word Multiplication, which supposes 
a quantity to be added to itself a certain number of times, to multiply by 
a fraction would be impossible: the operation must therefore be understood 
in an extended sense. | 

Since to multiply a by 6 is the same thing as to take b of it, we shall 
easily perceive that the extension of the sense, of multiplication will lead 


us to conclude that to multiply ; by = will be the same thing as to take 


: of it, i.e. to take the d™ part of it, and then to take ¢ of such parts. 


th ae ae ae 
But the d™ part of 7 38 bd being 
taken will pee te 77 (Art. 124): this therefore is the result required, 


4 (Art. 127), and c of such quantities as 


that is, 5% “= =—= oe which proves the Rule. 


130. Zo prove the Rule for the Division of Fractions. 


RuLE. To divide one fraction by another, mnvert the numerator 
and denominator of the divisor, and use it as a multiplier accord- 
ing to the rule for multiplication. 


s 


ec ad ad 
Let ; i @ ond © A © be the two fractions ; then 2 oa he be’ 


Oss. Since ordinary Division is the enverse of ordinary Multiplication, 
the operation of division here must be extended to mean the inverse of that 
of multiplication in all cases ; that is, the Quotient must always be such a 
quantity, as when —"s by the Divisor will produce the Dividend. 


Hence, to divide - by 5 7 is, to find the quantity (the Quotient) which, 


when multiplied by » gives 2. But to multiply any quantity by : 18, to 
take the d™ part of it, and then ¢ of such parts. Therefore the d™ part of 
the Quotient taken c times is equal to 5 or the d™ part of the Quotient 


= the c part of = 37h (Art. 127), 
a adad 


oe Tweens -_—xX~— 


“. the Quotient = d times ia iad are 
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130°. In the proofs of most of the rules for fractions we have sup- 
posed the /etters to represent whole numbers ; but the rules hold good also, 
when the letters stand for fractions. Thus, 


I. Zo shew that r=a+b, when a and b are both fractional. 


Let a stand for 7 and 6 for ~ ; then, since, when a and b are whole num- 


a 


; signifies that the quantity, which taken 6 times gives 1, is to be 


P 


bers, 


taken a times, so d signifies that the quantity, - of which gives 1, is to be 
8 
taken f times, in the sense explained in Art. 129. But the quantity, of 
8 


which gives 1, 18 PS. and this taken £ times ="x1+" =2 +7, 
8 g q 8 g 8 
A gain, 
& ac 
II. Zo shew that bbe? 
Let a stand for | , 6 for : , ¢ for _ ; then, by the foregoing, 
GPT LPT LP’ (Aarts, 129, 130). 


when a, b, and c, are fractional. 


mm Mm Pr MW mr 
Also ae ab and be=-x—= —, 
q 2 mq S as 


ac mp mr mpns mnps ps a 


"be ng’ ns ngmr mugr qr b- 

131. Zo prove the Rules for Multiplication and Dwision of Decimal 
Fractions. . 

By the Definition of a Decimal Fraction (Art. 39), 0" is equivalent 
to a Decimal having m decimal places, and P being the number which the 
decimal represents, when the decimal point is erased; similarly £ 18 
equivalent to a decimal which has n decimal places. 

Now “ox #.-<. =a decimal fraction formed by multiplying P 
into Q, and then marking off m+ decimal places :-—which proves the 
rule for multiplication, viz. Multiply as in whole numbers, taking no notice 
of the decimal points, and point off as many decimal places in the product 
as there are in the multiplicand and multiplier together. 

To prove the Rule for Division :—Let the dividend be made to have, if 
it has not already, a few more decimal places than the divisor, by adding 
ciphers to the right, which does not alter its value, (Art. 41); and let D, a, 
be the whole numbers which the Dividend so altered, and the divisor, 

es: 
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become respectively, when the decimal] point is erased. Then, if m be the 
number of decimal places in the Dividend so altered, and m the number in 
the divisor, m>7n, and 
Dividend D_d@ D 1 
“Divisor 10"'10* d@°10™*’ 
=(@+ 7) : —— if d is contained Q times in D with Remainder &, 
Y 


R 1 ? , 
Sie a eee a SO 
10°" a 10""" 107°"? : 





; ; ] 
or +a fraction which <joee “= R<d always ; 


__@ 
10" 


.". Quotient is either actually equal to as near 





, or approaches to 


190""" 


Q 
190”"-"" 
as we please, since ; —_ can be made as small as we please by increasing 


m—n, that is, by adding ciphers to the proposed dividend. Hence the 
Rule, viz. Affix ciphers to the right of the dividend, if wanted, so that it may 
have a few more decimal places than the divisor, proceed as in whole num- 
bers, taking no notice of the decimal points, and then mark off as many 
decimals in the quotient as the number of decimal places in the dividend 
(including the ciphers used) exceeds the number in the divisor. 


N.B. The fraction 





expressed decimaliy will always be the 





10"™ 
. : : 1 
correct quotient, as far as it goes, because no quantity less than Tors can 


add 1 to the last figure of a decimal with (m—m) decimal placest. 


Cor. Since a vulgar fraction represents the quotient of the numera- 
tor + denominator, the preceding rule may be applied to find its equivalent 
decimal fraction by actually performing the division; in this case n=O, or 
the divisor 1s an integer, viz. the denominator of the given fraction; and 
the dividend, z.e. the numerator of the fraction, can be made to have as 
many decimal places as may be necessary, by putting a decimal point at 
the end of it, and adding ciphers: and the number of decimal places in 
the quotient will here be m, ¢.¢. there will be as many decimal places as 
we have added ciphers. 


131*. If = be a fraction in its lowest terms, by the operation of 


b 
adding ciphers as above after a decimal point, we transform it into es 


m being the number of ciphers added: and if the equivalent decimal is a 
terminating one, a@x10" is divisible by } exactly. But by hypothesis a is 
not so; therefore 10” is exactly divisible by 6. Now the prime factors of 
10 are 2 and 5, and no others. Therefore 6 must contain no factors but 
2 and 5, 1.¢. it must be of the form 2’x5*, And when this is the case, if m 


+ The proof of the Rule for the Division of Decimals, found in most Treatises on 
Algebra, is unsatisfactory and imperfect, because it includes only the particular case 
when, neglecting the decimal point, the Dividend is an exact multiple of the Divisor. 


A 
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be taken equal to the greater of the two p and g, 10"+(2?x5") is an integer 
and is not so for any less value of m. Therefore the fractions that will 
produce terminating decimals are those only whose denominators (when 
they are reduced to their lowest terms) contain as factors 2 and $ and no 
others ; and the number of decimal places will be equal to the greatest 
number of times either one of those factors is repeated. 

All other fractions will therefore produce non-terminating decimals. 
If the division in these cases be performed as far as the factors 2 and 5 are 
concerned, we have a terminating decimal to be divided by the product of 
the other factors of the denominator, c suppose. As the decimal does not 
terminate there must always be a remainder, which of course is less than 
c, t.e. is one of the numbers 1, 2, ... c—1; after c—1 places of figures 
then have been obtained, to take the most unfavourable case, when the 
remainders are at first all different, the next remainder must be the same 
us some one of the preceding, and then the whole operation is repeated, 
and the figures in the quotient recur. There can therefore be no more 
than c—1 recurring figures; and all fractions that do not produce termi- 
nating decimals will produce recurring ones. See Notes, Art. 52. 


132. The rule for multiplying the powers of the same quantity 
(Art. 91) will hold when one or both of the indices are negative. 





“ e 1 a” 
Thus a"xa@"=a"™™"; fora"xa"=a"x , (Art. 65)=—,=a™’, 
: a a 


8 
(Art. 95,Cor.). In the same manner 2’*x 7° = _ sa a 


Again, a”"xa*=a""™; because 


ama* =.) (art.63)=—e =a". 
133. Cor. If m=n, a"xa"=a"™"=a; also ax an =< 
= 1; therefore a°=1, according to the notation adopted in Arts. 
63, 65. 
134. The rule for dividing any power of a quantity by any 
other power of the same quantity (Art. 95, Cor.) holds, whether 
those powers are positive or negative. 


1 ss 
Thus a” +a" =a" + —, (Art. 65)=a"xa"=an™=an™, 


1 1 a” 2 
1 eee = - =—--— SS " 30 = an” = a 
Again, a@"+a™ a" aa (Art. 130) ' 


135. Cor. Hence it appears, that a factor may be transferred 
from the numerator of a fraction to the denominator, and vice 
versd, by changing the sign of its index. 

a".a" a” a UO © at om Bp 

Thus e “Pa” and ob? bP a“.a*.b”, 
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4ab“*ca™" Aa.atcy  Aaroy 
Alo Sty a! d's? Boda 


y 
[Exercises J.| 


INVOLUTION AND EVOLUTION. 

136. If a quantity be continually multiplied by itself, it is 
said to be involved, or raised; and the power to which it is raised 
is expressed by the number of times the quantity has been em- 
ployed, as a factor, in the multiplication. 

Thus axa, or q, is called the second power of a; axaxa, or 
a, the third powg,, axa...to ” factors, or a”, the 2™ power of a. 

137. If the aN aitity to be involved be ee the signs of 
the even powers will be positive, and the signs of the odd powers 
negative. " 
For —ax-wp a", —ax—dx—-a=—a’, &e. 

138. A simple q¥antity is raised to any power by multiplying 
the index of every f\ctor in the quantity by the exponent of that 
power, and prefixin;y the proper sign determined by the last 
Article. 

Thus a” raised to the »* power is a"; because a”xa”xa”™...to 
” factors, by the rule of multiplication, is a”*"***%""™>) or @™. 
Also (ab)" = abxabxabx &c. to » factors, or axaxa... to n factors 
xbxdxb...to m factors (Art. 88)=a"*xb". And a’b’c raised to the 
fifth power is a%b"c’. Also —a”™ raised to the n™ power is ta”; 
where the positive or negative sign is to be prefixed, according as 
n is an even or odd number. |; 
This last rule is algebraically eee thus, (—a™)"=(—1)".a""; 


the coefficient (—1)" being sufficient! ; o express that the positive or negative 
sign is to be prefixed to a”, accordfig as m is an even or an odd number. 


1 1 


on —~ —mn~n n(—n) , 
3 


Again, ( 65 =4 


and (a~")""= ye =a™"=al™X-"); which proves the rule 


Come on 
when the indices are negative ee 
139. If the quantity to be involved be a fraction, both the 
numerator and denominator nmrust be raised to the proposed power 
(Art. 127). 
For (2) =2.% 2 a.a.a...ton factors a” 
or (5) <5 fe§ tm factors = “6.5. ..t0 we faators 
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140. If the quantity proposed be a compound one, the invo- 
lution may either be represented by the proper index, or it may 
actually take place. 

1. Let a+6 be the quantity to be raised to any power. 

a+b 
a+b 
a’ + ab 
+ ab + 6° 

(a +6)" or a’ + 2ab +b’ the square, or 2¢ power. 

a+b 
a’ + 2a°b + ab? 
+ a’b + 2ab* + 6° 

(a + by’ or a* + 3a’b + 3ab" + BD’ the 3° power. 

a+b 
a‘ + 3a°b + 30°b? + ab? 
+ ab + 3a°b* + 3ab* +b 

(a +b)‘ or at + 40°) + 6a°b’ + 4ab> +‘ the 4" power; and so on. 

If 6 be negative, or the quantity to be involved be a—8, 
wherever an odd power of 8 enters the sign of the term will 
be negative (Art. 137). 

Hence (a—6b)’=a*—2ab+b"*, 
(a—b)*=a*—3a*b + 3ab*—D*, 
(a—b)*= a‘ —4a°b + 6a°b?—4ab* + B*. 
2, Let a+b+c be the quantity to be raised to any power. 
a+tbte 
atbte 


a*+ab+ac 
+ab+b’+be 
+ac+bc+c* 
(a+b+c)® or a’+b*+c*+2ab+ 2bc+2ac the square, or 2° power. 
a+b+c 

a®+ab*+ac*+2a°b+2abe+2a‘c 
+0°>+0° +bc*+ 2ab*+2b%c + 2abe 
+a'c+bict+c® +2abe+2bc* + 2ac* 
FE pe a a a Ne ce 

(a+b+c)* or a'+0*+0°+ 3(a*b+a'c+ab'+ ac'+b"c+be*)+6abe the cube, or 
S‘ power ; and so on for any higher power. 
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141. By using brackets the involution of a quantity consisting of mor 
than two terms may be always made to depend upon that of a binomia 
and thereby the operation be much abridged. 


Thus (a+6+¢)'=(a+5+0)', 
=a"+(b+c)?+2a(b+e), 
=a*+b*+¢7+2be+2ab + ac. 
(a+b+c)"=(a+b+e)', 
=(a+b)?+3(a+b)%c+3(at+b)e*+e’, 
=a°+3a°b + 3ab'+b"+ 3(a*+b*+ 2ab)c 
+ 3ac*+ 3bc*+¢°, 
=a°+b'+c7+ 3(a%b + ab*+a%c+ac’+b'c+be*)+ babe. 
Again, (a+b+c+d)*=(a+b+c¢c+d), 
= (a+6)’+(c+d)’+ 2(a+b)(c+a), 
= 07+ 6°+2ab 4-c7+ d?+ 2ed + 2ac+ 2ad+ 2be+2bd, 
=a"+b"+c"+d?+2(abt+ac+ad+bce+bd+cd); 


and so on. 


142. Since (a+b+c+d+d&c.)* may be thus arranged, 
a’+2a(b+c+d+ ke.) +b°+ 2b(c+d+ ke.) +0°+ 2e(d+&e.) + de. 
the square of any multinomial may be readily found by the following 


Rue: Square each term, and multiply twice that term into the sum of 
the several terms that come after ; the sum of all the results so obtained will 


be the square of the whole quantity. Thus, 

Ex. 1, (a+b+c+d)’=a"+2a(b+c+d) 
+b°+ 2b(c+d) 
+0°+2cd 
+d", 

Ex. 2. (a—b-—c+d)*=a'+2a(d—c—8) 
+b°—2b(d—c) 
+¢c'—2cd 
+d’. 


1d oe. 2, 

Ex. 3, (I+ 5ut+eayal+a+ ox 
1 1 
+ 7a oe 

1 


+ 9”? 


1l,1,1, 
= 1 4a0+ path galt oa". 
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Ex. 4, (14+%+2m°+32°+42*+5a°+...)° 
=1+2(% +22" + 3a? + 4a‘ + 52°+60°+...) 
+20° + 200(2a3" + Ba? + act + 5ac°+...) 
+ Ae® + 4cc*(Sar* + 4a +...) 
+ 92° + 6a0"(4a‘ +...) 
=1 +204 5a" +102°+ 182+ 300° +470°+... 
N.B. It will be found useful to commit to memory the following 
results :— 
(44+ B)=4°+B°+3AB(A+B)...... (1), 
(4 -B)’=A°—-B’-3AB(A-B)...... (2), 
whatever quantities 4 and B may represent, simple or compound. 


Thus, Ex. 1. Let the cube of 1+2+2° be required. 
(1+n428'=(se+0%) 
= (1 +2)’ + (a)? + 3(1+2)a7(1+a+2*), by (1), 
=1+2°+3xe+3a"+2°+(3a*+32*)(1+2+2"), 
= J +2°+ 3x4 30% +a°+ 3x74 32° + 3at+32° + 3x*+ 32°, 
=14+32+627+ 72° +62*+ 32° +2° 


Ex. 2. Required the cube of Va+2— Ja--a. 
(Va+ae—Ja—2)=a+2~—a—x2—-3i/a+2.Na—ax(Ja+x—Na—x), by (2), 


=24—3.Ja+z.JNa—x. {Na+e—Na—z2}. 


143. EvoLuTion, or the extraction of roots, is the method 
of determining a quantity which raised to a proposed power will 
produce a given quantity. 


144, Since the 2 power of a” is a” (Art. 138), the 2™ root 
of a” must be a”; that is, to extract any root of a simple quan- 
tity, we must divide the index of that quantity by the index of the 
root required. 


Thus J/a°=a', ‘/a*=a*; &. Ya™=a™ 


145. When the index of the quantity is not exactly divisible 
by the number which expresses the root to be extracted, that root 
must be represented according to the notation pointed out in 
Art. 70. Thus the square, cube, fourth, », root of a’+ 2’, are 
respectively represented by 


(at+a), @t+a), ata}, @+x)'; 
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the same roots of a , or (a? + 2°)", are represented by 
1 
@+ayt, @+ayt, @+a'yt, @tay® 
146. If the root to be extracted be expressed by an odd 
number, the sign of the root will be the same with the sign of the 
proposed quantity, as appears by Art. 137. 
Thus v/8 is 2; /-8 is —2; &e. 


147. If the root to be extracted be expressed by an even 
number, and the quantity proposed be positive, the root may be 
either positive or negative. Because either a positive or negative 
quantity raised to such a power is positive (Art. 137). 

Thus Ja? is +a; V(a+a)' is +(a+a)*; de. 

148. If the root proposed to be extracted be expressed by 
an even number, and the sign of the proposed quantity be 
negative, the root cannot be extracted; because no quantity raised 
to an even power can produce a negative result. Such roots are 
called cmpossible. 


149. Any root of a product may be found by taking that root 
of each factor, and multiplying the roots, so taken, together. 


= 2. oe 
Thus (ab)" = a"x b"; because each of these quantities, raised to 
the n™ power, is ab (Art. 138). 
Exs. Va*b‘= “/a?.A/b'=ab'; and Jab" =a°b'c. 


1 1 2 
Cor. If a=6, then a’xa*=a"; and in the same manner 
r & ra 
axa=a*, 
This will be proved more fully and clearly in Art. 162. 


150. Any root of a fraction may be found by taking that root 
of both the numerator and denominator (Art. 139), that is, the root 
of the numerator for a new numerator, and the same root of the 
denominator for a new denominator. 

1 1 
a an 


2 3 : 
Thus the cube root of 7 is a? or a'xb?; and (5) =o or 


3 2 
a"x be 
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Qa*_N9a* _ 3a 8a°b* x 8a°B° 2ab 


ee 
= 4c Jag 2 27°—CJay—i‘<‘ 
151. To extract the square root of a compound quantity. 


Since the square root of a*+2ab+8° is a+b (Art. 140), what- 
ever be the values of a and b, we may obtain a general rule for the 
extraction of the square root, by observing in what manner a and 
b may be derived from a’ + 2ab + 6b’. 


Having arranged the terms according a’?+2ab4+86'?(a+b 
to the dimensions of one letter, a, the square =. a’ 
root of the first term, a’, is a, the first term 2a +b) 20b +8" 
in the root; subtract its square from the oab +B? 
whole quantity, and bring down the remain- a 
der 2ab +0’; divide 2ab by 2a, and the result is b, the other term 
in the root; then multiply the sum of twice the first term and the 
second, 2a + b, by the second, 6, and subtract this product, 2ab + 6%, 
from the remainder. If there be more terms, consider a+6 as a 
new value of @; and its square, that is, a*+ 2ab + b’, having by the 
first part of the process been subtracted from the proposed quan- 
tity, divide the remainder by the double of this new value of a, for 
a new term in the root; and for a new subtrahend multiply this 
term by twice the sum of the former terms increased by this term. 
The process must be repeated till the root, or the necessary ap- 
proximation to the root, is obtained*. 


Ex. 1. To extract the square root of a?+2ab+06°+2ac+ 


2be +c’. 
Having arranged the terms of the proposed quantity according 
to the dimensions of one letter, a, it becomes 
a+ 26+ cla+b’+ 2bc+c’. 


* That the Rule may be thus extended will be obvious from comparing the form of 
the squares of at+bic, atbt+c+d, &c. with that of a+b, from which the Rule was deduced. 


For 
(a+b+c)3= (a+b)®+2(a+b)ct+c%, (Art. 141) 


= a?+(2a+b)b+ { 2(a+b)+c}c, 
(a+b+¢+d)?= (atb+c)*+2(a+b+e)d+d?, 
= a7+(2a+b)b+{2(a+b)+e}c+{2(atb+c)+d}d; 
and so on; from which method of exhibiting the square of a multinomial the rule for 
extracting the square root is evidently seen to hold whatever be the number of terms in 


the root,—Ep. 
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Hence, following the rule, we have 


a+2b+ca+'+22e+e (a+@+0) 
a’ 


2a + (b +¢) ) 26+ca+0'+be+e 
26+0a+0'+ 2be+e 


“.a+6+¢ is the root required. 
2 


x 


Ex. 2. To extract the square root of a’— aa + 4 


a — pe _~ the root required 
a ra oi quired. 

a 

2 


H by x 
2a — >) — aa +5 


2 


H by 
— 8 + 


Ex. 3. To extract the square root of 1 + x. 





Le a 
L+a(1+5—% + &e. 
] 
x 
2+5) x 
xe 
ar} 
2 2 
24+0—-—)—- 5 
x Yi x 
~ 4 8 64 
a oat" 


c 
Os 
TN 
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M x a* Zz oo 9° x* 
Since Ze ,/ 14042 ; ee pee ae and so on; if x 
be of such a magnitude that each of these successive quantities under the 


root differs from 1+a less than the preceding one, the continued series of 
eo 2 

2° 8°16 
that is, the more terms of the series are taken, the less will their sum differ 
from the square root of 1+. And, since it is evident that no expression 
whatsoever, simple or compound, multiplied into itself, can produce 1+z2, 
therefore an approximation to the root is all that can be required. 


But if x be not of such a magnitude as is here supposed, then it is clear 
that the operation performed upon 1+. leads to a result which is not even 
an approximation to its square root, because as more terms of that result 
are taken and squared we obtain a quantity which recedes farther and 
farther from 1+a. Its proper interpretation, in this stage of the subject, 
cannot well be given, and must be deferred. 





terms 1 + &c. will be an approximation to the true root of 1+2; 


Cor. If the approximate square root of any binomial, as a+), be re- 


quired ; since a+b=a( 1 +): and therefore \/a+b=a x J 142 (ant.149) 


we have by the last Example, putting — in the place of a, 


bb OB 
Pode: pce ae os 
jist %4 8a? ‘ 


2 


—> 6 Ob 
lat ee ——,+&e, 
2at sat 


152. It appears from Ex. 2, that a trinomial, a?—ax += : 
in which four times the product of the first and last terms is equal 
to the square of the middle term, is a complete square. 


Tho same relation is found to subsist between the parts of all complete 
squares of three terms arranged according to the powers of some one 


letter. 
Thus 4a°+4ca+c" is a complete square, viz. (2x+c)", because 4x4a"xc" 
= 1 6c'x*=(4cx)*. 
3 z 
Similarly x*—px a is a complete square, Viz. (2-2) , because 
bf 
xt =p*a*=(—pa)". 


153. The method of extracting the cube root is discovered in 
the same manner as that for the square root. 

The cube root of a'+3a'd +3ab'+B° is a+6 (Arts. 140, 143); 
and to obtain a +b from this compound quantity, arrange the terms 
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as before, and the cube root : ‘ er 

of the first term, a’, is a, the a’ + 3a'b + 3ab' + Ba +b 
first term in the root; sub- 
tract its cube from the whole 
quantity, and divide the first 
term of the remainder by 3a’, 
the result is b, the second term in the root; then subtract 
30°b + 3ab* +b’ from the remainder, and the whole cube of a + 6 has 
been subtracted. If any quantity be left, proceed with a+6 as a 
new a, and divide the last remainder by 3(a+ 4)’ for a third term 
in the root ; and thus any number of terms may be obtained*. 


a 


3a*) 3a°b + 3ab* + b° 
30°b + 3ab’ + 6° 





Ex. To extract the cube root of 82°+62y’—12z°y—y’. 
82° —12yx"+6y'a—y’ ( 2a—y. 
a =8x 
8a?=12x") —12yx°+6y?ax—y* 
—12y2" =3a"b 
+67'%  =Sab* 
—y= Ob 


.. 2a—y is the cube root required. 
[Lxercises K.] 
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154. The rules above laid down for the extraction of the 
roots of compound quantities are but little used in algebraical 
operations ; but it was necessary to give them at full length, for 
the purpose of investigating rules for the extraction of the square 
and cube roots in numbers. 

The square root of 100 is 10, of 10000 is 100, of 1000000 is 
1000, &c. from which consideration it follows, that the square root 
of a number less than 100 must consist of only one figure, of a 
number between 100 and 10000 of two places of figures, of any 


* That the rule may be thus extended will be obvious from comparing the form of the 
cubes of at+dic, at+b+cid, &c., with that of a+ from which the Rule was deduced ; For 
(a+b-+c)?=(a+b)?+3(a+b)%c+3(a+b)c*+c3, 
=a?+(3a24+3ab+b7)b+ {3(a+b)24+3(a+b)c+c te. 
Similarly (a+5+¢+d)*=a*+(3a7+3ab+b%)b+ {3(a+b)*+3(a+b)c+c}c 
+{3(a4b+c)?4+3(a+b+e)d+a' Id ; 
and so on.—Eb, 
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number from 10000 to 1000000, of three places of figures, &c. If 
then a point be made over every second figure in any number, 
beginning with the units, the number of points will shew the 
number of figures, or places § in the square root. Thus the square 
root of 4357 consists of two figures, the square root of 56478, of 
three figures, &c. 


Ex. 1. Let the square root of 4356 be required. 


Having pointed it according 


to the direction, it appears that 4356(60+6 or 66 


the root consists of two places oe 
of figures ; let a+b be the root, 120+ 6) 756 
where @ is the value of the figure or 126] 756 


in the tens’ place, and 6 of that 
in the units’; then is a the nearest square root of 4300, which does 
not exceed the true root*; this appears to be 60; subtract the 
square of 60, (a), from the given number, and the remainder is 
756; divide this remainder by 120, (2a), and the quotient is 6, 
(the value of }), and the subtrahend, or quantity to be taken from 
the last remainder 756, is 126x6, (Qa+6)6, or 756. 

Hence 66 is the root required. 


It is said that @ must be the greatest number whose square 
does not exceed 4300t: it evidently cannot be a greater number t 
than this; and if possible let it be some quantity +1, x, less than 
this ; then since x is in the tens’ place and 6 in the units’, x +5 
is less than a: therefore the square of x+6, whatever be the 
value of b, must be less than a’, and consequently x+0 less than 
the true root. 


If the root consist of three places of figures, let a represent 
the hundreds, and 6 the tens; then having obtained a and 6 as 
before, let the new value of a be the hundreds and tens toge- 
ther, and find a new value of 6 for the units: and thus the 
process may be continued when there are more places of figures in 
the root. 


* It will be clearer to read “a the greatest multiple of 10 whose square does not exceed 
4300."—Ep. 

+ Or, the greatest multiple of 10 whose square does not exceed 4300.—En. 

t Multiple. —Ep. 

t4. . set it bo x, some less multiple of 10.—Ep. 
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155. The ciphers being omitted for the sake of expedition, 
the following rule is obtained from the foregoing process. 
Point every second figure beginning 4356 (66 
with the units’ place, dividing by this pro- 36 
cess the whole number into several periods; 
find the greatest number whose square is 126) 756 
contained in the first period, this is the 456 
first figure in the root ; subtract its square 
from the first period, and to the remainder bring down the next 
period : divide this quantity, omitting the last figure*, by twice the 
part of the root already obtained, and annex the result to the root 
and also to the divisor ; then multiply the divisor, as it now stands, 
by the part of the root last obtained, for the subtrahend. If there 
be more periods to be brought down, the operation must be re- 
peated. 


Ex. 2. Let the square root of 611525 be required. 
611525 (782 
49 
148 )1215 
1184 


1562 )3125 
3124 


oom 


1 remainder. 


The remainder in this example shews that we have not obtained 
the number which is the exact square root of the proposed quantity ; 
but 782 is a near approximation to the square root, being in fact the 
square root of 611524; and 783 is too great, being the square root of 
613089. 

156. In extracting the square root of a decimal, the pointing 
must be made the contrary way, beginning with the second place 
of decimals, and the integral part must be pointed as before, be- 
ginning with the units’ place: or, if the rule be applied as in whole 
numbers, care must be taken to have an even number of decimal 





* The integer quotient of 75 divided by 12, viz. 6, will be the same as that of 756 by 
120. Thus, when a divisor ends in ciphers, it is a well-known abridgement to cut off 
the ciphers, and as many figures from the right of the dividend. For these terms thus 
curtailed give the same integer quotient as they would do entire, and a remainder, which, 


on annexing to the right the figures cut off from the dividend, will be the true remain- 
der.— FD, 
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places, by annexing ciphers to the right (Art. 41); because, if the 
root have 1, 2, 3, 4, &c. decimal places, the square must have 2, 4, 
6, 8, &c. places (Art. 46). 
Ex. 3. To extract the square root of 64°853, 
64°8530(8'053 &e. 
64 
1605 )8530 
8025 


16103 )50500 
48309 


2191 


_The remainder in this example appears to be great; but if the decimal 
point were retained throughout the operation, it would easily be seen 
that its real value is very small, and that it becomes smaller for every 
figure that is added to the root. 


For every pair of ciphers which we suppose annexed to the 
decimal another figure is obtained in the root. 

And in this and similar cases, when ciphers are added, the root can 
never termiffate, because no figure multiplied by itself can produce a cipher 
in the units’ place. 

157. The cube root of 1000 is 10, of 1000000 is 100, &c. there- 
fore the cube root of a number less than 1000 consists of one figure, 
of any number between 1000 and 1000000, of two places of figures, 
&c. If then a point be made over every third figure contained in 
any number, beginning with the units, the number of points will 
shew the number of places in its cube root. 

Ex. 1. Let the cube root of 405224 be required. 

405224(70+4 
a’ = 343000 
3a* = 14700) 62224 the first remainder. 
58800 = 3a°D 
3360 = 3ab’ 
64=6° 
62224 subtrahend. 


By pointing the number according to the direction, it appears 
that the root consists of two places; let a be the value of the figure 
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in the tens’ place, and 6 of that in the units’. Then a is the great- 
est number* whose cube is contained in 405000, that is, 70; sub- 
tract its cube from the whole quantity, and the remainder is 62224 : 
divide this remainder by 3a’, or 14700, and the quotient 4, or 5, is 
the second term in the root: then subtract the cube of 74 from 
the original number, and as the remainder is nothing, 74 is the 
cube root required. Observe that the ciphers may be omitted in 
the operation ; and that as a® was at first subtracted, if from the 
first remainder 3a*b + 3ab? + b® be taken, the whole cube of a+6 
will be taken from the original quantity. 


158. In extracting the cube root of a decimal care must be 
taken that the decimal places be three, or some multiple of three, 
before the operation is begun, by annexing ciphers to the right 
(Art. 41); because there are three times as many decimal places in 
the cube as there are in the root (Art. 46). 


Ex. 2. Required the cube root of 311897°91. 
311897:916(67°8 
216...=a3 

3a? = 108..) 95897 first remainder. 
756..=3a7b 
882. = 3ab? 
343= 63 


84763 subtrahend. 
3a? = 13467..) 11134910 second remainder. 





The new value of @ is 670, or, omitting the cipher, 67; and 3a’, 
the new divisor, is 13467.., hence 8 is the next figure in the root ; 


and 
107736.. =3ab 


12864. = 3ab? 
512=68 


10902752 subtrahend. 
232158 the third remainder. 
It appears from the pointing, that there is one decimal place in 
the root ; therefore 67°8 is the root required nearly. If three more 
* It will be clearer to read ‘‘a is the greatest multiple of 10, &c.”— ip, 
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ciphers be annexed to the decimal, another decimal place is obtained 
in the root; and thus approximation may be made to the true 
root of the proposed number to any required degree of accuracy. 


159. Since the first remainder is 3a’) + 3ab7+b*, the exact 
value of b is not obtained by dividing by 3a”; and if upon trial the 
subtrahend be found to be greater than the first remainder, the 
value assumed for 0 is too great, and a less number must be tried. 


The greater a is with respect to 6, the more nearly is the true 
value obtained by division. 


2 
For the first remainder divided by 3a’ gives b+ 4 i for the quo- 
2 3 


tient ; and if this be adopted for 0}, the error = 2 +o which for a given 


value of b is evidently less as a is greater. 


160. In extracting the square or cube root of a vulgar fraction the 
rule stated in Art. 150 may be followed ; but it is generally preferable to 
convert the vulgar fraction into a decimal, and then extract the root. 


1] ° 
Thus let the cube root of 53, or — be required. 


Now, if the rule of Art. 150 be applied to this case, the cube root of 11, 
and the cube, root of 2, must both he found to a certain number of places 
of decimals, and then the long division of the one root by the other must 
be effected: whereas, if 53 be, first of all, converted into a decimal, viz. 
5°5, one single extraction of the cube root completes the whole process. 

Another method is, to multiply the numerator and denominator by 
such a quantity as will make the latter a perfect cube, and then apply the 
rule of Art. 150. 


11 44/4 
Thus the cube root of 53, or are rae rs w Ad, 


ow 


161. In extracting either the square or cube root of any 
number, when a certain number of figures in the root have been 
obtained by the common rule, that number may be nearly doubled 
by division only. 

I. The square root of any number may be found by using the 


common Rule for extracting the square root until one more than half the 
number of digits in the root is obtained; then the rest of the digits im the 


root may be determined by Division. 
For, Jet V represent the number whose square root is | required ; and 
suppose the greatest integer in the square root to be of 2n+1 digits ; 
the first n+1 digits of the root found by the common 
Rule, with 2 ciphers annexed ; 
@ ..., ... the remaining part; so that /W=a+m. 
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Then V=a"+2ax+a" (Art. 81); 
N-a’ a 
5c = e+S (Arts, 80, 82); 
that is, W—a‘, (which is the remainder after n+1 digits of the root are 
found) divided by 2a will give the rest of the root required, z, increased 
by e . Now, since the greatest integer in « is a number of n digits, 


#%<10", and x*<10". But, by the supposition, a is a number of 2n+] 
digits, and 2a has 2n+1 digits at least ; therefore 2a is not less than 10"; 
so that 





2 
x, ; 
e'<2a, or 3g 18 & proper fraction, or <1; 


that is, if the quotient of (W~a*)+2a be taken for x, the error is less 
than 1. 

Hence it appears, that if n+1 digits of a square root are obtained by 
the common Rule, n digits more may be correctly obtained by Division 
only. 

Ex. Required the square root of 2 to 6 places of decimals. 

2-0000...(1°414 
1 
24 )100 
96 
281 )400 
281 
2824.)11900 
11296 


2828 )604000( 213 
5656 


| oummraamemenenaneeineendl 


3840 
2828 


10120 
8484 


1636 
. the root required is 1°414213...... 


When only one figure in the root has been obtained, a, which repre- 
sents the part already obtained, may be as small as 10; and 2, the next 
g 


digit, may be as great as 9; the error in the quotient = , may therefore 
be easily greater than 1, unless a be as great as 50, ¢.¢. the first figure in 
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the root as great as 5, and we should then obtain too large a quotient; this 
is not unfrequently observed to happen at the first division, but from the 
foregoing proposition it appears that this error cannot take place in any 
subsequent division. 

II, In the extraction of a cube root, when +1 digits have been 
found by the ordinary rule, n more can be correctly obtained by dividing 
by the trial divisor. 


Let a+6 be the cube root, 
where a consists of n+1 digits, and n ciphers, 

sade 1: Beseee austin nm digits, (2.¢e. the greatest integer contained in 3), 

a®+ 3a°b+3ab*+0* the quantity whose root is required. 
Then after a has been found, we have 

remainder = 3a*°b + 3ab’+ 0’; 
trial divisor = 3a’; 
be 6° 
.*. quotient = b+ = tes 


If this be adopted as the value of 8, 


g 3 
the error = — + —,. 
a 3a? 


Now a consists of 2n+1, and greatest integer in b of n, digits ; 
.*, the least value of a is 10”, 
and the greatest value of b is 10°"-1; 
.. the greatest possible error will be when a and 6 have the above values ; 
(10-1)? (10"~1) 











v.e. the greatest error = 10" 3xi0"? 
_10"-1 10°-1 ae) 
~ 10" "10" 3x10"/" 


(1-0 + 55 Sao) 
( ia)( -a5)( 3x10* 3x10""/’ 

1 1 1 

( sae) gaa) 
j 1 1 2 L 1 ) 
ie <( ~ie) ~ 3x10" 3x10)’ 

which evidently <1. 

The error therefore always <1, i.e. the n last digits can be correctly 
obtained by ordiaary division. 


From this it will be seen that as in square root, it is only at the first 
division that too large a quotient can be obtained for the next digit in the 
root. 


eG 
and .. <(1— 
l 
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THEORY OF INDICES. 


162. The subject of Jndices deserves a separate and distinct conside- 
ration. It is proposed to bring together here all that has been defined or 
proved with respect to them in the preceding pages—to shew that the 
several Definitions are not in practice inconsistent with each other—and to 
supply the proofs still wanting in order that the Rules may be extended 
to all possible cases which can occur. ; 

(1) The primary Definition was given in Art. 63, whereby we agreed 
to represent a.a.a. dc. to n factors by a", where 7 expresses the number of 
factors, and therefore can only be a positive integer. 


(2) The next Definition was given in Art. 65, whereby we agreed to 


represent = by a"; but at that stage we could only consider it as a short 
1. as : 
as since a negative quantity can 1n no sense express @ 
number of factors. 
(3) The last Definition wag, given in Art. 70, whereby we agreed to 
“1 


way of writing 


represent the n root of a by a”, and the n root of the m power of a 


by a". Here again we felt the restriction that a fraction can in no sense 
express a number of factors multiplied together, that is, a power of a, in the 
true sense of the word. 


(4) From (1) it is strictly proved in Arts. 91, 95, 138, and 144, that 
a™~ a= ar, 
a"-a"=a"", or a » according as m>or<n, 
( a™ n_ a. 
and ~/a™=a"=a"™""", 
m and n being positive integers. 


These are the fundamental Rules for the Multiplication, Division, 
Involution, and Evolution of powers and roots. 


(5) When a negative value is given to either m or 2, or both of them, 
and restricted to the meaning pointed out in (2), it is proved in Arts. 132, 
134, and 138, that these Rules still hold true. Hence it appears, that no 
error can arise from using negative powers according to the second Defi- 
nition. 

(6) It remains, however, to be proved, that the 3rd Definition is 
generally admissible, that is, that the above Rules hold true when positive 
or negative fractions are treated as indices of the powers or roots of any 
quantity, with the meaning assigned to them by the Definition. This 
being done, the Rules for the treatment of Indices will have been shewn 
to apply generally to all cases whatever, whether the indices be positive 
or negative, whole or fractional. 
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85 
(7) Lemma I. To shew that ,/u../b=Jab. 


By Def. (/a)"=a, and (./6)"=6, 
» ab=(/a)"(\/b)"=(Ja./b)", Art. 138, 


ne Jab=x/a. So, by Def. 
Rae 
b Je 


(8) Lemma II. To shew that (,/a)"=,/a" 
{(Jayry'=(Jaym™ (Art. 198)={(Ja)'y"=a 
» (Ja)"= Ja". 
Con (Jara eP= Je 
(9) Leuma IIT. To shew that . a=". 
VJap=Ja, a= yary=W yay 
. Nla=")a. 
Cor. I. Jaa faa a= Na. 
Con 11. Yar poiJut=n/ahin]ar=a/ aly, 


which shews that the order in which the operations of involution and 
evolution are performed upon any quantity is immaterial 


(10) Lemma IV. To shew that Ja man oe 
J w= Ja" ( Ja" mal Je, (Lemma II. Cor.) 
a. by Lemma III. 


(11) Zo shew that the Rules ye the “ala and division of 
nowers hold true when the indices are fractional 


a a a eer eee 
ist, a®xat=(/a". Ja’'= Ja”, by Lemma IV. Cor. 


mg tmp ™.P 
=a" by Def.,=a" ’. 
m pT my 
- a a 
Qnd, a'+a'= J 


Ja? ee a"? ayy af by Lemma I. Cor y= an", 





=q" =@ 
" 
: 


Le ee 
3rd, axa eq a aa i by the last case, =a" mf ?, 


iad 


Sct Sf. oe. aye z-(-§) 
4th, a*+a ‘=a"+—=a".a'=a" ' by the lat case, =a : 
ay 
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(me) 4 (-P 
5th, a” axa 4-55. 1 ,= See = +( ). 
a* ay ang 





6th, 


= 2 2 = pm 
QO 1=4 8+ =A a= a.a A=as & by 3rd case, 
ay 


—g7z-(-8) ; 
which proves the Rules for ail possible cases of fractional Indices 


12) Zo shew that the Rules for Involution and Evolution of powers 
hold true for fractional Indices 


ist, (a°)'=</(a’P by Def, = Ja*y=JvJar*, (8) 


="/a", (9), =aXi=a"* 
2nd, (i/o) 8 t=at=, fa" > OF cae a”, 
1 (05) =(2/a%)= 210%, (8), Cox 

: etait Bn ot, 


ene =,(-£/) 
== +. by Ist case, =a “=a” 1’, 
(a" iu ang 





3rd, (a*) t= 
4th, Let % a" =2, then 2a", Ja P= Ja", 
e-P=(/a")'=2/a™, =r 3 Pass, 
Pp 
1 ee 
Ta" a a 


a”? 


sth, (a7) t=¢(a-3) "= PY i 1 


Ee 
— 

= 
—-_ 


a ay 











a” ang 
Pp os 
6th, Let “fa a then a t=a*, : 


vee = Yara mT by 2nd case, = - (-)), 
which proves the Rules for all possible cases of fractional Indices 
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Thus we have proved that the Definitions and Fundamental Rules are 
perfectly compatible, and that no error can arise from giving to the Rules 
the most general application. 


It is not meant that negative and fractional indices can really represent 
the powers of any quantity, but simply that they may be treated as such in 
all algebraic operations without error. 


REDUCTION OF SURDS. 


163. A rational quantity may be reduced to the form of a 
given surd by raising it to the power whose root the surd expresses 
and affixing the radical sign. 

Thus a =Va?=Va', &. andat+2=(at+a2)"=VJ/(at+an)" 


In the same manner, the form of any surd may be altered; thus 
(a+x)?=(a+x)*=(a+x)*, &c. The quantities are here raised to 
certain powers, and the roots of those powers are again taken; 
therefore the values of the quantities are not altered. 


164. The coefficient of a surd may be imtroduced under the 
radical sign by first reducing it to the form of the surd, by the 
last Art., and then multiplying according to Art. 149. 


Exs. ava =Va'xVa =Va'e; 
ay* = (a®y’); wn 2a — 2 = 2ax" — 2°; 
ax(a—x)* = {a’x(a— x) }*; 
4V2 = V16x2 =V32, 
165. Conversely, any quantity may be made the coefficient of 


a surd, if every part under the sign be divided by this quantity 
raised to the power whose root the sign expresses. 


Thus Va'—ax=a'Va—-x; Va—a’e=ava-2; 
1 2 bd = 
(at ~ a?) = a"(1— as V60 =V4x16 =2V15; 


paid. 
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ADDITION AND SUBTRACTION OF SURDS. 

166. When surds have the same irrational part, their sum or 
difference is found by affixing to that irrational part the sum or 
difference of their coefficients. 

Thus aVa7+bVa=(atbWva; 

10V3 + 5V3 = 15V3, or 5V3. 

If the proposed surds have not the same irrational part, they may 
sometimes be reduced to others which have, by Art. 165. Thus, 

Ex. 1. Let the sum of / 3a’) and /3b be required. 

Since r/3a7b = a? xn! 3b =an 3b, 
30% +36 =an 3b +130 = (4+ 1) 30. 
Ex. 2. Find the sum of 4a,/a°b', bx/80°, and = V125a°b". 
} Here 4a4/a*b*=4an/a%b'. /b=40° o/b, 
bA/8a°b=bA/ 8a", Vb=20°N/D, 
~V125a'b'=— /1250'0°. J/b=—5a°b Vb ; 
.. the sum required=a°bV6. 

If the proposed surds cannot be reduced to others which have the same 

irrational part, then they must be connected together merely by the signs 


+ and ~. 
[Laercises K*.] 


MULTIPLICATION OF SURDS. 


167. If two surds have the same index, their product is found 
by taking the product of the quantitics under the signs and re- 
taining the common index. 


1 1 1 
Thus Vaxb = a"xb* = (ab) (Art. 149) = Vab. 
V2xV3=V6; (a +byix(a—b)t = (a —-D)}; 
Vat+axVa—x=Nai— a. 
If the surds have coefficients, the product of these coefficients 
must be prefixed. 
Thus an x x bVy = ab xy. 


168. If the indices of two surds have a common denominator, 
let the quantities be raised to the powers expressed by their respect- 
we numerators, and their product may be found as before. 
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Ex. 243% =(2°)*x 3t = 84x 3? = (24)*; 
also (a + #)'x(a — «)§ ={(a + a) (a—- x)}*. 


169. If the indices have not a common denominator, they may 
be transformed to others of the same value with a common denomi- 
nator, and their product found as in Art. 168. 


Ex. (W— 2)Ix(a— x)*=(a?— ax (a— a0), 
= {(@? — a) x(a ~ 0)}*; 
again 24x 3% = 22x34 =(8x9)t = (72)¢. 


170. If two surds have the same rational quantity under the 
radical signs, ther product is found by making the sum of the 
indices the index of that quantity. 

~ oR a mtn 
Thus VaxVa=a"°xa=a™x@*"=a™ + (see Art. 162). 
Ex, V2xV72 = 24,9) = ott = 98, 
[Exercises L.] 


DIVISION OF SURDS. 


171. If the indices of two quantities have a conmmon deno- 
minator, the quotient of one divided by the other is obtained by 
raising them respectively to the powers expressed by the nume- 
rators of their indieca, and extracting that root of the quotient 
which is expressed by the common denominator. 


1 m 1 
1 


for = (Fy Y ane oe (5 5) (Art, 150). 
bn hn (b?)» 


: 4 2 p\n  /1\5__ /ps’\t 
172. If the indices have not a common denominator, reduce 


them to others of the same value with a common denonunator, and 
proceed as before. 


Ex. (a'— a )b= (a’— a) = (a? — 2)? + (av — 2), 
“fama 
(a’ — a)’ 
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173. If two eurds have the same rational quantity under the 
radical signs, their quotient is obtained by making the difference 
of the indices the index of that quantity. 

1 1 m * 
Thus a+ Ya, or a* divided by a”, or a™ divided by a™, that 


cmmwenear 


is ae is equal to am because these quantities, raised to the 
qe 
power mn, produce equal results o and a”. 


Ex, 2! 9'= 9% 93 = 9%, 
[ Exercises M.] 


INVOLUTION AND EVOLUTION OF SURDS. 


174. Any power of a surd is found by multiplying the fractional indea 

of the surd by the number which expresses the power. 
: : oto ws terms ha 
For (Ja)"=(a""=a"*” =a. 
175. <Any root of a surd is found by dividing the fractional index of 


the surd by the number which expresses the root. 
1 


1 — 
Thus n/a) =8/ar ma" because cach of these quantities raised to the 
1 


m power will produce a”. 

It will be seen that the rules hitherto required for the management of 
surds are simply those which apply to quantities raised to powers expressed 
by Fractional Indices. 

[Huwercises N.] 


TRANSFORMATION OF SURDS. 

176. Having gwen a quantity containing quadratic surds, to find 
another quantity which, multiplied into the former, shall produce a rational 
result. 

1, If the given quantity be a simple surd, as 3/a, the multiplier 
required is /a, which gives the product 3a, a rational quantity. 

2. If the given quantity be a binomial surd, as Na+, then the 
multiplier required is /a—./b, and the product is a—b. 

8. If the quantity be a trinomial, as /a+/6+Ac, first multiply by 
Na+/6—rJc, which gives (a+0/6)*—(Vo)s, or at+b—c+2/ab. Next 
multiply by a+b—c—2n/ ab, and the ae is (a+b—c)’—4ab. Therefore 
the multiplier required is (Ja+/6—n/c)x(a+b—c—2s/ab). 
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The use of this proposition is to enable us without much labour to 
find the values of fractions which have irrational denominators. Thus, 
suppose the actual value of aE : Ti were required to 7 places of deci- 

A 
mals ; if we were to proceed to extract the square roots of 2 and 3, and 
divide 1 by the sum of those roots, the operation would be long and 
troublesome. But if we first multiply the numerator and denominator by 
/3-,/2, the fraction becomes ar, or ,/3-,/2, and its value is not 
altered; we have simply then to extract the square roots of 3 and 2 and 
subtract the one root from the other, by which the long division is entirely 


avoided. 
So also /2 oa J 2xJBxn/3_ 18 


J3  — (/3)° 3” 
1 rl 

Va _@ xb" _ Jab : 

rly r~] 

Jb b’xb" b 


each of which fractions is thus much simplified for purposes of calcula- 


tion. 

af 3 

Je-Ja = cane eee ; but the former quantity is in a 
x— OA Jf x*+ J ax+ a* 
simpler form than the latter. 








and 


A gain, 


More generally, 


177. To find the multiplier which will rationalize any binomial, having 
one or both of us terms irrational. 


Ist. Let 2+y represent the binomial, x and y being, one or both, 
irrational, and let mz be such a number that 2" and y”™ are both rational, 
that is, let m be the Least Com. Mult. of the denominators of the fractional 
indices of the binomial ; then since 


ae" "= (+9). (0" ae" Fy +... eay™ EY" "), 
where the upper or lower sign is to be taken, according as m is odd or 
even, the rationalizing multiplier required is © © 


ay ty ey 
2nd. Let x—y be the binomial, and m as before, then since x"—y"= 
(e—y). (oo +a" 8yt...tay™ *+y""), (Art. 99, Ex. 6) 
the rationalizing multiplier is 


mo~8 


a4 Sy toy ey 


Ex. Find the multiplier which will rationalize J5-/6, or 53 63. 
Here m=6, the Least Com. Mult. of 2 and 3, 


92 SURDS. 


+. mult’, req’s=(/5)"+ (4/5)*x</6 + (6/5)? (9/6) (/5)*x(/ 6) 
+a/5x(/6)'+ 0/6); 
=25,/5+25,6+ 5,/5x(x/6)'+ 3046/5 xx/6 + 6. 6)*. 
[Haercises O.] 


178. The square root of a quantity cannot be partly rational 
and partly a quadratic surd. 

If possible, let ¥xn=a+vm; then, by squaring these equal 
quantities, 2 = a?+ 2aVvm-+m, (Art. 81); and 2aVvm=n-—a’—m, 


— wom 2 — 
(Art. 80); therefore Vm = 2 —— , (Art. 82), a rational quan- 





tity, which is contrary to the supposition. 


179. If any two quantities, partly rational and partly qua- 
dratic surds, be equal to one another, the rational parts of the two 
are equal, and also the trrational parts. 

Let «+ Vy=a+%b, then x=a, and Vy=b; for if x be 
not equal to a, let e=a+m; then a+m+Vy=a+Vb, or 
m+NVy=Vb; that is, Vb is partly rational and partly a qua- 
dratic surd, which is impossible (Art. 178); therefore «=a, and 
consequently also Vy = Vb. 


180. If two quadratic surds Vx and Vy cannot be reduced 
to others which have the same irrational part, their product is 
errational. 

If possible, let Vxy=ra, where » is a whole number or a 
fraction. Then vy=?°x’ (Art. 81), and y=7"a (Art. 82); there- 
fore Vy= rv 2, that is, Vy and Vx may be so reduced as to have 
the same irrational part, which is contrary to the supposition. 


181. One quadratic surd, Vx, cannot be made up of two 
others, Vm and Vn, which have not the same irrational part. 


If possible, let Vz=Vm-+n; then by squaring these equal 
quantities, c=m+n+2Vmn, and #—-m—n=2Vmn, a rational 
quantity equal to an irrational one; which is absurd. 
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182. The square root of a binomial, one of whose terms is a 
quadratic surd, and the other rational, may sometimes be ex- 
pressed by a binomial, one or both of whose terms are quadratic 
surds. 


Since (/x=,/y)*=x+y=2,/ay, Vat y+2Jay=/e=J/y; hence if any 
proposed binomial surd can be put under the form (x+y)+2,/ay its 


Square root is at once found by inspection to be Jax /y. Now, to pro- 
ceed with any proposed case, take the term which contains the surd, and 


if it can be put into factors of the form 2a Sy in one or more ways, 
take that pair of factors for which the sum of x and y is equal to the 
whole of the term in the proposed binomial which is rational. Having thus 


found x and y, the square root required is Jx,/y, + or — according as the 
sign of the surd in the proposed binomial is + or —. 


Ex. 1. Required the square root of 3+2,/2. 
Here 2,/2=2,/2 x,/1; 
also 2+1=3, the rational term ; 
., the root required is ,/2+1. 
Ex. 2. Required the square root of 7—2,/10. 
Here 2,/10 =2,/5 x/2, 
also 5+2=7, the rational term ; 
.. root required is | 5-,/2. 
Ex. 3. Required the square root of 11—6,/2. 


Here 6./ Q= 2,/18=2,/ Ox a 2, or 2,/ Gx ei 3 ; of which the former an- 
swers the condition required, viz. 9+ 2-11, the rational term ; 


.. the root required is ,/ Q— 4/2, that is, 3—,/2. 
Ex. 4. Required the square root of 2x+2,./x—1. 
Here 2,/x*—1 =2,fe+1 x /a—-1, 
also x+1+2—1=2ux, the rational term ; 
.. root required is /x+1+,/e~-1. 


Ex. 5. Required the square ruot of 7+,/13. 


cass 13 13 1 13 1 
Here /13=2 ld tides also g tan! 


. a. 13+] 
.. root required is ue : 


A more general method of extracting the roots of irrational binomials 
will be given hereafter. 
[Exercises P.] 
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IMAGINARY OR IMPOSSIBLE QUANTITIES. 


183. If an expression appear under the form ,/—a, this indicates an 
impossibility ; for it signifies the square root of a negative quantity, which 
has no existence, since there is no quantity, positive or negative, which, 
being multiplied by itself, gives a negative product. It is evident, there- 
fore, that if such symbols are admitted into calculations, they may require 
special Rules for themselves, and some care in the application of those 
Rules. And it must be borne in mind, that they are mere symbols, and. 
not expressions of quantity. 

We must observe especially, if we do meet with such imaginary 
quantities, that the product of ,/—ax,/—a does not follow the rule given 
in Art. 167, but that it is —a, because it is that quantity whose square 
root is,/—a, Also similarly /-a x,/—b is not {—ax—d, or Jab, but it 
is Jax/—l x/bx,/=1, or afabx(,/—1)%, that is, —,/ab. 

To avoid mistakes in operating upon imaginary quantities, as ,/—a, 
/—8, &c., it will be best in all cases to substitute for them their equi- 
valents ,/a.,/—1, /o../—1, é&e., and to bear in mind that (/-1)'=-1, 
(/=1)=-,/-1, (/—-1)*=+1, &e.; generally (/—1)"=1, (/—-1)""'=/-1, 
(Prieto, (mi t=—,)/=i 

Ex. 1. (2—-a+,/—6")(x—-a-,/—0) =(2—a+b,f—1) (w2—a—-bf/—1), 

= (x—a)*—(6,/—1)’, 


=o" —2axr+a*+b, 
a—b,/-1 (a—b,/-1)* a®-b? 2ab ye 


Ex. 2. — = = eyes 
a+b,f/—1 a” +6" a+b? a+? 
Ex.3. 4/-1=J0+/-1= rf 012.) tan/ona, [ted 


1 1 —_— a ae ae 
And 379793 és On T=, or V-1=5 + F)=i. 


EQUATIONS. 

184. If one quantity be equal to another, or to nothing, and 
this equality be expressed algebraically, it constitutes an EKqua- 
tion. Thus x—-a=b6—~2 is an Equation, of which x—a forms 
one szde, and 6 — x the other. 

In this equation it is asserted, that a certain unknown quantity (x) is so 
connected with two known quantities (a and 5), that it exceeds the one (a) 
by as much as it falls short of the other (8). 

Again, x*+%-20=0 is an Equation, which asserts that, if a certain un- 
rele eG be added to its square, and the sum be diminished by 20, 

e result is 0. 
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An equality which admits of no question, as #+a=2+a, or 20+ 3¢=52 
is not an “ Hquation” strictly speaking, but is called an “ Jdentity.” An 
Identity is therefore satisfied by any value whatever of the unknown quan- 
tity ; whereas in “ Equations’ the unknown quantities have particular 
vaiues, which alone, and none other, will permit the expressed equality to 
subsist.—TIo find these values is to “Solve” the Equations, and forms an 
important part of the business of Algebra. These values are sometimes 
called the “ Roots” of the Equations, and are said to satisfy them. Thus, 
if 2a=6 be the Equation, z=3, and can be nothing else; and x=3 is 
called its solution. Again, if x"=4, we know that 7=2, or —2; and 2, -2, 
are called the Roots of the equation x*=4, or 2*—4=0. 


185. When an equation 23 cleared of fractions and surds, if 
it contain the first power only of an unknown quantity, it is called 
a Simple Equation, or an equation of one dimension; if the 
square of the unknown quantity be in any term, (and there be 
no higher power,) it is called a Quadratic, or an equation of two 
dimensions; if the Cube of the unknown quantity appear, (and no 
higher power,) it is called a Cubic Equation; if the fourth power, 
a Biquadratic; and in general, if the index of the highest power 
of the unknown quantity be 2, it is called an equation of n di- 
MENSIONS. 
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186. RuLEI. In any equation quantities may be transposed 
from one side to the other, if their signs be changed, and the two 
sides will still be equal. 


For let x +10=15; then by subtracting 10 from each side, 
(Art. 80), 7+ 10—10=15 — 10, or x=15—10. 
Let 2 —4=6; by adding 4 to each side, (Art. 79), 
x-44+4=-644, orv=64+4. 
If x—a+b=y; adding a—b to each side, 
x-atb+a—b=yt+a—); orxz=yta-b, 


187. Cor. Hence, if the signs of all the terms on each side be 
changed, the two sides will still be equal. 
Let wa -a=6b—22; 
by transposition, — b+ 27e=—-%#+4a; 
or a—x=2xr—-5. 
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188. RULEII. Ifevery term on each side be multiplied by the 
same quantity, the results will be equal. (Art. 81.) 


189. Cor. An equation may be cleared of fractions, by 
multiplying every term successively by the denominators of those 
fractions. 

Bar _ 
z= 
multiplying by 4, 122+ 5a” = 136. 

An. equation may be cleared of fractions at once, by multiplying 

both sides by the product of all the denominators, or by any 


quantity which is a multiple of them all. 
x“ HL &£ 
Let oT 3 +4= 13; 
multiplying by 2x34, Sx4xe0+2x4x04+2x3x = 2x3«4«13, 


or 12% + 8x + 6x = 312; that is, 26x” = 312. 


Let 3x” + 34; 


If the Least Common Multiple of the denominators be made 
use of, the equation will be a2 the lowest termes. 

Thus, if each side of the last equation be multiplied by 12, 
which is the Least Com. Mult. of 2, 3, and 4, the equation will 
become 

127 127 122% 
ica ae a 
or 62 + 4x + 3x = 156; that is, 13” = 156. 

190. Rute Ill. If each side of an equation be divided by 

the same quantity, the results will be equal. (Art 82.) 


Let 172 = 136; then x2 = = 8, 


191. RuLEIV. Jf each side of an equation be raised to the 
same power, the resulis will be equal. (Art. 81.) 
Let ant =9; then 7 = 9x9 =81. 


Also, if the same root be extracted on both sides, the results 
will be equal. 


Let x = 81; then nt=+9 (Art. 143). 
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192. Rove V. Zo clear an equation of surds, ; 


An equation may be cleared of a surd by transposing the terms 
so that the surd shall form one side, and the rational quantities the 
other, and then raising both sides to that power which will rationalize 
the surd. 

Thus, if /a+a—b=«, by transposition /a+z=b+e, and ate=(b+0)t 
(Art. 81.) 

If the equation contain to surds, connected by + or —, then the same 
operation must be repeated for the second surd. 

Thus, if fa+a+,/a=6, 


by transp. ,/a+a=b-,/z, 
squaring, a+x2=b~2b, feta, 
by transp. 2b,/x=b*~a, 
squaring, 4b*x = (6°—a)*, 

an equation in which the surds do not appear. 


193. <A “simple equation” can have only one solution; that is, there 
can be but one value of the unknown quantity which satisfies it. 

For every “simple equation” with respect to the unknown quantity 2 
can be reduced to the form ax+b=0. Now, if possible, let there be two 
values of x which satisfy this equation, viz. a and B; 

then aa+b=0, 

and @f+b=0; 

.. subtracting, aa—aB=0, 
or a(a—f)=0. 

But a cannot be equal to 0, for then the proposed equation would be 
no equation at all with respect to x, therefore a—B=0, or a=B ; that is, 
a and £ cannot be different values ; or there is only one value of x which 
satisfies the equation. If, however, it be known, that a is not equal to B, 
i.e. that the proposed equation has two different roots, the equation 
a(a—8)=0 cannot subsist unless a=0, and then also 6=0 3 Ue. the equality 
ax+b=0 ceases to be an equation, and becomes an tdentity, the coefficient 
of z and the other term becoming separately equal to 0. 


194. Zo find the value of the unknown quantity in a simple 

equation. 
Let the equation first be cleared of fractions and surds* (Arts. 
189, 192), then transpose all the terms which involve the unknown 
* It should be borne in mind that this is required to be done only when the unknown 


quantity is found in a fraction or surd. Thus it will not be necessary in such equations 


as the following :— ; ‘ 


nx+ J/a=ma+ »/6.—Ep. 
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quantity to one side of the equation, and the known quantities 
to the other (Art. 186); divide both sides by the coefficient, or 
sum of the coefficienta, of the unknown quantity (Art. 190), and 
the value required is obtained. 
Ex. 1. To find the value of z in the equation 3a — 5 = 23 — a. 
By transp. 3x” + a= 23+ 5, (Art. 186), 
or 47=28; 


by division w=" =7. (Art. 190) 
Ex.2. Let «+ = 3 = 47-17; required a. 


Mult. by 2, Qn + — =F = Bax — 34, 


mult. by 3, 62+ 3% — 2x” = 24x —102, (Art. 189), 
by transp. 6a + 3x2 —2x — 247 = — 102, 
or — 17x = — 102, 
17x = 102, (Art. 187); 
eg Oe 
* e= 7 = 6, 
1 6 : 
Ex.3. -+-—=c; required 2. 
a 2 


Mult. by a, 1+~=ca, 


mult. by 2, «2+ba=cax, 

by transp. x«£—cax =-— ba, 
cax —x = ba, (Art. 187); 
(ca —1)x = ba; 

ba 

a-l° 





. = 


Ex. 4. 6°43 ng 29: required x. 


ll 
55 — x2 —4* = bla — 33, 
65 —44+ 33 = 1llv+da, 
84 = 122; 


84 
@e 0 = sme 7, 
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Ex. 5. + eH? 1g: required 2. 


Qu + B0— 5 = 24— 2-8, 


6x + 92 — 15 = 72 — 4a + 8*, 
6x + 9x + 4a = 72 + 8'+ 15, 
199 = 95; 


«e © = 75 = 5 


72+8 Qx-12 32+1 29-82. . 
me gag gr gg ee 


Here the Least Com. Mult, of the denominators is 80, (Art. 28); 
therefore, multiplying both sides by this number, (Art. 189), 





70x +80—452+60= 249 + 8~ 116+ 322x*, 
70x —45x0—240— 82x = 8-116—80—60, 


—31x =— 248, 
—248 
oe Vo ey = 8. 


1 


Ex. 7. 14 


(sx+5)— = (4ee~68)=5 (80-6) ; required x. 
Mult. by 14, Su+ = — 8x4 12h= 350-42, 


424 12h+ 5 =850+82-8z, 


> 


2 
424+124+2=400, %.° +552, 


40a= 56 ; 


* See Art, 87, bearing in mind that the line which separates the numerator and 
denominator of a fraction serves as a vinculum for both.--Bp. 4 
—2 
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w—4§  2u-8§ 8 w—-ld 
ees age aay =3{0 2 }s 
required 2. 








to, (e=Ne-sh, 


Mult. by 12, the Lom. of 3, 4, and 2, 


Cy a 
40~16§—6x+11=18. ae) Sedalia lich 
siecle 
$2+11—16§-133 = 9x+6x—4a, 
8 1 2 1 65 
Mae=l4—9—5=12-3~35= 33 
5 
~ 66° 


82+ 5 4 a8 16%+15 2 : 
Ex. 9. "aa Gee = =e required 2*. 


Mult, by 28, 162+10+ = =16%+15+9, 


1962-84 
Rag =24-10=14, 





196a2—84= 84x +4 28, 
112%=112; 
*. c=1, 
ad—bte 6 2a—bx 
Ex. 10. Herds) dc ner ; required 2, 
a 2ad—bda 
Mult. by d, +b= aa 
2ad —bdx—(ad—bc) 
ea 
_ad—bdx+be 
~ erda ’ 
be+bda = ad—bdx+ be, 
2bdx = ad ; 
C= ad _o 


2bd 26° 
[Hecercises Q. | 








* In cases like this, which have one or more compound denominators involving the 
unknown quantity, it will usually be found convenient to clear the equation of the simple 
denominators 


first, leaving the fractions with compound denominators to be dealt with 
——— when the equation has been reduced to fewer terms, 
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Ex. 11. ja+ta+,/a—x=2,/x; required a. 
Jata=2/a—fa—2, 


Gt+e= 40—4,/an—zi+a—x, 


4, fac—ox' = 2a, 
eee 
4az— 40" = a", 
Aas = 52%, 
4a = 5x ; 
a= 2, 
5 


Ex. 12. 2/at+ae="/z"+5ax+b"; required x. 
Raising both sides to the 2m power, we have (Art. 174) 
(a+2x)*= 2°+ 502+, 
or a*+2an+a°= 2°+ 5ax+b', 
8ax = a*—b*; 
a*—b? 


"6 H = 8a ° 





195. A very useful formula in solving equations is the following :— 


If a, 6, c, d be any quantities whatever, and if ; = = 
tien OPS, pit 
a—b c-d’? a+b c+d’ 

: ae 
To prove this, $7q) 

a c a+b e+d 
° ptlagth ES ge 

a a-b c—d 


Again 5-1= 5-1, or == 
s orb a ote ood (Art. 82) 
a+b c+d 
a—b c-d° 
plat 
a+b c+d° 
Oss. In the Eppa of this formula to cases in which one side of 


she equation is a number, the whole number must be considered as a © 
action with 1 for its denominator, 


Oor. Hence also 
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Ex. 1 we required the value of a. 
e~-2 § 
By the formula, oa, 
te 
or 5793 
y= 12, 
2, Gi far Jore 1 uired 2. 
Ex. iven a ars 53> req 
2,J/a l+a 
B ula 2, EE ees 
y formula, aJace 128 
: a 1+a. 
. a@—-2 1a? 


. a 1l+a 
squaring, ——— SS = 9 


a—-x 

a—2 = Dy 
Ss 

1+a@ 

1~a 

or ]—-=( —— 
(755). > 
oe 1-2a+a" _ 4a 
G 1+2a+a" (1+a)*’ 


= Gray (toa) 


Ex. 3. Given wee. = 53 required «. 





Su+1tfe-l 
Jjx+1 8 
By formula, ae i 
cubing, ~ oe 7 221, 


by formula again, _. ly. 
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N.B, Asa general Rule it is not advisable to apply the formula when 
the unknown quantity occurs on both sides of the equation ; for if the one 
side be simplified by it, the other side will often be rendered more complex, 
and so nothing be gained. Thus it is obvious, that no good purpose will be 
served by applying the formula to the equation 


195*. Another useful method of solving equations can be deduced 
from the following property of fractions :— 


If any number of fractions be equal to one another, 


sum of any multiples whatever of their numerators 
sum of the same multiples of their denominators ° 


each = 


Let - 5; “, &c, be the fractions, which are equal to one another ; and 
let each be equal to 7; then 
a=br, c=dr, e=fr, &e. 
ma=mbr, nc=ndr, pe=pfr, &c. 
. mat+ne+ pe + &e.=(mb+nd+pf+ &e.)7, 


mat+net+pe+&c. 
mb+nd+pf+&e. 


And it will be observed that m, n, p, &c. may be any quantities what- 
ever, whole or fractional, positive or negative. 


.. r=each fraction= 


Cor. Similarly, if 5 =5= ‘= &e., each fraction is equal to 
a" +c"+e"+ &e. 
oe 
262+64 272+10} . 
25 26 ” 
262+61 27%+103—(262+6$) 
25 26-25 
=2+4, 
26+ 61=25a+ 100, 
a’e x=93§. 
If this method be applied, a troublesome multiplication may often be 


avoided, and the solution will be effected with greater ease and elegance. 
The Student is referred to the Appendix for various other methods which 


may be usefully employed in particular cases. 
[Hzercises R.] 


i 
\, for all values of 7. 


Ex. 





required 2. 
* 





By formula, , (where 7 =1, and m=~—1,) 
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aad 


196. If there be two independent simple equations involving 
two unknown quantities, they may be reduced to one which 
involves only one of the unknown quantities, by any of the follow- 


ing methods:— 
First method. In either equation find the value of one of the 
unknown quantities in terms of the other and known quantities, 


and for it substitute this value in the other equation, which will 
then only contain one unknown quantity, whose value may be found 


by the rules before laid down. 
Ex. x+y=10, 
om — By = a to find # and y. 
From the first equation x=10—y, hence 2x=20—2y; by 
substitution in the second 20 — 2y — 3y = 5, 
20 — 5 = 2y + 3y, . 


Hence also 2=10—-y=10—3=7. 


Second method. Find an expression for one of the unknown 
quantities in each equation; put these expressions equal to each 
other, and from the resulting equation the other unknown quantity 


may be found. 


Ex. xr+y=a, 
he D to find x and y. 


From the first equation x=a-y, 


from the second ba =de—cy, and aE 


de~— 
1 aya BE, 


ba — by = de —cy, 
cy — by = de — ba, 
(c—b)yy = de—ba; 
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. ,, . de—ba 
ars 
Also x=a-y; 
= gat 
c—b’ 
_ ca—ba—de+ba 
~ c—b ; 
_ ca—de 
~ ¢-b * 





Third method. If either of the unknown quantities have the 
same coeflicient in both equations, it may be exterminated by sub- 
tracting or adding the equations, according as the sign of the 
unknown quantity, in the two cases, is the same or different. 

Ex. x oF y a 15, 

x-y= 7, 

By addition, 2x”=22, .«.x%=11. 

By subtraction, 2y=8, ..y=4. 


to find x and y. 


If the coefficients of the unknown quantity to be exterminated 
be different, multiply the terms of the first equation by the co- 
efficient of the unknown quantity in the second, and the terms of 
the second equation by the coefficient of the same unknown 
quantity in the first; then add, or subtract, the resulting equations, 
as in the former case. 


This is the method in most general use. 
Ex. L; 32 — by = 13, 
=e ens to find x and y. 


Multiply the terms of the first equation by 2, and the terms of 
the second by’3, then 


62 — 10y = 36 
and 62 + 2ly = 243, 


by subtraction, 3ly=217; 
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Also 3x — 5y= 13, 
or 3x2—35 = 13, 
32 = 13+ 35 = 48; 


48 
=] = 16. 
Ex. 2. an + hy = & | to find w and y. 
mix —ny = d, 


From the first max-+mby = me, 
from the second mazx—nay = ad, 
by subtraction, (mb+na)y=mc— ad; 








_ me —ad 
ob + na’ 
Again nax+nby =n, 
mbox — nby = bd; 
by addition, (na+mb)x=nc+bd; 
a = Met bd 
— na+mb* 
Ex. 3. Set +3 - EY 
to find x and y. 





gg Z, | 
From the first 152 — 25y + 30 = 4% + Qy, 
15a — 4x — 25y — 2y = — 30, 
lla — 27y = — 30. 
From the second 96 — 3x + 6y = 6x + 4y, 
96 = 6a + 3x + 4y — By; 
97 — 2y=96, 
and lla —27y=-— 30, 
hence 9927 — 22y = rae 
and 992 — 243y = — 270, 
22ly = 1326; 


+. yx 1326 _ g 
ee Y = 391 e 


* 
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Also 9x” —2y=96, 
9a ~ 12 = 96, 
9x = 96 + 12 = 108; 


ee 


“8 12. 


Fourth method. Sometimes by adding the two equations together, or 
subtracting one from the other, an equation is obtained, which linked’ to 
one of the given equations, leads to a speedy solution. Thus, 


Ex. 1, 542-121y=15, 
86a— 77y=21, 
Subtract, 187—44y=—-6, 
multiply by 2, 362—88y eg | 
from 2nd equation, 362—77y= 21, 
subtract, lly=33, .. y=3. 
Also 18%=44y—6=132—6=126, .. x=7. 


Ex. 2. 101la—24y = 63, 2 = 38, 
10am 28y _ 29} % Bnd a and y. Ans. ca 


\ to find w and y 


[Haercises 8.] 


197. If there be three independent simple equations, and 
three unknown quantities, reduce two of the equations to one, con- 
taining only two of the unknown quantities, by the preceding 
rules; then reduce the third equation and either of the former to 
one, containing the same two unknown quantities; and from the 
two equations thus obtained the unknown quantities which they 
involve may be found. The third quantity may be found by sub- 
stituting their values in any of the proposed equations. 


Ex. 2x + By + 42 = 16, 
3x + 2Qy — 52=8, > to find x, y and 2 
5a — 6y + 3z=6, 
From the 1" two equ". 62 + 9y + 122= a 
ie 6x + 4y — 102 = 16, 


by subtr. 5y +222 = 32, 


From the 1° and 3" 10a + 15y + 202 = rat 
10¢—l2y+ 62 = 12, 
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by subtr. 279+ 14z = 68, 
and 5y +222 = sa} 
hence 135y+70z = 340, 
and 135y + 5942 = ace} 
by subtr. 5247 = 594 : 


S AO ame 
aa ™ e 


Also 5y + 22z = 32, 
that is, 5y +22 = 32, 
By = 32-22 =10; 
a0 25. 
Also 227+ 3y+42= 16, 
that is, 27+64+4=16, 
2x =16-—6-—4=056; 
 £=3. 
The same method may be applied to any number of wndepen- 


dent simple equations, in which the number of unknown quantities 
is the same as the number of equations. 


[Exercises T.] 


Multiply (2) by m, (3) by , and to the resulting equations add (1) ; 
then we have 
(a,+ma, +na,)a+(b, +mb, +nb,)y+(c,+me,+ne,)z = d,+md,+nd,. 
Now to find a, let the arbitrary multipliers m and 7 be such that the 
coefficients of y and z in this last equation are separately equal to 0; that is, 


b, +mb,+nb, = ea 
and c,+me,+nc,=0,)" 


* The small figures here give no particular values to the quantities to which they are 
annexed, a, and a, being as different as a and b; but it is often convenient to use the same 
letter thus slightly varied to mark some common meaning of such letters, and thereby 
assist the memory. Thus in this instance, a, @,, 4s, have this common property, vis. that 
all are cocfiicients of z, a, in the Ist, as in the 2nd, and agin the 8rd, equation. Similarly 
for the coefficients of y and z. 
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or b,0,+mb,c,+nb,c,=0, 
and 6,c,+mb,c,+nb,c,.= op 
and .*. b,c,—b,c,+(b,¢,—b,c,)m=0, 
6,¢,—6, C, 
6,¢,—5,¢, 


b c,—6.¢ 
e e = 1 3 1 
and similarly n Tae a ae 


or m= 


Then we have x BS ads! a , in which the above values may be 
a,+ma,+na, 


substituted for m and n. 

Similarly, by making the coefficients of # and z or of # and y, 
separately equal to 0, the value of y, or of 2, may be found. 

As the denominators of m and n are the same, the following Rule may 
hence be deduced, and will be found easy of application :— 

To find x, multiply the 1" equation by b,c,—6,c,, the 2™ by b,c,—},c,, 
and the 3™ by 6,c,—6,c,; then add together the resulting equations, and a 
simple equation will be obtained in which y and 2 do not appear. 


A similar rule may be stated for finding either y or 2; or having found 
the value of x, the equations are reduced to simple equations of two un- 
known quantities y and z, so that y and z may be found by any of the 


methods of Art. 196. 
Ex. Given 27+ 3y+42=16...(1) 
82+ 2y—5z= (8p required «. 
5a—6y+3z= 6...(3) 
Here b,c,—b,c,=6—30=—24, 
b,c, —6b, c,=—24-9=—33, 
6, ¢s—6,¢, =—15—8=— 28 ; 
. from (1) —48x— 72y— 96z=—384, 
seseee (2) —992— ye =— 68 
(3) ~115”+138y— 692=~138, 
.. adding, and changing signs, 262a='786, 
786 


or @ = oe = 3 


This Rule is called Cross Multiplication, because the multipliers are 
formed by taking the coefficients in a cross order, thus: 


b ¢, 
~< 
% 


in applying it, care must be taken that the order of the suffixes is properly 


. ae ’ + 
+ i ‘ 1 | can ’ 
% . ‘ 4 5 = 
si 4 ‘ 
 $tD UATIONS. 
— ze SIMPLE EQ 
i 


a It is very useful in several branches of the higher mathematics, 
. Bolid Geometry for example, where it is extensively employed. 


197*. In some cases the method of Art. 195* may be suocessfully 
employed; especially in the case where the ratios of x, y, 2, can be obtain- 


ed: for example, if 
5a= 4y, 
8u= “| 


2n— Sy + 62=22, 


y 
1 


ey #8 
we have then 7=553> 


2x2 —3y+6z 


and .*. each a7 


=— =, 


11 
“. 2=8, y=10, 2=6. 

The advantage of this method consists in finding the values of al] the 
unknown quantities at once. 

198. That the unknown quantities may have definite values, 
there must be as many independent equations as unknown quanti- 
ties. When there are more equations than unknown quantities, 
the value of any one of these quantities may be determined from 
different equations; and should the values thus found differ, the 
equations are incongruous; should they be the same, one at least 
of the equations is unnecessary. When there are fewer equations 
than unknown quantities, one of these quantities cannot be found, 
but in terms which involve some of the rest, whose values may be 
assumed at pleasure; and in such cases the number of answers is 
indefinite. Thus, if x+y=a, then e=a—y; and assuming y at 
pleasure, we obtain a value of x such, that 7+y= a. 

These equations must also be independent, that is, not deduci- 
ble one from another. 

Let «+y=a, and 27+2y=2a; these are not endependent 
equations, since the latter equation being deducible from the 
former, it involves no different suppositions, nor requires any thing 
more for its truth, than that 2 + y =a should be a just equatign. 


It is sometimes, however, not easy to discover aé once whether pro- 
posed equations be independent or not. Thus in the equations 


x+3y+4z= 9, 
8x—2y+172=25, 
e+ 1l4y—ze11, 
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it is nob obvious at first sight that the third equation is derived from the 
other two. But by multiplying the first equation by 4, and subtracting 
the second, the result is the third equation ; and accordingly the usual pro- 
cess being applied to find z, y, z, would certainly fail. 


As examples of incongruous equations, the following may be instanced, 
a+y=7, and 8¢+3y=80, from which we get 7=10; or, again «+y=7, 
8e—y=1, and «+2y=10, from which we get 14=12. 


PROBLEMS WHICH PRODUCE SIMPLE EQUATIONS. 


199. From certain quantities which are known to investigate 
others which have a given relation to them is the business of 
Algebra. 


When a question is proposed to be resolved, we must first 
consider fully its meaning and conditions. Then substituting one 
or more of the symbols, 7, y, = &c. for such unknown quantities as 
appear most convenient, we must proceed as if they were already 
determined, and we wished to try whether they answer all the pro- 
posed conditions or not, till as many independent equations arise as 
we have assumed unknown quantities, which will always be the case 
if the question be properly limited (Art. 198); and by the solution 
of these equations the quantities sought will be determined. . 


Pros. 1. A bankrupt owes A twice as much as he owes B, and 
Cas much as he owes A and B together; out of £300, which is to 
be divided amongst them, what must each receive? 


Let x represent what B must receive, in pounds ; 
then 27 = what A must receive, 
and x + 2a, or 3x = what C must receive ; 
amongst them they receive £300; therefore 
x + 2x + 3x2 = 300, 
6x2 = 300; 


C= = £50. what B must receive. 


20 = £100. what A must receive. 
3a = £150. what C must receive. 
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Pros. 2. To divide a line of 15 inches into two such parts, 
that one may be three-fourths of the other. 


Let x be the number of inches in one part, 


Gey a Sececbeeeascesss ore the other, 
w+ ~ = 15, by the question, 
4x + 3x = 60, 
7x = 60; 


il 


> = 84, one part; 


2 
3¢_360 45_., 
and 47 P9779 = 6%, the other part. 
Pros. 3. If A can perform a piece of work in 8 days, and B 
the same in 10 days, in what time will they finish it together? 


Let x be the time required, in days; and w the work. 
In one day A a 4th part of the work, or ~ 3? therefore 


‘in 2 p days he performs —— a . And in the same time B performs ~~ 10° 


Therefore . +55 = w, by the question, 


or +55 =1, 


10% + 8x = 80, 
187 = 80; 


_2= a= = 4yy = 44 days. 

Pros. 4. A workman was employed for 60 days, on condition 
that for every day he worked he should receive 15 pence, and for 
every day he played he should forfeit 5 pence; at the end of the 
time he had 20 shillings to receive; required the number of days 
he worked. 
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Let 2 be the number of days he worked, 
then 60 — x is the number he played, 
15x = his pay, in pence, 
(60 — x)x5 = 300 — 5a = sum forfeited ; 
15a — 300 + 5a = 240, by the question, 
20a = 240 + 300 = 540; 
”. x = 27, the number of days he worked, 
60 — x = 33, the number of days he played. 


Pros. 5. How much rye, at four shillings and sixpence a 
bushel, must be mixed with 50 bushels of wheat, at six shillings 
‘a bushel, that the mixture may be worth five shillings a bushel? 

Let x be the number of bushels required ; 
then 9x = the price of the rye in sixpences, 
600 = the price of the wheat in sixpences, 
(50 + x)x10 = the price of the mixture.............. ; 
+. 9x + 600 = 500 + 102, 
100 = x, the number of bushels required. 


Pros. 6 A and B engage together in play; in the first 
game A wins as much as he had and four shillings more, and finds 
he has twice as much as B; in the second game B wins half 
as much as he had at first and one shilling more, and then it 
appears that he has three times as much as A; what sum had 
each at first? | 


Let x be what A had, in shillings, 
y what B had. 
Then 2% + 4= what A has after the first game; 
y —~ 2 —4= what B has; 
.. by the question, 22 + 4=2y— 2x —8, 
or 2y— 4% = 12, 
¥ — 24 = 6. 
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Also y-a—44+%41=what B has after the second game; 
22+4—-2—1=what 4 has; 
aad 3y 
.. by the question, y— 7 ~4+5 +1=6”+ 12— 373 


or y+ 0+ U2 6n=12-344-1, 
or A it, 
also y—2x=6, 
So 
and 3y—7x= 12, 
.. by subtraction, 7 = 6, what A had at first; 
and y—2xr=6, ory—12=6; 
*. ¥=18, what B had. 


Pros. 7. A smuggler had a quantity of brandy which he ex- 
pected would raise £9. 18s.; after he had sold 10 gallons, a revenue 
officer seized one third of the remainder, in consequence of which 
he makes only £8. 2s.; required the number of gallons he had, and 
the price per gallon. 

Let x be the number of gallons; 


then se is the price per gallon, in shillings, 


ate = the quantity seized, 





L— = = 


and —.— the value of the quantity seized, which 


ee by the- kan to be 36 shillings ; 


2a = 38, 


(2 — 10)x66 =.36a, 


662 — 660 = 362, 
302 = 660 ; 
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’, @ = 22, the number of gallons; 
and = =e as = 9 shillings, the price per gallon. 


Pros. 8. A and B play at bowls, and A bets B three shillings 
to two upon every game; after a certain number of games it 
appears that A has won three shillings; but had he ventured to 
bet five shillings to two, and lost one game more out of the same 
number, he would have lost thirty shillings: how many games did 
they play? 

Let x be the number of games A won, 
y the number B won, 
then 2x is what A won of B, in shillings, 
and 3y what B won of A; 
*. 20 — 3y = 3, by the question. 

Also (@ — 1)x2 is what A would win on the 2" supposition, 
and (y¥+1)x5 what B would Win ......ccccccccscers sulvsites vated 
2. by + 5 — 2u + 2 = 30, by the question, 

or by—2x7%=30-—-5—2=23; 
° by — 2x2 = 
and 2x7 — 3y = 3, 
by addition, 5y — 3y = 26, 
2y = 26; 
* ¥= 13. 
And 2x =3+ 3y=3+4 39 = 42; 
” @= 215 
and # + y= 34, the number of games required. 


Pros. 9. A sum of money was divided equally amongst a 
certain number of persons; had there been three more, each would 
have received one shilling less, and had there been two fewer, each 
would have received one shilling more, than he did: required the 
number of persons, and what each received. 

8—2 
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Let « be the number of persons, 
y the sum each received, in shillings ; 
then xy is the sum divided, 
and (#@ + 3)x(y—1) = : 
ies : e 4 ai : zs my by the question ; 
&. LY — 2+ 38y—3=LZy, or —L+ 38yY=3; 
and wy+xe2—2y—2=a2y,or w—Qy=2; 
:. y= 5 shillings, the sum received by each. 
And #—2y=# —10=2, 
“. © = 12, the number of persons. 
[Exercises U.] 
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200. When the terms of an equation involve the square 0! 
the unknown quantity, but the first power does not appear, the 
value of the square is obtained by the preceding rules*; and by 
extracting the square root on both sides, the quantity itself is found 

Such equations are called Pure Quadratics. 


Ex.1. 52*°—45=0; to find a. 
By transp. 52° = 45, 
a= 9; 
.. (Art. 191), c=V9=+3. 


The signs + and — are both prefixed to the root, because the 
square root of a quantity may be either positive or negative (Art 
147). The sign of x may also be negative; but still «a will be 
either equal to + 3 or — 3t. 


* It is obvious that the rules proved in Arts. 186...192, apply to all equations, 
quadratic, cubic, &c. as well as simple, betause they are founded simply upon the 
Axioms (Arts. 79...82).—Eb. 

+ This may be shewn as follows:—suppose 2*=a%, then extracting the square root 0: 
both sides, since ,/z*=+2, and ,/a?=+a, we have 


+2=-+4......(1), 
+x=—4a......(2), } 
—%=+4......(8), 
—B=—Oeeeeee (4), 


‘ But it is evident that (1) and (4) are in fact the same equation and also (2)'and (3); ac 
that w=a includes all the four equations.—Ep, 
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Ex. 2. az*=bcd; to find x. 


| gp = 0, noms y/ PM, 

201. If both the first and second powers of the unknown 
quantity be found in an equation, arrange the terms according to 
the dimensions of the unknown quantity, beginning with the 
highest, and transpose the known quantities to the other side; 
then, if the square of the unknown quantity be affected with a 
coefficient, divide all the terms by this coefficient, and if its sign be 
negative, change the signs of all the terms (Art. 187), that the 
equation may be reduced to one of the forms, 27+ pr=+q. Then 
add to both sides the square of half the coefficient of the first power 
of the unknown quantity, by which means the first side of the equa- 
tion is made a complete square, (Art. 152), and the other consists 
of known quantities; and by extracting the square root of both 
sides, a simple equation is obtained, from which the value of the 
unknown quantity may be found. 


Such equations are called Adfected* Quadratics. 


2 
Ex. 1. Let 2’°+px=q; now we know that a+ pa +E is 


the square of x +4 (Art. 152); add therefore 7 to both sides, and 


we have 


x ‘+ pork =q+% 


then by extracting the square root of both sides, 


w+b=4 g+2 ; 


and by transposition, «= -f taf QtF: 


In the same manner, if x*— px = 4, 


eae pee 
gt ir'g: 


* The term adfected, or affected, was introduced by Vieta, about the year 1600. 
It is used to distinguish equations, which inyolve, or are affected with, different powers 
of the unknown quantity, from those which contain one power only, and which are 


therefore called pure.—Ep. 
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Ex.2. 2*—120+35=0; to find a. 
By transposition, 2*— 127 =—35; and adding the square of ze 
or 6, to both sides of the equation, 
a? — 128+ 36 = 36—35=1; 
then extracting the square root of both sides, 
zx-6=41; 
~©=6+1=7, or 5; 
either of which, substituted for x in the original equation, answers 
the condition, that is, makes the whole expression, 2*— 12x + 35, 
equal to nothing. 
6 
m+it 
ane 


Ex. 3. = =3; to find zx. 


6+ 





= 3x +3, 


ios aesra oscaleiena 
3a" — 5x = 2, 


202, Ex.4, x+V5%+10=8; to find a. 
By transp, V5x+10=8—2, 
squaring, 52 +10 = 64 ~ 16a + 2, 
x" — Qla = — 54; 
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225 | 

a 

21_ 15. 
21+1 
"= ——9 — = 18, or 3, 


By this process two values of a are found; but on trial it 
appears, that 18 does not answer the conditions of the equation, if 
we suppose that 5a +10 represents the positive square root of 
5e +10, The reason is, that 5x +10 is the square of —V5a +10 
as well as of + /52 +10; thus by squaring both sides of the equa- 
tion V5z+10=8-—~2, a new condition is introduced, and a new 
value of the unknown quantity corresponding to it, which had no 
place before. Here 18 is the value which corresponds to the sup- 
position that 

ev —V5x4+10=8. 

It should be particularly observed, that since +ax+y is equal 
to —xx—y, in the multiplication and involution of quantities new 
values are always introduced, which, if not again excluded by the 
nature of the question, will appear in the final equation. 

Ozs. In the above Example one of the values obtained for x satisfies 
the proposed equation, whilst the other does not. In some cases both 


values of x fail to satisfy the equation from which they are derived. The 
subject is fully discussed in the Scholium, p. 134. 


[Ewercises V.] 


203. If a quadratic equation appear under any of the forms included 
in ax*ba=+c, the left-hand side may be made a complete square, wt 
fractions, and the equation solved, by another method, as follows :— 

Multiply the whole equation by 4a, that is, four times the coefficient of 


x*, then we have 
Aarc' & 4abe= & 400 ; 


add 6°, the square of the coefficient of a, then 4a°a"s 4aba: + 6° = b* & 4ac, 


extract the square root, Qaneb =s/b* a 4ac ; 
; ena ba dacnd 


120 QUADRATIC EQUATIONS. 


Ex. 1. oO gg: to find a. 
w-l & 


6+ Sot? 8048, 


Ga 4 2a + 2= Sar" + 8a, 
8x°— 5x=2, 
Multiplying by 4x3, or 12, 
862°—602=24, 
adding 5°, or 25, 36a7—60x+25=24+25=409 ; 
“. 6¢—-5=+£7, 
6a=5+7=12, or —2; 


1 
os e2=2 a @ 
» OF 


Ex. 2. acx®—bexr+adz=bd; to find x. 
Here acxz*—(be—ad)x=bd ; 
multiply by 4ac, 4a%c’x*—4ac(be—ad)x=4abed, 
add (be—ad)*, 40707a"— 4ac(be—ad)a+(be—ad)* = (be—ad)’ + 4abed, 
=(be+ad)’, 
extract square root, 2acz—(bc—ad)=+(be+ad), 
2acx = be—ad(be+ad), 
= 2be, or ~2ad ; 


b d 
o's w=, or--. 
a Cc 


204. A quadratic equation has no more than two distinct values of the 
unknown quantity which will satisfy i. 
For, if possible, let the equation az*+bz+c=0 have three distinct 
values of a, viz. a, B, ¥. 
Then aa’+ba+c=0,,.(1), 
ap’+bB+c=0...(2), 
ary" +by+c=0...(8). 
_ Subtracting (2) from (1), a(a*—B*)+5(a—B)=0 ; 
0%, A+B) +b=0...0.00.0000e0(L) 
Subtracting (8) from (1), a(a’—y*)+5(a—y)=0 ; 
os G(aty)+b=0......00000 ii.) 
Subtracting (ii) from (L), a(B—y)=0...4...006000(lib) 
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But @ is not equal to 0, for otherwise the proposed equation would not 
be a quadratic equation ; 
oe B-y= 0, 


or B=y. 
Hence a quadratic equation has not three distinct values of 2, but it 
may have two. 


Cor. If however it be known that B is not equal to y, that is, that the 
iven equality is satisfied by more than two values of 2, it appears from 
(ii) that a=0 ; therefore by (i) or (ii.), b=0; and by (1), (2), or (3), e=0; 
that is, if a quadratic equation be known to be satisfied by more than two 
values of the unknown quantity, the coefficients of the square, and of the 
first power of the unknown quantity, and the term which does not involve 
it, are separately equal to 0, and the equation becomes an identity, being 
satisfied by any values whatever of the unknown quantity. 


205. In any quadratic equation of the form x*+px+q=0, —p=the 
sum of the two values of x, and q=their product. 
Let a, 8, be the two values of x, then 
a" +pa+g=0, 
and B'+pB+9=0 ; 
a —B'+p(a—B)=0 ; 
“ a+B+p=0, 


Cor. 1. If the equation be of the form az*+be+c=0, then 


peas ==0. Therefore, by what has been proved, 


a > = the sum of the two values of 2, 


and ~ =the PLOMUCE,......s0cccsssccecseees 


Cor. 2. Hence also, if a, 8, be the roots of the equation «*+px+q=0, 
it is proved that 
+ px+gq=2°—(at+ P)c+aB=0, 
=(x—a)(a—B)=0; 
from which it appears that if one ‘root’ of the equation be known, the 
other may be found by division ; for, a being known, 
wtPetd B20, which gives c=. 
—2o, 


® The above proof is open to objection in the case where a=8; but the relations in 
question can then be proved to be true by actually solving the equation, as is done in 
Art. 207, In such a case the equation is said to have two equal roots. 
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'. Again, conversely, if the roots of a quadratic equation be given, the 
equation can be found. For, if a and B be the roots, the equation must be 
(a—a)(~—B)=0, 
or z'—(a+f)r+aB=0. : 
Ex. Required the equation whose roots are 2 and 3. 
The equation is (a—2)(#—3)=0, 
or w—Sx2+6=0. 
Cor. 3. If a, B, be the roots of the equation 2*+px2+q=0, then 
ve" +px+¢q = (x—a)(*x—f), whatever be the value of =. 
For it has been proved that p=—(a+f), and g=a8; therefore, what- 


ever be the value of x, 
a+ pxe+g=a'—(a+ B)e+aB=(x"—a)(a—B)*. 


206. The results proved in the last Art. shewing the relation between 
the values of x and the coefficients in the equation, are of use in several 
ways; first, in enabling us to verify the solution of any quadratic equa- 
tion ; secondly, in determining the values of the unknown quantities when 
an equation is proposed in which certain relations are already known 
respecting those values ; and lastly, in solving various problems, reduced 
to quadratic equations, of which it is necessary for our purpose to know 
no more than the sum or the product of the values of the unknown quan- 


tity. Thus, 
Ex. 1. 3a°-5”=2. The values of x (See Art. 201, Ex. 3) are 2, 


1 
and ran 3 e ; 
Now, without repeating the work, to see if these values are cor- 


rect, we put the equation under the form 2’— se ==0, and since 
1 
a+(- 3)=3° and 2x -3)=-# we conclude, at once, that these and 


no other are the values required. 
Ex, 2. 2x'—212+54=0; required the values of x, it being known that 
one of them is six times as great as the other. 
Suppose a to represent one of the values, 
then 6a is the other, 
and their sum, or 7a=21, (Art. 205), 
.. a=3, 


and the values required are 3 and 18. 


* It must be borne in mind that we are here concerned not with the equation 23+prt+q=0, 
but with the expression x? + pu +9, irrespectively of anything that it may be equal to; ‘but . 
if any difficulty should arise, wo might state the proposition thus: Ifa, 8, be the roots of 
the equation 2* + pz +q=0, then y*+ py+ q=(y—a)(y—f) whatever be the value ofy, 
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Ex. 8 If rae B be the values of x in the equation ax'+ba+e=0, 


find the value of ~ at 


Dividing the equation by 2’, a+7 45-0, 
c 5b 1 
or to +a=0. Assume yao, 
then cy*+by+a=0, 
b a 

or Yt ¥+—=05; 
d the values of y are~, —, since y=~ 
and the values of y are 7, 3, © y=—. 

--° . (Art. 205.) 


207. Since every quadratic equation may be reduced to the form 
x’ +p2%+q=0, in which p and g may be positive or negative, we assume this 
as the general equation including every other. 

Then, since x*+ pxr=—q, 
p'_p'-4q 


x” Be suas a ? 


n+ Baas /p 4g, 
] ae 
oe w= — Ea /p 49; 


so then Es 4a, and th P : 
are the only two values of « that will satisfy the equation. 
Now, from this result, it follows, 
1st. That there is no possible value of x, if p*<4qg. 
@ndly. That the values of 2 are equal to each other, and each equal 


to—E, if p*=4¢. 


Srdly. That there are two unequal values of x, whose sum is —g, if 
p> 4g. 

Again, it appears that 

Ist, If ¢ be negative, since ,/p*—4q will then be greater than p and 
always possible, there can be but one positive value of x. 
2ndly. If p be negative, g positive, and p’>4qg, there will be two 
positive value; of a. 

The last two conclusions may also be deduced from Art. 205. 
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_ ©or. 1. Similar conclusions may be drawn with regard to the equation 
az’ +ba+c=0, by substituting - for p, and < for g. Thus, if a proposed 


equation be of the form d2—az*=c, in which a, 6, ¢, are positive quantities, 
there will be two positive values of 7, when 4ac<6*; and no possible value 
of x, when 4ac> 6’, 


Cor. 2. Hence also, if the roots of ax*°+ba+c=0 be equal, 


3 
(=) =4—, or b°=4ac ; 
a a 
b 8B b\3 
eal ght a ye Ns 
and axt+ba+oma(a +2047 ,)=a(a+= ) ; 


and is, therefore, a perfect square for all values of 2. 


This might have been easily deduced from Cor. 3, Art. 205; for 
az’ +bx+c=a(x—a)(x—B)=a(x—a)’, *.° a=B. 
208. If an equation appear under the form 
(x+a)X=0, 


in which X represents an expression involving x, the unknown quantity ; 
it is evident that either x+a=0, or X=0, that is, z=—a is one solution of 
the equation, as well as those which are found by proceeding with X=0. 
So that, whenever an equation is simplified by division, or the omission of a 
factor, common to all the terms, if the divisor or factor contain the unknown 
quantity, one solution at least of the equation will be found by putting that 
divisor or factor equal to 0. 


Thus, let «"+3z=7a; the whole equation is divisible by z, therefore 
x=0 is one solution. 


Again, let 2*—52+6=0. This may be put under the form 
(x—2)(x—3)=0 ; 


°. ©-2=0, or L=2 
and «-3=0, or «=3 


By this method, therefore, the necessity for solving a quadratic in the 
usual way may sometimes be superseded. 


Ex, Given («—c),/ab—(a—b),/cx =0; required x. 
Here x,/ab-—c,/ab—a,/ox+b fea =0 ; 
-* nf b20(,/ace+ ,[be)—n/ac(,/as+,/be)=0, 
or (ba fae) (faa+ sfF2)=0 5 


\; which are the only values of z. 
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». fox—Jac=0, and ,/az+,/be=0; 
ba=ac, and az=be, 


ac be 
ae t= 9 and T=. 
b a 


209. Every equation, where the unknown quantity is found in 
two terms, and its index in one is twice as great as in the other, 
may be resolved in the same manner as a quadratic. 


Ex.l. 2+ 42'=21; required z. 
2+ 4284+ 4=2144=25, 
wt+2=4 6, 
gi=+5-2=3,0r—-7; 
. 2=9, or 49. 


Ex.2. 2*+a'=6; required x. 





1 -4 1_ 1_ 25 
Lo +2 +7 6+7 a? 
4,1_,5 
x +5 t 5) 
gt = 2? = 9, or —3, 
_ 1, 
un= 97 OF 35 


Ex.3. y‘— 6y*'—27=0; required y. 
y' — 6y* = 27, 
y —6y' + 9 = 27+ 9 = 36, 
y—3=+ 6, 
y=3+6=9, or —3; 
y= 43, ortV¥—3 : 
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Ex, 4, yt+ry+L=0; required 2. 





¢ 
yt+ry =—o5 
r rr ¢ 
xtn+5=5-S, 
= rn e¢ 
y+5= + 4 ~ 97? 





210. Some other equations may be conveniently solved as quadratics, 
that is, by completing the square, when they can be made to assume the 
form 


A+ pX=q, 
X representing a compound expression involving the unknown quantity. 
Ex.1. ax*+,/ax*—bu+c=bx; required z. 
By transp. az*—bx+,/ax*—ba+c=0, 
adding c, aa*—be+c+,/aa*—bu+e =e, 
completing the square, 
(ax! —buo+0)+ Jaa? —bate+2 = e+) 


4’ 
Jat—baves3=-,/o+?, 
Jaa mtare LA} 


as’ —ba+e {oe} ; 


the equation is thus reduced to a common quadratic, from which « may be 
found by the usual method. 


Ex. 2. 2'—2+5,/2x"—50+ =; (82 +88) ; required 2. 
Here 2a°—2a+ 10,/2a*— 50+6= 30438, 
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22° — 52+64+ 10,/22*—52+6=89, 
(2a:*— 50+6)+10,/22"— 52+6+25=25+439=64, 
»/2a*—52+64+5=48, 
rf 2ac*— 5a+6=£8—5=3, or —13, 
2a*—52+6=9, or 169; 
which leaves two common quadratics fi lution, viz. 2a°~ 5¢ = 
reas sala q or solution, viz. 2a*°—5¢=8, and 
[ Huercises W.] 

211. When there are more equations and unknown quantities 
than one, a single equation involving only one of the unknown 
quantities may sometimes be obtained by the rules laid down for 
the solution of simple equations; and one of the unknown quan- 
tities being discovered, the others may be obtained by substituting 
its value in the other equations. 





Ex. g- 2% - | 
wt By _ to find # and y 
e2+2 °° 
From the first equation, 2x — 7 + y= 8, 
zx+y=8, 
x=8-y. 


From the 2nd equation, 2y+ 2y—x— 3y=x+ 2, 
or ry — 24 — y= 2, 
by substitution, (8 — y)y — 2(8 — y) — y= 2, 
8y —y' — 16 + 2y— y= 2, 
9y—-y' =164+2=18, 


y — 9y=— 18, 

81 81 9 
YMG =G— BAG 
9 3 

9+3 


1 naa aaa or 3. 


And # = 8 — y= 2, or 6. 
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“MMe solution of equations will often be rendered more simple 
by particular artifices, the proper application of which is best 
learned by experience*. | 


= > to find x and y. 
xy = 28, 


From the second equation, 2ay = 56, 
adding this to the 1", 27+ 2xy+y*= 121, 
subtracting it, 2°*-—2Qay+4’=9, 
extracting the square roots, a+y=+ at 
and #—y=+3, 
adding, 2a0=+ 14, 
subtracting, 2y= + 8, 
“ @=7, or —7, 
and y = 4, or — 4, 
ay 
. —++=18, 
nen ya to find x and y. 
“+y=12, 
From first equation, «°+2*=182y, 
from second, a°+4°+3ay(a+y)=1 sna 
by substitution, 18¢y+36x2y=1728, 
54ay= 1728 ; 
 ey=382, 


Also 2°+2ay+y'?=144, 
and 4ay ary 


.. B—Qay+y*=16, 


a, 
and x+y=12, 


. 24=16, or 4 
and 2y= 8, or 16, 
$ 


os w= ’ ‘or 4, 


and y=4, or 8. 


* Many of these attifices are pointed out in the Appendix.—Ep, 
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912. It may sometimes ‘be of use to substitute for one of the 
unknown quantities the product of the other and a third unknown 
quantity. 
This substitution may be successfully applied whenever the sum 
of the dimensions (Art. 63) of the unknown quantities in every 
term of each equation is the same. 


Ex. 2° +2y=12, 
ey —2y'=1, to find ar and y. 
Let vy = 2, 
then 1° sg 
and = wy — 2y*= 1, 
from the former, 7° = =e 
9% 40’ 
from the latter, y*= ——5; 
. 12 ~~] 
"ety v—Q’ 
or v+v = 12v — 24, 
v—llv=— 24, 


191 121 ., 25 
v—llv+— re aa wis 





And #=0y= +72, or £3. 
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213. The operation may sometimes be facilitated by substitut- 
ing for the unknown quantities the sum and difference of two 
others. 


This artifice may be used, when the unknown quantities in each 
equation are similarly involved. 
Ex. xt+y=A4, 
(2° +. 4/*)(x? + y*)=280, 


Assume 2=2+2, 


\ to find @ and y. 


and y=2—2, 
then 2+y=2z2=4; 
. 2=2, 
Also 2°+7°=(2+0)'+(2—2)’, 
=8+2v’", 
and a*+y°=(2+v)’+(2—v)*, 
=8+12v+6v'+v"+ 8—12v4+ 6r'—v*, 
= 16+120v°; 
.. (8+ 2v*)(16+120%)= 280, 
or (4+0°)(4+ 3v")= 35, 
16+16v*+3v*=35, 
vty O19, 
ipo eee Oe 
3 9 8 9 g’ 
gpcuge x 
3 3?’ 
*+11-—8 
ag 





19 
=], or —-3 3 


V=1 5 
*. £=2+v0=3, or I, 
and y=z—v=1, or 3. 


Ozs. In algebraical analysis it is frequently useful to observe whether 
the algebraical expressions under ‘consideration are homogeneous or not, 
that is, whether the ‘dimensions’ of every term be the same or not; 
for, if this homogeneity be found at first, no legitimate operation can 
destroy it; or, if it be not found at first, it cannot be introduced; and 
thus an easy test is afforded, to a certain extent, of the accuracy of each 
sucqeeding step in the analysis. 
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For example, if the equation 
az’ +b*'e+c’=0, 
be proposed for solution, in which every term is of three dimensions, that 
is, which is homogeneous, every step in the process will present an homo- 
geneous equation, if it be correct. 


As a simple case it may be well to observe that, if the proposed 
equation be homogeneous, the final result must be so. A proper atten- 
tion to this observation will frequently detect an error in the process of 
solving an equation. 


PROBLEMS PRODUCING QUADRATIC EQUATIONS. 


214, Pros. I. A person bought a certain number of oxen 
for 80 guineas, and if he had bought 4 more for the same sum, 
they would have cost a guinea a piece less; required the number 
of oxen and price of each. 


Let x be the number of oxen, 


then is the price of each, in guineas, 





and — 4 the price of each on the second supposition ; 
80 80 : 
ee z+4 = ae — 1, by the question, 
ean ice ee 
a 
80x = 80x + 320 — x’ — 42, 
x* + 4a = 320, 
x’ + 4e + 4 = 324, 
xe+2=+18; 


.. 2=+18—2=16, or — 20, the number of oxen; 


and ae 5 guineas, the price of each. 
xz 16 

In this, and in many other cases, especially in the solution 

of philosophical questions, we deduce from the algebraical process 

answers which do not correspond with the conditions. The reason 

seems to be, that the algebraical expression is more general than 


OQ... 
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the common language; and the equation, which is a proper repre- 
sentation of the conditions, will also express other conditions, and 
answer other suppositions. In the foregoing instance # may either 
represent a positive or a negative quantity, and cannot in the 
operation represent a positive quantity alone (Art. 202); and the 
equation 
80 _ 80 
+4 @ 

when & is negative, or represents the diminution of stock, will be 
& proper expression for the solution of the following problem: A 
person sells a certain number of oxen for 80 guineas; and had 
he sold 4 fewer for the same sum, he would have received a guinea 
a piece more for them; required the number sold. 


215. Pros. II. To divide a line of 20 inches into two such 
parts, that the rectangle under the whole and one part may be 
equal to the square of the other part. 


Let x be the greater part, then will 20 — x be the less, 
and x’ = (20 — x)x20 = 400 — 20a, by the question, 
a* + 20a = 400, 
2 + 20x + 100 = 400 + 100 = 500, 
2+10=+%500; 
2». #2 = 500 — 10, or — V500 — 10. 

The observation contained in the preceding article may be 
applied here; and it is to be remarked, that the negative values 
thus deduced are not insignificant, or useless. Here the negative 
value shews, that if the line be produced V500 + 10 inches, the 


square of the part produced is equal to the rectangle under the 
line given and the line made up of the whole and part produced. 


215*. In order to ascertain the problem, the solution of which is 
given by the negative roots, take the equations which constitute the 
algebraical interpretation of the problem: write therein —a for a, &ec.: 
then the new equations will suggest the required question. This of 
course must be done by considering from what conditions of the given 
problem the several terms of the equations arise, and making the necessary 
alterations in agreement with the remarks of Art. 463. Thus, if we take 


the first of the preceding problems, we see that = represents the price 
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of each ox, man the price of each if 4 more were bought, and the ~—1 


arises from the relation between those prices given by the question. Now, 


if we write in the equation of Prob. 1. —x for «, we obtain = sedis F 


—~CL+4 —2% 
0 : 
e atl; and here = represents the price of each of x oxen, 





man the price of each if there were 4 less, and the +1 gives a relation 


between those prices. But as x is negative, it represents the selling of 

oxen (Art. 463), whence the problem above stated may evidently be seen 

to be that of which the altered equation is the algebraical interpretation. 

From this example it can easily be perceived how the interpretation of 
. the negative result is to be made. 


216. Pros. III. To find two numbers, whose sum, product, 
and the sum of whose squares, are equal to each other. 

Let x+y and x—y be the numbers, 
their sum is 22, 
their product x*— 9’, 

the sum of their squares 22*+ 2y’, 
and, by the question, 2a = 2a°+ 2y’, 
or 7=2°+y'. 
Also 2x7 =a°-y’, 
adding, 3a = 22’; 


ee ame 
Qn = ay’, 
9 
or 3=7-9; 
9 9-12 -3 
V—3 
oe y=i-3Z: 
Hence w+yaStr8, 
3—V—3 
and #-y=———; 


9 ? 


* 


134 QUADRATIC EQUATIONS. 


both of which are “impossible” quantities (Art. 183), a conclusion 
which shews that there are no such numbers as the question 


[A collection of Problems with their Solutions will be found in the 
Appendix. | 
[Haercises X.] 


SCHOLIUM. 


By the method of solution pursued in Art. 202 it is clear, that both 
the resulting values of the unknown quantity may be those of a different 
equation and not of the proposed one ; for if the proposed equation be of 
the form 

act Jbu+c=d, 
the solution effected may be that of the equation 


ax— Jbx+c=d, 
and it is impossible to say, without trial, to which equation either of the 
resulting values of x belongs. 

That there is no value of # which will satisfy both equations (except 
in a particular case) is easily proved. For, if possible, let there be such 
value ; then, for that value, 

Jbz+e=0, or w=—5, 
a value of x which will satisfy neither equation, except in the particular 


case when —5=5, or ac+bd=0. 


Hence it appears, that after solving an equation of the above form by 
the usual method, it still remains doubtful whether either of the values of 
the unknown quantity obtained will satisfy the equation ; and if one of the 
two be the value sought, it remains doubtful which it is. 


Thus from the equation 
3x2+,/30a—71=5, 

the values of « obtained are 4, and 2%, neither of which will satisfy the 
equation. 

And from the equation 

8x+,/2a—2="7, 

the values of x obtained are 3, and 1§, of which only the fractional, and 
not the integral, value will satisfy the equation. 

The fact is, that in the former instance both values of « are the 
values belonging to the equation 


8a~,/30e—-71=3 ; 
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in the latter «=3 belongs to the equation 
3a— Q2—-Q=7, 
and the other solution 2=1§ to the equation as proposed. 

Since, then, the values of x in 32+,/302—71=5, found by the common 
method of solution, do not belong to the equation at all, as is also the case 
in many others of like form, where, it may be asked, lies the fallacy in the 
process whereby we obtain a false result? It is here. We assume, as an 
axiom, that if the same root of equal quantities be extracted, those roots 
are equal to each other in all cases ; whereas -we know, that they may be 
unequal, For instance, retracing the steps in the following operation, 


ax—/bu+e =d, 
ax—d=/bz+e, 
(ax—d)’=bae+e, 
we assume, that the same value of x which satisfies the last of these equa- 


tions must also satisfy the preceding one; but this may not be the case, 
since it may be the value which satisfies 


—(ax—d) =,/bx-+e, 
or ax+,/ba+ce=d, 
instead of ax—,/br+ce=d, 
the equation we commonly assume to be satisfied by that value, when it is 
the proposed equation, whose solution is required. 
The fact is, that the equation really solved is not the proposed one 
ax—Jbx+e=d, 
but (ax—d+,/bu+c)(ax—d—,/bu+c) =0, 
or (ax—d)’—(be+c)=0 ; 
and it is quite a chance whether both or either of the values of x obtained 
belong to the proposed equation. 


It is certain, however, that the values obtained belong to one or other 
of the two distinct equations 


ax+,/ba+c=d, 
ax—/ba+e=d. 


Also, when there are two values of « which will satisfy one of this pair 
of equations, there is no value of x which will satisfy the other ; because, if 
there could be such a value, then the quadratic equation 

(ax —d)*—(bax+c)=0, 
would have more than two distinct values of 2, which was shewn to be 
impossible in Art. 204. 


From what has been said it appears, that the results which are com- © 
monly obtained as solutions of quadratic equations, when those equations 
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are given in an irrational form, require to be verified, before they can 
be depended upon. . 

Hence also, when a proposed problem depends upon the solution of an 
irrational quadratic equation, the problem may, or may not, have those 
solutions which appear as solutions of the quadratic equation. This con- 
clusion, it must be evident, is of too important a nature to be safely 
. overlooked. 


INEQUALITIES. 


“If one quantity be greater or less than another, or than nothing, and 
this be expressed algebraically, it is called an Jnequality. 
Thus, x—a>b—zx is an Inequality, of which x—a forms one side, and 
b—«a the other. 


“ 217. Any quantity may be added to, or subtracted from, each side of an 
tnequality, and the sign of inequality remain as before. 
' Thus, if a>b, atx>be2; for if a>b, it is evident that a+z>b+a. 
Similarly, if a<b, a+e%<b+a. 

Again, if a>d, it is evident that a—z>b—«, as long as x is not greater 
than a or 6. If x>b, but not greater than a, then it is evident that 
a—x>b—x, for a positive quantity must be greater than a neggtive.one, 
If z>a, and >6, then both sides a—a, and 6-2, are negative; but a is 
nearer to x than 6 is to a, therefore a—x<b—zx independently of the signs ; 
and of two negative quantities that is the greater, which is the smaller 
when the signs are omitted ; therefore, in this case also, a—x>b—z. 


Similarly, if a<6, in all cases a—x<b—2a. . 
Cor. Hence any quantity may be transposed (as in equations) from 
one side of an inequality to the other by changing its sign. Thus, if 
a®+b*>2ab+c%, 
a’+6°—2ab>2ab—2ab+c’, 
or (a—b)’>c’, 


218. If a>d, and c>d, and e>f, &c., then it is evident that 
a+ct+e+&e.>b+d+f+W&c. ; 
But if a>6, and c>d, it does not always follow that a—c»b-—d; for a 


may be more nearly equal to-c, than b istod. Thus 9>6, and 7>2, but 
9-7, or 2, is not greater than 6-2, or 4. 


.219. Jf every term on each side of an inequality be multiplied or 
ar by any the same positive quantity, the sign of inequality will remain 
as before. 

' Thus, if a>b, 2a>2b, 6a>6d, ke. 5 or, if -a>—b, —-2a>—2b, —6a>—60 ; 
&c. as is sufficiently manifest. ; 

- Gor, Hence an inequality may be cleared of fractions by multiplying 
both sides by the product of the denominators of all the fractions, or by 
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the least common multiple of them all; provided the multiplier is a positive 
quantity. 







6 1 1 
Ex. If ataPs +7 multiplying by a*6’, which is necessarily post- 
tive, ab+b’>ab*+a°b, 
But, if all the ter rms ms of an ine ality be be eae gris or. SMivided by a 
ative quantity, the “of inequ 18 revers that is, >is s change 


into <, or < mato >. 


Thus, for example, 6>4, but 6x—2 or —12<4x-2or-—8, Also = 


or -3<— or —2. 


N.B. Hence, if we multiply or divide the terms of an inequality by 
any algebraical quantity, it will be requisite to know whether the quantity 
1s positive or negative. 


Cor. Also, if the signs of all the terms of an inequality be changed, 
the sign of inequality is reversed, for this is equivalent to multiplying each 
side by —1. 


220. Both sides of an imequality may be raised to any power or any 
root of them extracted, and the sign of inequality remain as before, provided “ 


that each side 18 a positive quantity, 
Thus, 7>5 and 7% or 49>5* or 25, 7’ or 343 >5° or 125, and so on. . 


But, if either side be negative, then no general conclusion can be 
stated as to the resulting inequality. For —3<4, and (—3)’ or 9 <4* or 
16. Also —2>-—3; but (—2)? or 4<(—3)' or 9. 


_ Similarly 16<25, and ,/16 or 4<,/25 or 5. But, if either or both 
the sides be negative, no conclusion can be drawn asa to their square roots. 


Hence, if the sides of an algebraical inequality be raised to any power, ! 
or any root of them be extracted, we must first know whether the sides of ; 
the proposed inequality are positive or negative : otherwise the conclusion 
may not be correct in all cases. 


. 221. If the same quantity or two equal quantities be divided by each 
side of an inequality, the ee will be reversed. 


For 3<6, but bees > % ; and so also in any similar. case. 


Hence it appears, from this and the preceding articles, that the rule v 
which belona to Songtions must not.be.ine consider ately. aarlied a Snapualitin, 
since these latter have distinct rules of thevr own materially differing 
those of the former. 

Ex. 1. Shew that a*°+6°+c’>ab+ac+be, unless a=b=c. 

Here (a—b)*+(a—c)*+(b—c)*= 2a°+ 26° + 2c" 

—2ab—2ac— 2be, 
* a+ +or— (ab +00 +0) = A{(a—b)*+(a—c)*+(b—c)*}. 
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Now every quantity, when squared, is always positive; therefore the 
right-hand member of this equality, being half the sum of three squares, 
will be always positive, and greater than 0, except when a =b=c. 


Hence a*+b*+c*—(ab+ac+bc) is always positive, and greater than 0, 
unless a=6b=c, 
or a*°+b*+c*>ab+ac+be, unless a = b=c. 
“Ex. 2. Shew that e+y’> aty+y*a. 
Here a°+y°—(s‘y+y‘x)=2'(x2—y)—y*(x-y), 
=(x"—y") (a—y). 

Now, whether x > or < y, the two factors 2‘—y‘, and #—y, have the 
same sign, and therefore their product is always positive ; hence 
x’+y*°—(a*y+y*x) is always positive, 

. e+y’>atyty*e. 


f 


e+ 
Ex. 3. Given that ee eS +8, and >"=* 42 +—, find % 


2+2 "4 «—4 x+1 1 
—— +— <—_—- 48, and > ——— +33 


mult. by 12, 3%+6+4x <6a—24+36, and >672+6+4, (Art. 219), 
or 72+6 <6x+12, and > 6x+10, 
x<6, and >4, (Art. 217.) 
Hence x is any number between 4 and 6; and, if it be a whole num- 
ber, =5. 
Ex. 4. Which is greater ,/10+,/7, or /19+,/3? - 
/10+,/7> or <,/19+,/3, 
according as 17+2,/70> or <22+2,/57, squaring, by Art. 220, 
2,/70> or <5+2,/57, (Art. 217), 
280 > or <253+20,/57, (Art. 220), 
iexisiest 27 > or < 20,/57. 


Now 27 is clearly less than 20,/57, therefore ,/19+,/3 is the ter of 
the two proposed quantities. aad la ial a 


at+b+c+d 
Ex. 5. Shew that Perrriva > the least and < the greatest of the 


6 ad 
fractions =, ro 7 re each letter representing a positive quantity, _ 
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Of the fractions 
least (g). Then 


a6be a d 
pq? 7? a? SuPpow = to be the greatest (@), and | the 
2a. CG Sah qd _¢, 

p q r 8 


ae ee ea 

p y] q 3 r 3 8 
. a=pG, b<gG, c<rG, d<s, 
a>pg, b>qg, c>rg, d=sg, 
* hire Dh aiAte Sie Art. 218 
and a+b+c+d>(p+q+r+s)g, ss 


at+b+c+d 
ee p+qires <G and >g. (Art. 219.) Q.E.D. 


; Art. 219. 


This proposition may without difficulty be extended to more than 
four fractions. And it will be equally true whether a, b, c, d, &c. be positive 
or negative, provided that p, 9g, 7, 8, &c., the denominators, be ail positive ; 
since of negative quantities we suppose that one to be the greatest which is 
numerically the least. Moreover, if the denominators be all negative, —p, 
—q, &c....; since — = , &c., the above proposition will still hold. 
Therefore, if a number of fractions have their denominators all of the same 
sign sum of numerators 


7 sum of denominators 
greatest of the fractions. 


is intermediate in magnitude to the least and 


Ex. 6. Shew that if a,, a,, @,, ... a, be any positive quantities, 


A, +U, +... +0, Wane ca 
Sa + My Myoee By 


n 
unless the » quantities are all equal. 


The left-hand member of the above inequality remains unaltered, 
however @,, @,,...may change in magnitude, provided only that the sum of 
them all is not changed. It will therefore be sufficient to prove that, if the 
sum of a,, @,...a, be given, their product is the greatest possible when 
they are all equal. For if not, let it be the greatest possible for certain 
unequal values of the symbols, and let a,, a, be any two of them that are 

+4 
not equal. Then if for each of a,, a, we substitute oe 5 , 
at liberty to do, as the sum of all the quantities is not thereby altered,) the 
product becomes 





, (which we are 





be 
af od sal Sale 





Ny br Og egg ” 
instead of — 1, «+» Up Oy +++ Bye 
+Q, @ ar 
But “7s Ss >. ‘* (a,+4,)*, which is equal to a,'+a,' +2a,ay 


2 2 
>4a,a, for (a4,—4,)' is always positive. 
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Therefore the new product we have obtained is greater than the 
former one ; ¢.¢. our supposition of the former being the greatest possible 
is not tenable. 

Therefore the product is the greatest possible when they are all equal ; 
but then it is equal to a,, or a,, or &c., and therefore it is equal to the left- 
hand member of the proposed ‘inequality. Consequently, in all other cases, 
it is less, 1.6. 

ee Nan... 
unless the n quantities are all equal. 

This is often expressed by stating that the arithmetical mean between 
any number of positive quantities is greater than their geometrical mean. 


Another proof.—By the arts Theorem, (Art. 308), we have 


2 ODED), 
(es f)a1tato ——— es 2° (C., 
at (-)(-5) 
and ” +7) ee —- = a+ &., 
n being a positive integer. 
Now = = &c. are respectively less than +, 2 meee &e., and, 


therefore, ‘after the first two terms of each series, which are equal, each 
term in the first series is greater than the corresponding term in the 


Ms (ede) 


Now let a,, a, ...a, be ee that are not all ss ae 


A, +O +... +0, G,+G,+...+0,—n4, 
then {——__*___" pa ee) , 
” na, 
@,+4,+...+0,—na, 
and .- safivte ph ala 
(n—1)a, 
, G,+a,+...+a\""" 
4@ >a,(~— ———"} , 
n—-1 


: os a,+4,+...+a.\""? 
and .°. is, a fortiori, >a,.a, (7s 


a—3 
A,+... +e) ; 


os © 4,.0,.4 
1°'%3 i n—3 


>A, yD, A, ; 


0, +0, +0,+...+0, — «j———— 
Sa aaa NOs Gig yo ye 
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222. Ratio is the relation which one quantity bears to another 
in respect of magnitude, the comparison being made by considering 
what multiple, part, or parts, one is of the other*. 


Thus, in comparing 6 with 3, we observe that it has a certain 
‘magnitude with respect to 3, which it contains twice; again, in 
comparing it with 2, we see that it has a different relative mag- 
nitude, for it contains 2 three times, or it is greater when com- 
pared with 2 than it is when compared with 3. The ratio of a 
to 6 is usually expressed by two points placed between them thus, 
a:6; and the former, a, is called the antecedent of the ratio, the 
latter, b, the consequent. 

Since in the ratio a : 6 the comparison is made in regard to quantu- 


plicity, (xara wnAuxoryra), the ratio may evidently be expressed by what- 
ever expresses the degree of that quantuplicity, t.¢. by what is necessary 


to multiply b by to obtain a. But this multiplier is the fraction 3 the 
= 
b 

223, Cor. 1. When one antecedent is the same multiple, 
part, or parts, of its consequent, that another antecedent is of its 


consequent, the ratios are equal. Thus, the ratio of 4: 6 is equal 
to the ratio of 2 : 3, that is, 4 has the same magnitude when com- 


pared with 6, that 2 has when compared with 3, since ie . The 


fraction = therefore is equivalent to the ratio a : 6. 


6 3 
ratio of a: b is equal to the ratio of c: d, if Ba because ; and 
< represent the multiple, part, or parts, that a is of 6, and ¢ of d. 


224, Cor.2. If the terms of a ratio be multiplied or divided 
by the same quantity, the value of the ratio is not altered. 


a ma a eee 
For 5 = |p (Art. 101); -.a@: 0 ma : mb. 


225. Cor. 3. That ratio is greater than another, whose artte- 
cedent is the greater multiple, part, or parts, of its consequent. 


* Abyos éorl 360 “peyeOdvy duoyeay 4h KaTrd wndcxéryra pds CAAnra -wod 
cxéots. (EUOLID, Book v. Def, 111.) 
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Thus the ratio 7 : 4 is greater than the ratio 8:5; because f, or 


- , is greater than - or = - These conclusions follow imme- 


diately from our idea of ratio. 
Ex. Which is greater a+ : a—a, or a’+2": a’— 2" 
Qa+x2:a-2> 0r <a*+2" : a®— 2’, 
ai +2" 


a+a 
according as — —— > or < =—5, 
—2x a*— a 


a? +2°+2axr a’+a 
3 2 2 > r 3 ro) 
a*—x a—a 





e e . 2 
and since the former is the greater by the quantity pon ; 
. a+e:a—-">a7+a" : a*— x’, 


226. Derr. A ratio is called a ratio of greater inequality, of 
less inequality, or of equality, according as the antecedent is 
greater than, less than, or egual to, the consequent. 


227. A ratio of greater inequality is diminished, and of less 
equality increased, by adding any quantity to both cts terms. 

If 1 be added to the terms of the ratio 7 : 4, it becomes the 
ratio 8 : 5, which is less than the former, (Art 225). And in 
general, let x be added to the terms of the ratio a : b, and it be- 
comes @+2 : 6+, which is greater or less than the former, 


x a 
> Or <7, Oo, by reducing them to a common 


, ab + bx ab + ax. 
denominator, according as bb+m) > or < 5b ia) ; that is, as 


LJ at 
according as han 


ba > or < ax, or as b> or <a. 


228. Cor. Hence a ratio of greater inequality is increased, 
and of less inequality diminished, by taking from the terms a 
quantity less than either of them. 


229. Dur. If the antecedents of any ratios be multiplied 
together, and also the consequents, a new ratio results, which is 
said to be compounded of the former. Thus ac : bd is said to be 
compounded of the two @:bandc:d. It is also sometimes called 
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the swm of the ratios; and when the ratio a: is compounded 
with itself, the resulting ratio, a’: b*, is called the double of the 
ratio a:b; and if three of these ratios be compounded together, 
the result, a’: 0°, is called the ériple of the first, &c. Also the 


I 2 
ratio a : b is said to be one third of the ratio a’: b°; and a® : & 
is said to be an m" part of the ratio a : 6. 

a* ; b° is also said to be in the duplicate ratio of a: b, and a®: B® in 
the triplicate ratio of a : 6. Moreover, ad ; 23, a® b§, a? : oF are respec- 


tively said to be in the subduplicate, subtriplicate, and sesquiplicate, ratio 
of a : 6. 


230. Cor. Let the first ratio be @ : 1; then a’: 1, a’: }, 
a” : 1, are twice, three times, 7 times, the first ratio; where u, the 
index of a, shews what multiple, or part, of the ratio a*:1, the 
first ratio a : 1 is. On this account the indices 1, 2, 3, n, are 
called measures of the ratios a’: 1, a’ :1, a :1, a*: 1. 


231. If the consequent of the preceding ratio be the ante- 
cedent of the succeeding one, and any number of such ratios be 
taken, the ratio which arises from their composition is that of the 
Jirst antecedent to the last consequent. 


Let a:b, 6: .c¢, c: 4d, be the ratios, the compound ratio is 
axbxc : bxcxd, (Art. 229), or, dividing by bxc (Art. 224),a:d; and 
similarly for any number of ratios. 


232, A ratio of greater inequality, compounded with another, 
increases it; and a ratio of less inequality diminishes it. 

Let the ratio x : y be compounded with the ratio a: 6, then 
the resulting ratio az : by > or < the ratio a : 6, according as 


by? or <5 (Art. 225); that is, according as 2 > or <y. 


233. If the difference between the antecedent and consequent 
of a ratio be small when compared with either of them, the double 
of the ratio, or the ratio of their squares, is nearly obtained by 
doubling this difference. 

Let a+ :a be the proposed ratio, where x is small when 
compared with a; then a’+ 2a +2" : a’ is the ratio of the squares . 
of the antecedent and consequent ; but since x is small when com- 


T 5 1 
i 4 
" ! RATIOS, 
ee, 
: ‘ 


pared. with a, a’, or xx, is small when compared with 2ax, and 
mauch smaller than axa; therefore a*+2ax : a‘, or a+2e:@ 
(Art. 224), will nearly express the ratio of a'+ 2ax + a": a’. 

Thus the ratio of the square of 1001 to the square of 1000 is 
nearly 1002 : 1000; the real ratio is 1002-001 : 1000, in which the 
antecedent differs from its approximate value only by one thou- 
sandth part of an unit. 


234. Cor. Hence the ratio of the square root of a+2z to 
the square root of a is the ratio a+ 2: a, nearly; that is, if the 
difference of two quantities be small with respect to either of them, 
the ratio of their square roots is nearly obtained by halving that 
difference. 


pace 


235. In the same manner it may be shewn, when 2 is very 

small compared with a, that. 
Qa+3xr:a; at+4e:a; atbx:a; &e. 
are nearly equal respectively to the ratios 
(atau)’:a’, atay:a, ata): a’, &e. 

Also a+}a:a, ativ:a, &e. are nearly equal to the ratios - 
Nawn : Ja, Nara : Ja, &e. 

For (a+2)’ : a’=a' 3a°e+ 3ax* a” ; a, 

32 3a" 2° 


a aa alm 1 (Art. 224), e 


Now if x be small when compared with a, is a small fraction ; 
2 
d sul : = =* : 1, therefore since : is small compared with 1, se is 
3 
small compared with = a fortiort = is very small compared with 1 or 
with 264 e \ 
@ 
. . 8a" a i ; 
Hence, neglecting <i and a which are very small fractions, 
142 : 1, or a&3e:a, is a near approximation to (asx) a’, if « be’ 


small when compared with a. 


Similarly it may be shewn that at4¢:a, a&5xe:a, &. are approxi- 
mations respectively to az)‘: at, “ “" “°° 
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Again, since Jaxx: Ja=,/ lee; 1, (Art. 224), 
x , 
=1tg>—} 7 eke. : 1, (Art. 151, Ex. 8), 
by the same reasoning this ratio is reduced to — 
a 
1+}- :1, or atdu:a. 


8 8 
Also ake: ,/a=athxe:a, nearly; and so on. 


The utility of the rules here proved will be sufficiently manifest from 
the following Examples, when it is observed by what a troublesome process 
the several proposed ratios would be found without the rules. 


Ex. 1. (1:5241)* : (1°524)*=1°52404+4x0-0001 : 1°524 nearly = 
1°5244 ; 1°524 nearly. 
Ex. 2 4/729 : 728 =728} : 728 nearly. 
Ex. 3. /2184 : 2131 = 213812 : 2131 nearly, 
[Exercises Z.] 
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236. Derr. Four quantities are said to be proportionals, when 
the first is the same multiple, part, or parts, of the second, that the 


third is of the fourth; that is, when 7= ; , the four quantities 


a, 6, c, d, are called proportionals. This is usually expressed by 
saying a is to b as c is to d, and is thus represented, a:56::¢:d; 
or sometimes, a: b=c: d. 

The terms a and d are called the extremes, and 6 and ¢ the 
means. 

237. When four quantities are proportionals, the product of 
the extremes is equal to the product of the means. 

Let a, 6, c, d, be the four quantities; then, since they are pro- 


portionals, ie ; (Art. 236); and by multiplying both sides of the 


equation by :d, ad = be. . 7 
238. Cor. 1. If the first be to the second as the second to 


the third, the product of the extremes is equal to the square of the 


mean. , 
10 
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239. Cor.2. Any three terms in a proportion being given, the 
fourth may be determined from the equation ad = bc. 


For d=, en, b=%, anv. Hence we have the Single Rule 


of Three in Cae 
240, If the product of two quantities be equal to the product 


of two others, the four are proportionals, making the factors of 
one product the means, and the factors of the other the extremes. 


Let xy = ab, then dividing by ay, a=, 
or v:a::6:y. (Art. 236.) 
241. Ifa:b::c:d, andc:d::e:f, then also a:b::e:f. 
(Eucum, B. v. Prop. x1.) 


ie Cie ances 
Because p=G, a and ve therefore BF 


ora: b::e:f. 


242. If four quantities be proportionals, they are also pro- 
portionals when taken inversely. (Eucuip, B. v. Prop. P) 


If a:6::¢: 4d, then b:a::d:c For 5 = 4) aid dividing 


unity by each of these equal quantities, 


2 ={; ; thatis, b:a::d:c¢. 


243. If four quantities be proportionals, they are propor- 
tionals when taken alternately. (EUCLID, B. v. Prop. XVI.) 

Ifa:6::c:d,thena:c::6:d. 

Because the quantities are proportionals, 5 3) and multi- 


plying by 2, 2S ,ora:exbid. 


Unless the four quantities are of the same kind, the alternation 
cannot take place; because this operation supposes the firet to be 
rome multiple, part, or parts, of the third. 
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One line may have to another line the same ratio that one 
weight has to another weight, but a line has no relation in respect 
of magnitude to a weight. In cases of this kind, if the four quan- 
tities be represented by numbers, or other quantities which are 
similar, the alternation may take place, and the conclusions drawn 
from it will be just. | 


244. When four quantities are proportionals, the first together 
with the second is to the second, as the third together with the 
fourth is to the fourth. This operation is called componendo. 
(EUCLID, B. v. Prop. XVIII.) 


If a:6::¢: d, then also 
at+b:b::e+d:d. 


Because -=5 by adding 1 to each side, 
a c 
b +1l= a +1; 
a 


that is, 40 ote, 


or a+b:b::ce+d:d. 








245. Also, dividendo, the excess of the first above the second 
is to the second, as the excess of the third above the fourth 1s to the 
fourth. (EUCLID, B. v. Prop. XVII.) 


Because by subtracting 1 from each side, 


Cc 
Q@’ 


1 


Qe 


that is, _ a a : 


ora—b:b::c-—d:d. 





246. Again, convertendo, the first is to its excess above the 
second, as the third is to its excess above the fourth. (EUCLID, 
B. v. Prop. E.) 

10—2 
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By the last Article, *=°= 274, 














that is, a—-b:a::e-—d:c; 
and inversely, @:a—6::¢:c-—d. 
247, When four quantities are proportionals, the sum of the 


Jirst and second is to their difference, as the sum of the third and’ 
Jourth is to their difference. 


Ifa:b::e:d; then a+b:a-—b::c+d:c-d 
By Art. 244, 





and by Art. 245, ——- = —_ ; 





that is, a+b:a-—b::c+d:c-—d. 


248. When any number of quantities are proportionals, as one 
antecedent is to its consequent, so 1s the sum of all the antecedents 
to the sum of all the consequents. (EUCLID, B. v. Prop. X11.) 


Ifa:b::e:d::e:f, &. 
then a: b::at+c+e+&:b4+d+/+4+ &. 
Because B= 5 ad =b6c; in the same manner, af=be; also 
ab =ba; hence ab + ad + af = ba + be + be, 
or a(b+d+f)=batcte); 
* by Art. 240, a: b::at+ete:b+d+f; 
and similarly when more quantities are taken. 
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249. When four quantities are proportionals, if the first and 
second be multiplied, or divided, by any quantity, as also the third 
and fourth, the resulting —— wil be proportional. 


lf Gebsord then mace ee 2 <. 
n° n 
as 
For =<; == (Art. 101); 
nt 
or ma:mb lie. 
nn 


250. If the first and third be multiplied, or divided, by any 
quantity, and also the second and fourth, the resulting quantities 
well be oo 


For ; es and Se. 
= 33 "6b d a . 
—.b —.d 
qu Nv 


b 
or ma:— 3: mec: 
n 


251. Cor. Hence, in any proportion, if instead of the second 
and fourth terms quantities proportional to them be substituted, 


we have still a proportion. For 2 and C are in the same propor- 
tion with 6 and d (Art. 249). 
252. In two ranks of proportionals, if the corresponding terms 
be multiplied together, the products will be proportionals. 
If a:b::e¢ :d, 
and e:f::g :h, 
then also ae: bf:: cg: dh. 


ale CO! OE ts 
Because 5 =9) qr and 2=F 5? therefore |x 7 ane bf dh’ 
that is, ae:bf:: cg: dh. 
This is called compounding the proportions. 


The proposition is true if applied to any number of propor- 
tions, 
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253. If four quantities be proportionala, the like powers, or 
roots, of these quantities, will be proportionals. 


‘ a_¢ 
If a:6::c¢:d, then BW 


where 7 may be either whole or fractional. 


" 8 


C eB oe a™ e 
and R= Gas OF a Oree rd: 


254. Ifa:6::¢:d, to prove that 
maxnb : patgb :: mc=nd : pergd. 


des 
6 d’ 


Mma mc 


6 da’ 
Ma mc 


b d 


matznb mecend 


6 ~©=—SCOd 
Aled COS ae Lo 
6 8d ? 
_ matnbd patgb mc+nd pexgd 
rt nr [rr ir ii 
matnb mc+nd 
paxgd pe+gd’ 








or 





Similarly 


or ma+nb : pa+qb :: mcend : pexqd. 


255. If three quantities, a, b, c be in continued proportion, that 1s, 
a:bi::b:c, then a:c:: a:b’, that is, the first has to the third the dupli- 
cate ratio of that which i has to the second. (Evucut, B. v. Def. x.) 


256. If four quantities are in continued proportion, that is,a:b::b 
:o::0:d, thena:d::a°: b’, that ts, the firat has to the fourth the tripli- 
cate raito of that which it has to the second. (Evcutp, B. v. Def. x1.) 
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aabe abe 
For > iat tar ter 1 and eer cL 
@aaaa 
db 5b’ 
a 
ae 


or a:da::a': 8%. 


257. The Definition of Proportion here used will not serve for a 
definition in Geometry, because there is no Geometrical method of repre- 
senting the quotient of a+b, a and 6 being any Geometrical magnitudes 
whatever of the same kind. But such magnitudes may always be multi- 
plied geometrically; that is, a line may be produced till it becomes m times 
its original length—an area, or a solid, may be doubled, trebled, &c.— 
geometrically. Hence the strictness of Geometry requires such a definition 
as that which is the foundation of Euclid’s 5th Book; and Riles may easily 
be shewn to follow from the Algebraic Definition. 

For suppose a, 6, c, d, to represent four quantities in proportion, accord- 
ing to the Algebraical definition ; then 


from which it follows, by the nature of fractions, that if ma>nb, then 
me>nd; if ma=nb, mc=nd; if ma<nb, me<nd: and ma, mc, are any 
equimultiples whatever of the Ist and 3rd quantities, nb, nd any equimul- 
tiples whatever of the 2nd and 4th. Therefore a, 4, ¢, d are proportional 
also according to the Geometrical Definition. 


[ Hxcercises Za. | 


258. If two numbers a and b, be prime to each other, they are 
the least wn that a 


If possible, let + A =4, 


and respectively greater than c and d. If the latter numbers be 
not prime to each other, divide them by their greatest common 
measure. Then divide a by 6, and c by d, as in Art. 103, thus 


b)a (m d)c\m 
x)b\(n r) d\n 
y 8 


where a and 6 are prime to each other, 
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and because © 5 =5 , the first quotients m, m, are equal; again, 
bd 
since F=m+e, and s=m+s, we have at, OEP also, 


because } is greater than d, 2 is greater than 7. In the same 
manner, i _ and y is greater than s; and so on, if there be 


more remainders. Thus the remainder in the latter division will 
become 1 sooner than the remainder in the former. Let s=1 


then - r; and y, which is greater than 1, will be a common 


measure of a and 6 (Art. 105), which is contrary to the supposition. 


Cor. 1. Hence, i if ¢ = 5 and a and b be prime to each other, 


e and d are equimultiples of a and b. 


Cor. 2. Hence, also, a number cannot be made up of prime factors in 
more ways than one. For, if possible, 


1st. Let the number be made up of vo prime factors, either a and d, 
or 6 and c; 80 nae oe be, where 6 is not the same number as either a 
ord. Then, since ; = - and a and b are prime to each other, c and d are 
equimultiples of a and 6, by Cor. 1; that is, d is not a prime number, 
which is contrary to the supposition. 


2nd. Let the number be made up of more than two prime factors, in 
two different ways; and let a be one of the factors, and p the product of 
the rest, in one set—b one of the factors, and qg the product of the rest, in 
the other set, where 6 is not the same as a, or as any of the factors in p. 


Then ap=bq, .’. 5p and, by Cor. 1, p isa multiple of 6, which is con- 
trary to the supposition. 

Hence there are not two ways of resolving a number into its prime 
factors. 

259. If a and b be each of them prime to c, ab ts prime to c. 
_ If not, let ab=mr, and c=ms; then since a and 0 are prime 
to c, they are respectively — to ms, and therefore to m; and 
because ab = mr, we have . =; : therefore b is a multiple of m 


(Art. 258, Cor.), which is Peet since it was before shewn to be 
prime to m. 
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Cor. 1. If 6 be equal to a, then a’ and c have no common 
2 
measure; OF = is a fraction in its lowest terms. 


a’ at 
Cor. 2. In the same manner, ao &c. are fractions in their 


lowest terms. 


Cor. 3. If a, b, and c, be each of them prime to d, e, and f, 
abc is prime to def. 

For, if a be prime to d and e, it is prime to de, and if it be 
prime to de and /; it is prime to def. In the same manner, b and 
c are prime to def; consequently, abc is prime to def. 

Cor. 4. Ifa be prime to b, a’ is prime to 6’, and a’ to 8°, &e. 


* 


SCHOLIUM. 


260. In the definition of Proportion it is supposed that one 
quantity is some determinate multiple, part, or parts, of another; 
or that the fraction arising from the division of one by the other, 
(which expresses the multiple, part, or parts, that the former is of 
the latter), is a determinate fraction. This will be the case, when- 
ever the two quantities have any Common Measure whatever. 


Let x be a common measure of a and 8, and let a=mzx, b=nzx; 


a me m 
then er arr where m and 7 are whole numbers. 


But it sometimes happens that the quantities are zncommensu- 
rable, that is, admit of no common measure whatever, as when one 
represents the circumference of a circle and the other its diameter ; 
in such cases the value of 7 cannot be exactly expressed by any 


fraction, a , whose numerator and denominator are whole numbers; 
yet a fraction of this kind may be found, which will express its 
value to any required degree of accuracy. 

Suppose x to be a measure of 8, and let b= nx; also let a be 
greater than mx but less than (m+ 1)x; then ; is greater than ~ 


m+ 1 a 


but less than , or the difference between — and 5 is less than 
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= and as a is diminished, since nz=0b, n is increased, and = 


m 


diminished ; therefore, by diminishing 2, the difference between re 


| us 
and ; may be sade less than any that can be assigned. 


If a and 0, as wellas c and d, be incommensurable, and if, when 


; ] ae 
pd lies between ke and mes , i lie also between de and ~~ , how- 
b n n d n n 





ever the magnitudes m and m are increased, then is equal to o: 
For, if they are not equal, they must have some assignable dif- 
me I this 





ference; and because each of them lies between ~ and 
difference is less than - ; but since 2 may, by the supposition, be 
increased without limit, - may be diminished without limit, that 
is, it may become less than any assignable magnitude; therefore i 


and 5 have no assignable difference; that is, ; is equal to ot 


d 


260*. If four magnitudes a,b, c, d be proportionals according to the 
geometrical definition, they will be proportionals also according to the alge- 
braical definition. 

It is required to prove, that if m and » be any integral multipliers 
whatever, and ma>nb when mc>nd, and ma=nb when mc=nd@, and 
ma<nb when me<nd, then 55. 


If a, b, c, d be commensurable, m and 7 can always be assumed so as to 


make ma=nb: then also me=nd, and ~=— =<. 
b md 


If, however, a, 6, c, d be incommensurable, the above equalities cannot 
be obtained ; but we can always make ma approach as near as we please 
to nb, by giving proper values to m and m: t.e, we can make ma differ 
from nb by a quantity less than 6, or make ma lie between nb and (n+1)0. 


Then also will mc lie between nd and (n+1)d; te. both ; and “ lie be- 


of 
tween = and ca 
™ Mm 
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Also m and m may be increased without limit; therefore 574 or 


a, 6, c, d are proportionals according to the algebraical definition. 


All the preceding propositions, therefore, respecting proportionals, will 
be equally true for incommensurable quantities as for commensurable. 


VARIATION. 


261. In the investigation of the relation which varying and 
dependent quantities bear to each other the conclusions are more 
readily obtained by expressing only two terms in each proportion, 
than by retaining the four. 

But though, in considering the variation of such quantities, too 
terms only are expressed, it will be necessary for the Learner to 
keep constantly in mind that four are supposed; and that the 
operations, by which our conclusions are in this case obtained, are 
in reality the operations of proportionals. 


262. DEF. 1. One quantity is said to vary directly as an- 
other, when the two quantities depend wholly upon each other, 
and in such a manner, that if one be changed, the other is changed 
in the same proportion*. 

Let A and B be mutually dependent upon each other, in such 
a way, that if A be changed to any other value a, B must be 
changed to another value 0, such that A:a::B:b; then A is 
said to vary directly as B. 


N.B. When it is simply stated that one quantity ‘varies’ as another 
it is always meant that the one ‘varies directly’ as the other. 


Ex. 1. Ifa man agrees to work for a certain sum per hour, the 
amount of his wages varies as the number of hours during which he works; 
for as the number of hours increases or decreases, his wages will increase 
or decrease, and in the same proportion. 


Ex. 2. If the altitude of a triangle be invariable, the area 
varies as the base. For, if the base be increased, or diminished, 
the area is increased or diminished in the same proportion, (the 


* That Variation is merely an abridgment of Proportion is a point to be carefully 
borne in mind ; for one quantity is said to “‘ vary” as another, not because the two increase 
and decrease together, but because as one increases or decreases, the other increases or 
decreases in the same proportion. Thus, if y=,/ax, in which # and y are varying quan- 
tities and @ is invariable, y increases as x increases, and diminishes as x diminishes, but y 
does not “vary” as x, because, as x increases, y does not increase in the same proportion ; 
for instance, if x be doubled, y is not doubled.—Eb. 
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area of a triangle being the half of the rectangle under the base 
and perpendicular. See Euclid, Book 1. Props. 36 and 41). 

The sign < placed between two quantities signifies that they 
vary as each other. 


263. Der. 2. One quantity is said to vary inversely as an- 
other, when the former cannot be changed in any manner, but the 
reciprocal* of the latter is changed in the same proportion. 


A varies inversely as B, (A oc 3) , if, when A is changed to a, 


B be changed to }, in such a manner that A: a:: 5: = or 
A:a:b:B. 


Ex. 1. Ifa letter-carrier has a fixed route, the time in which he will 
perform it varies inversely as his speed. If he double his speed, he will go 
in half the time ; and so on. 

Ex.2. If the area of a triangle be given, the base varies in- 
versely as the perpendicular altitude. 

Let A and a represent the altitudes, B and 6 the bases, of two 





equal triangles ; then £5 = O or AxB=axb ; therefore (Art. 240), 
1 1 
A PQ bi Bi Rig. 


264. Der.3. One quantity is said to vary as two others 
jointly, if, when the former is changed in any manner, the product 
of the other two be changed zn the same proportion. 

Thus A varies as B and C jointly, (A < BC), when A cannot 
be changed to a, but the product BC must be changed to bc, such 
that A :a:: BC: 6c. 


Ex. 1. The wages to be received by a workman will vary as the 
number of days he has worked and the wages per day jointly ; for if either 
the number of days, or the wages per day, be doubled, trebled, &c., so as 
to double or treble, &c., their product, the whole wages will be doubled, 
trebled, &c., that is, altered im the same proportion. 


Ex. 2. The area of a triangle varies as its base and perpendi- 
cular altitude jointly. Let A, B, P, represent the area, base, and 
perpendicular altitude of one triangle; a, 6, p, those of another; 


then A =4BP, and a=}ip; therefore 4 = e or A :a:: BP : bp. 
. — 1 1 
* Der. The reciprocal of a quantity is ihe quaatity’ thus the reciprocal of a is ae 
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265. Der.4. One quantity is said to vary directly as a second 
and inversely as a third, when the first cannot be changed in any 
manner, but the second multiplied by the reciprocal of the third is 
changed in the same proportion. 


A varies directly as B, and inversely as 0, (4 « 5) when 


A:a@: ie ap ; A, B, C, and a, 6, c, being corresponding values of 
the three quantities. 

Ex. The base of a triangle varies as the area directly and the 
perpendicular altitude inversely. The notation in the last Article 


being retained, oe = 4 ; and multiplying both sides by 5 , we have 


ee ae ; therefore B:6:: ps 
p’ ae 

In the following articles, A, B, C, &c. represent corresponding 
values of any quantities, and a, b, c, &c. any other corresponding 
values of the same quantities. 

266. If one quantity vary as a second, and that second asa 
third, the first varics as the third. 

Let A « B, and B«C, then shall d«<@©. For 4:a::B:6,and 
B:b::C:¢, therefore (Art. 241), A: a::C:c; that is, A<C. 


In the same manner, if 4 « B, and Be a then A « a 


267. If each of two quantities vary as a third, their sum, or 
difference, or the square root of ther product, will vary as the 
third. 

Let A&C, and Be CO, then 4+ BO; seg VAB&C. 

By the SUppositon: A:a:C:e:B:); 
- Asa: B: b; 
alternately A:B::a:b (Art. 243), 
by composition or division, A+B: B::a+6:06; 
altenately 41+ B:a4+6::B:6::C:¢; 
that is, A+ ae C. 
Again, A: a ::C:¢, 
and B: 6b ::C:c; 
AB: ab ::(@: ¢ (Art. 252), 
and. WEB: :Vab:: O:¢ aie 253) ; 
that is, VABe-C 
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268. If one quantity vary as another, tt will also vary as any 
multiple, or part, of the other. 
Let A < B, and m be any constant quantity, then because A : a 


2:B:b, A:a::mB: mb, or Aa 2: (Art. 249); that is, 
A« mB, ae 
m 


269. Cor.1. Jf A vary as B, A is equal to B mitiplied by 
some envariable quantity*. 

For A:a::mB:mb; altern. 4:mB::a:mb; if therefore 
m be so assumed that A = mB, then in all cases a = ab. 


Conversely, if 4 = mB, and m is invariable, then A« 8B. 


270. Cor.2. If we know any corresponding values of A and 
B, the constant quantity m may be found. 


Let a and 6 be the two values known, then m= - and is 


therefore known; and, in general, A= 5 xB. 


Ex.1. Let s<#, and when ¢=1 suppose s=16, then, since 
s=mt’, 16=m,and s= 160. 
Ex. 2. Let y’<q’—x’*, and when x=0, suppose y=6, then, since 


y*= ma" — x"), b°= ma", and M==3 0 y'= 4 (a'— 2). 


71. If one quantity vary as another, any power or root of 
the former will vary as the same power or root of the latter. 

Let A vary as B, then A :a@:: B:b, and by Art. 253, A”: a” 
7: B": 6b"; that is, A*°~<B", where » may be either whole or 
fractional. 


272. If one quantity vary as another, and each of them be 
multiplied or divided by any quantity, variable or invariable, the 
products, or quotients, will vary as each other. 


' Let A vary as B, and let 7’ be any other quantity. Then, by 
the supposition, A: a::B:6; 


* By the application of this rule almost every question in Variation is readily solved, 
since the variation is cOnvertible into an equation, to which the usual rules may be 


applied.— Ep, 
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°° AT: at:: BT : bt; that is, AT BT. 
Ao Bb ig 4B. 


273. Cor. If Ae B, dividing both by B, 4 « 3° 1; that is, 
5 is constant. 


274. Tf one quantity vary as two others jointly, either of the 
latter varies as the first directly and the other inversely. 


Let V «FT, then by Art. 272, Fe}, or Ted. 


275. Cor. If the product of two quantities be invariable, 
those quantities vary inversely as each other. 


Let BxP be constant, or BxP <1; by division, B< = 


276. If four quantities be always proportionals, and one or 
two of them be invariable, we may find how the others vary. 


Ex. Let p, q, 7, 8s, be always proportionals, and let p be in- 
variable, then s<qgr. Because ps=qr (Art. 237), ps«gr; and 
since p is constant, s<qr (Art. 268). If both p and q be invari- 
able, 87. 


277. If one quantity vary as a second, and a third as a 
fourth, the product of the first and third will vary as the product 
of the second and fourth. 


Let A= B, andC<D, then AC =< BD. 
Because A:a:: B: JB, 
and C :c: D: 4d, 
AC :ac:: BD : bd (Art. 252) ; 
that is, AC«< BD. 


278, When the increase or decrease of one quantity depends 
upon the increase or decrease of two others, and it appears that, 
if either of these latter be invariable, the first varies as the other; 
when they both vary, the first varies as their product. 
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Let S < V when 7 is given, 
and S< 7’ when V is given; 
when neither 7' nor V is given, S< 7'V. 

For the variation of S depends upon the variations of the two 
quantities 7’ and V; let the changes take place separately, and 
while 7 is changed to ¢, let S be changed to S’; then, by the 
supposition, 

. S:8: 7:6; 
but this value S’ will again be changed to s, by the variation of V, 
and in the same proportion that V is changed; that is, 

OS $82. Vv: 
and by compounding this with the last proportion, 
S'S: S's: TV: te; 
or S: 8 :: TV: év (Art. 249), 
that is, Se 7'V. 

Ex. If 6 horses can plough 17 acres in 2 days, how many acres will 

93 horses plough in 44 days ! 


The number of acres ploughed c number of horses, 
if the days are the same. 


ec number of days, 
if the horses are the same. 
When both horses and days are different, 
number of acres « number of days x number of horses ; 
.. number of acres required : 17 acres :: 93x44 : 6x2; 
, number of acres required 93x44 


COP REMC ee eeM HEHEHE EHD eeE SOR ETE LO L® 


17 6x2 ’ 
= 5924. 


-. number of acres required = si 
279. If there be any number of magnitudes, P, Q, R, 8, &c., 
each of which varies as another, V, when the rest are constant; 
when they are all changed, V varies as their product. 

Let Va P-when Q, &, and S, are given; 

V <Q when P, &, and S, are given ; 

V <R when P, Q, and S, are given ; 

V «8 when P, Q, and &, are given ; 

- when P, Q, 2B, S, are all variable, V < PQRS. 
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Let the changes of V, dependent upon the changes of +. 
place separately, and whilst P is changed to p, let V be ch 
when Q is changed to g, let V, be changed to V,; when # is cha. 
let V, be changed to V,; and when S is changed to s, let V, be 
tov. Then, by the supposition, these changes are such, that we ha 


following proportions :— the 
Vi: Vu Psp, 
Vi: %22390:9,; 
VeVi de 29; 
Vz: v9 :S:8; 
. Vi: v :: PORS : pars; (Arts 252, 249), 


that is, Vee PQEKS. 
Otherwise, VecP, when Q, &, &c. are invariable, 
.. V=mP, where m does not contain P. (Art. 269.) 
But if P be made constant, and Q be made to vary, V«<Q, and 
. mPx«@; .. also m<Q, and consequently m=nQ, where n does not 
contain @; and » cannot contain P, by what has been said before, 


. V=nPQ. Now if & be considered alone to vary, by the same reason- 
ing we have nef, and... =p; .. V=p.PQR, where p does not contain 


P,Q, or RB: 
. VoPQR. 
This may be extended to any number of magnitudes P, Q, R, S, de. 
[Leercises Zb.] 


ARITHMETICAL PROGRESSION. 

280. DEF. Quantities are said to be in Arithmetical Progres- 
sion when they increase or decrease by a Common Difference. 
Thus each of the following series of quantities 

1, 3, 5, 7) 9, Ke. 

20, 19, 18, 17, 16, &. 

a, a+6, a+2b, a+3b, &e. 

a, a—b, a-—2b, a—3b, &e. 
is in Arithmetical Progression. 

Hence it is manifest, that, if a be the first term and a +6 the 
second, a + 2b is the third, a+ 30 the fourth, &c. and a + (n—1)b 
the »™ term. 


By giving the proper value to ~ any one term may be found indepen- 
dently of the rest. Thus, if the 50” term of the first series be required, 
we have 

a=1, 6=2, and n=50, 
. the 50 term = 1+(50-1)x2 =1+98 =99. 
11 
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ve two extremes, and thé umber of terms, m an Arithmetical 
se given, the means, that is, $16 intervening terms, may be found, 
_» and J be the extremes, that is, the first and last terms, of an 
when ne’etical Progression, » the number of terms, and 6 the unknown 
peiton difference ; then the progression 18 
, a, a+b, at+2b, ... at(m—1)b; 
1 
Wand since J is the last term, a+(n—1)b=6: 
l—a 
ee b er | ) 
and 6 being thus found, all the means a+b, a+2b, &c. are known. 
Ex. There are four means, or intervening terms, in Arithmetical 
Progression between 1 and 36; find them. 
Here a=1, /= 36, n=6, 
36-1 
 b=§——=T7; 


oa 





and the means are 8, 15, 22, 29. 


»~ Cor. A single Arithmetical mean between any two quantities a and 


=, or 22°, but 





b, which is called the Arithmetical mean, will be a+ 
this may be shewn more simply thus, 


Let a, x, 6 be in Arithmetical Progression, 


& then by Def. x-a=6b-«a; .. n= > (a+). 


282. The sum of a series of quantities in Arithmetical Pro- 
gression may be found by multiplying the sum of the first and last 
terms by half the number of terms*. 

Let a be the first term, b the common differencet, the num- 
ber of terms, / the last term, and s the sum of the series: 


Then, a@+(a+b)+4+ (a+ 26) + &e......... +l=s; 
also, reversing the order of the terms, 
1+ (U—b)+ 0 — 2b) + &e........ -+a=8; 


adding, (a+2)+(a+l)+(a@+4+0+ &c. to m terms = 22, 
that is, m times a+, or (a+ Jn =2s; 


8= (a+) 5. 


* By this rule we are enabled to find the sum of any number of terms in Arithmetical 
| Progression, without the trouble of adding them all together.—Eb. 
+ The Common Difference in any proposed case is obviously found by subtracting any 
term from the term next following.—Eb. 
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Cor. 1. Since / =a + (n— 1), we have also 


8 = {2a+(n— 1}. 


Cor. 2. <Any three of the quantities s, a, n, b, being given, the 
fourth may be found from the equation 


8 = {(2a+ (n— 1)b}5 


Ex. 1. To find the sum of 14 terms of the series 1, 3, 5, 7, &c. 
Herea=1, b=2, n=14; 
“8 = (2 +26)x7 = 196. 
Ex. 2. Required the sum of 9 terms of the series 11, 9, 7, 5, &c. 
In this casea@=11, D=—-2, n=9; 


9 _ ov, 


8s (22 — 10)x2 = 6x5 = 


Ex. 3. If the first term of an arithmetical progression be 14, 
and the sum of 8 terms be 28, what is the common difference, and 
the series? 


Since {2a+(2—- Lb} xs = 8, 


2a+(n—1d==, 


iT) nN 
2s — 2an 


~ n(n —1)° 


In the case proposed s = 28, a= 14, n=8; 


re _. i 
.. b — 56 — 224 = ie = — 3, 


Hence the series is 14, 11, 8, 5, 2, -1, —4, —7, &e. 


Ex. 4. The 1" term of a series in A. P. is 22, and the common differ- 
ence is —4; how many terms will make 70? 
Generally, 2s=(2a—b)n+bn’, 
. here 140=48n—4n’, 
or n*—12n+35=0, 
or (n—5)(n—7)=0; .. W=5, or 7. 
eae 11—2 


164 ARITHMETICAL PROGRESSION. 


Both values of n satisfy the question ; in the one case the series is 22, 
18, 14, 10, 6, and in the other, 22, 18, 14, 10, 6, 2, —2. 
With the same data as before, find the number of terms of which the 
sum is —90, 
Here —180 = 48n—4n’, 
or n*—12n—45 =0, 
or (n—15)(n+3)=0; .. n=15, or —3. 
Hence the number of terms is 15, and the series is 
22, 18, 14, 10, 6, 2, —2, —6, —10, —14, —18, —22, —26, —30, —34, 
of which the sum is —90. 


But in this and similar examples the negative value of n is excluded, 
as an answer to the question, by the supposition under which originally 
enters the equation, since a number of terms can only be expressed by a 
positive integer. 

A meaning can, however, be obtained for the negative value of n. For 


in the equation s={2a+(n—1)}} > write —n for n, and it becomes 
s=—{2a—(n+1)d}=, 
or 8={(n+1)b-2a}-, or {2(b—a)+(n—1)d}= ; 


and if we compare this with the original equation, we see that the right- 
hand member is the sum of 7 terms of an’ arithmetical progression whose 
first term is b—a, and common difference 6; this series therefore is indi- 
cated by the negative result. 


Thus in the last Ex., where n=—3, b6—a=—26, and the series will be 
—26, —30, —34, of which the sum is —90. 


Conversely, it may be shewn, that, if n, and —m, be the roots of the 
equation 28=(2a—b)n+bn’*, the sum of m terms, beginning with b—a, is the 
saine as the sum of n terms, beginning with a. 


For n—m=— 2", (Art. 205), and therefore 
{2(6—a)+(m—1)b} = (b-2a)m+bm’, 
b—2a b—2a\? 
= (b-24)( —— )+0(n-—=™) ; 
= (b—2a)n-+bn?—2(b—2a)n, 
= (2a—byn+bn? = {2a+(n—1)b}n. 


Another, and perhaps the best, way of interpreting a negative value 
for n, is derived thus :—putting —m for in the general equation, we get 





—8 = {2(a—b)+(m—1)(—b)}= =sum of m terms beginning with 
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a—b, and with com. diff. —5; so that both values of ~ may be used for the 
same serves, VIZ. 

&c., a—-2b, a—b, | a, a+b, a+2b, &e. 
and reckoned from the same starting point, marked |, the one to the 
right, and the other to the /eft, the sum in either case being the same, 
but with different signs. a 


283. The sum of any two terms taken equidistant from the beginning *~ 
and end of an arithmetical progression is equal to the sum of the first 
and last terms. 


This is proved in the demonstration of Art. 282; or it may be shewn 
independently, thus :—Let a, b, c, d, e, f, g be in arithmetical progression, 
then, by Definition, 

b-a=g-—f, or 6+f=a+g. 

Again, c-b=/-e; .. cte=b+f=a+g. And so on, whatever the 

number of terms in the series may be. 


284. If the number of terms of an arithmetical progression be odd, —~ 
twice the middle term is equal to the sum of the first and last terms. 
Let qg represent the middle term, p the preceding, and r the succeeding 
term, then g—-p=r-—gq, by Definition ; 
v2 29=pty7, 
and p and 7 are equidistant terms from the beginning and end ; 
. pt+r=at+l, by last Art. 
and 2g=a+l. 


285. By the last two articles the summation of series in arithmetical 
progression is sometimes capable of being facilitated. Thus, if the num- 
ber of terms whose sum is required be even, and more than half that num- 
ber of terms are given, it is sometimes easier to add together two terms 
equidistant from the beginning and end of the series, than to find either 
the “common difference” or the last term. 

Tf the number of terms be odd, and the middle term is one of those 
which are given, then, from what has been proved, the nuddle_ term multi- 


pled by the whole number of terms will be the sum required. 


; 2 7 4 I 
Ex. 1. Required the sum of Sie iB Is +d&c. to 7 terms. 
i 4 , ee ene 
Here iE 8 the middle term; .’. sum required = Tali Th 


Ex. 2. Required the sum of 1454242 +h to 6 terms. 
Here the 3rd and 4th terms are equidistant from the beginning and end, 
2 
*. sum = (2+3)x3==18) 


[Eaercises Zc.] 
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GEOMETRICAL PROGRESSION. 

286. DEF. Quantities are said to be in Geometrical Pro- 
gression, or continual proportion, when the first is to the second 
as the second to the third, and as the third to the fourth, &c., that 
is, when every succeeding term is a certain multiple, or part, of 
the preceding term. . 

If a be the first term, and ar the second, the series will be a, 
ar, ar’, ar’, ar, &c., the n term being ar”™”. 

For a:ar::ar:ar::ar:ar’, &. 
ar ar ar 
or, — = — = — = &e 
a ar ar 

287. The constant multiplier, by which any term is derived 
from the preceding, is called the Common Ratio, and it may be 
found by dividing the second term by the first, or any other term 
by that which precedes it. 


Ex. 1. 1, 3, 9, 27, &c. are in Geometrical Progression, find the 
Common Ratio. 


Here Common Ratio = 7 = 3. 
1 1 : : : : 
Ex, 2. 24, =, Wit é&c. are in Geometrical Progression, find the 


Common Ratio. 


1 I 
Here Common Ratio = i aes 

288. Jf any terms be taken at equal intervals in a geometrical 
progression, they will be in geometrical progression. 

Let a, ar...ar”...... ar”...ar"...&c. be the progression, then 
a, ar’, ar”, a", &e. are at the interval of 2 terms, and form a 
geometrical progression, whose common ratio is 7”. 

289. If the two extremes, and the number of terms, in a geo- 
metrical progression be given, the means, that is, the intervening 
terms, may be found. 

Let a and / be the extremes, 2 the number of terms, and r the 
common ratio; then the progression is a, a7, ar’, ar*...ar""; and 
since / is the last term, 


e 6 
ar"*=1, and r°7?=-—; 
a 

Wo 

as 


and 7 being thus known, all the means, or intervening terms, ar, 
ar”, ar’, &c. are known. 
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Cor. A single Geometrical mean between a and b, called the 


; b\3 ~ 
Geometrical mean, will be a (=) , or /ab; but this may be shewn more 
simply thus, 
Let a, x, 6 be in Geometrical Progression, then, by Def, ~ ae ; 
——— a 2x 
. a’ =ab, and x= [ab. 
Ex. There are three means, or intervening terms, in a Geometrical 
Progression between 2 and 32; tind them. 
Here n=5, a=2, and l= 32; 


Ne a 
._7= (-\F =164=2; 
at 


and the means are 4, 8, 16. 


290. To find the sum of a series of quantities in Geometrical 
Progression. 
Let a be the first term, 7 the common ratio, » the number of 
terms, and s the sum of the series: 
Then s=a+art+ar+...tar*+ar™, 


and 7s= ar+tar+...+ ar? 4+ ar"? + ar" 
Subtracting, 73—s=ar"—a; 
. feo diner" 


pol. eS 

Cor. 1. If 2 be the last term, f= ar”, 

rl — a* 

r—1?’ 

from which equation, any three of the quantities s, 7, /, a, being 
given, the fourth may be found. 

Cor. 2. When 7 is a proper fraction, as 7 increases, the value 
of 7", or of ar", decreases, and when 2 is increased without limit, 
ar" becomes less, with respect to a, than any magnitude that can be 
assigned}. Hence the sum of the series, which in general is equal 

* The following is another method of arriving at the same result equally simple :— 
Let a, b, c, d, &c., h, k, l, be the series, s the sum, and 7 the common ratio; then, 
by definition, b=ar, c=br, d=cr,...k=hr, l=khr, 


. O+ce+dt+...¢h4l=(atbtct...thth)r, 
or s—a =(s—l)r=rs—rl; 





~8= 





. ria 
- $= r—l1 e Ep. 
+ Thus, if r= as or 0°83, r?= 0°09, r3=0°0027; and so on, shewing that as n increases 


10 
¢* decreases, and that such a power of r may be taken as to produce a quantity less 
than any number which shall be named, however small.—ED, 
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to & =", or = ———, is reduced in this case, to ——, that 
r—l r—l -—1 

5 2 

71l-r 


This quantity, os , which we call the sum of the series, is the 


limit to which the sum of the terms approaches, but never actually 
attains* ; it is however the true representative of the series con- 
tinued sine fine, for ays series arises from the division of a by 





1—r; and therefore —, may without error be substituted for it. 


i 
Ex. 1. To find the sum of 20 terms of the series, 1, 2, 4, 8, &c. 
Here a=1, r=2, n=20; 


= 1x2” — ] = 9% 1. 


2-1 
Ex.2. Required the sum of 12 terms of the series, 64, 16, 4, &c. 


Here a= 64, pee nm=12; 


4 
; —1 
oe eee 42 4° 4°—-1 1 4°—1 
= a Sa sae ae a 
47} 


Ex. 3. Required the sum of 12 terms of the series 1, — 3, 
9, — 27, &e. 
Here a=1, r=—3, n=12; 
(- 3)? mee | g2_ 4] 


— == —————s 





—3-—] 4 
, 1 1 ji . 
Ex. 4. To find the sum of the series rs + 473 + &e. 77 
enpnitum. 
Here a=1, p=. Spice 
2 1 8 
I+s5 


[Ewercises Zd.] 


* That is, although no definite number of terms will amount to — yet, by taking a 


sufficient number, the sum will reach as near as we please to it; and, whatever number be 
taken, their sum will not exceed it.—Ep. 
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291. Recurring decimals are made up of quantities in geo- 

‘ : 1 1 ] ; 
metrical progression, where 10’ loo’ 1000’ &c. is the common ratio, 
according as one, two, three, &c. figures recur; and the vulgar 


fraction corresponding to such a decimal is found by summing the 
series. 


Ex. 1. Required the vulgar fraction which is equivalent to 
the decimal :123123123, &c. 


so deo eos. 120 en 8 
Here the series is To. 108 ior m umf. ; a=T and r= — 


123 

Jo? 123 41 
“——T 999 333° 

~ 10 

Or, as follows :— 

Let °123123123 &c.=s8; then, as in Art. 290, multiply both 
sides by 1000; and 1237123123123 &c. = 1000s, and by subtracting 
the former equation from the latter, 123 = 999s; 

_123_ 41 
= 999 — 333 e 

Ex. 2. Required the vulgar fraction which is equivalent to -PPP... 

where P contains p digits recurring in inf. 
Let s=‘PPP... 
then 10°%s=P-PPP... 
.. (10°—1)s=P, 
P 
10°—1— 

Ex. 3. Required the vulgar fraction equivalent to -PQQQ..., where 

P contains p digits, and Q contains q digits recurring in inf. 
Let s='PYQY &e, 
then 10’*%s=PQ-Q0Q &e., 
and 10°s= P:QQ &c.; 
. (10°*!-10’)s = PQ-P, 
PQ-P* 
10°(10"—1) 





and s= 


and s= 


® Observe, the notation here employed is liable to be misunderstood, being arith- 
metical, rather than algebraical. For when two of the letters, P and Q, stand together, 
or Q and Q, without sign between them, it is not multiplication which is signified, but 
addition. Thus in the final result PQ does not mean PxQ, but Px10'+ Q, just as 345 
means 3x10? + 45. 
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Both the results in Exs. 2 and 3 may be easily verified by expressing 
the proposed quantities in geometrical progressions— 
ee ee” 63 
the former being ior io? tigR TT in inf. ; 


ee mos 
the latter being Tort + ont amt salen im inf. ; 


which may be summed by the rule in Art. 290, Cor. 2. 


292. In a Geometrical series continued in inf. any term >, =, or <, the 


sum of all that follow, according as the common ratio <, =, or >, = 


Let atartar'+...ar”  +ar"+...... be the series. Then the sum of the 
series after 7 terms is the sum of 


: 1 
ar tart i... which = ar". (Art. 290, Cor. 2) 


=, or ar =o 
> < oe 
3 9 9 1 , 3 


and ar"! 


r 
according as =» 11>, =, or <, 7, (Art. 219), 


1—r>, =, or <, 7, (Art. 219), 
1>, =, or <, 27, (Art. 217), 


@eeasneesneé 


@eeaeveeeeve 


r<, =, or>, =: (Art. 219). 
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Der. Any magnitudes a, 6, c, d, e, &c. are said to be in 
Harmonical Progression, if a:¢::a-b:b-ec; b:d:b-ce 
:e-d; c:e:e—d:d—e; &. 

293. The reciprocals of quantities in Harmonical Progression 
are in Arithmetical Progression. 

Let a, b, c, &c. be in Harmonical Progression ; 

then by Def. a:c::a—-6:6-¢; 
“. ab — ac = ac — be, (Art. 237), 
and dividing both sides by abc, 
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Again, 6:d::b-—c:c-—d; 
.. bc —bd = bd — cd, 
and dividing by bcd, 


1 1 1 1 
and aa: has been proved equal to rc therefore the quanti- 


eat Eb a : ; 
ties ab’ co a’ have a common difference; that is, they are in 


Arithmetical Progression. And the same proof may be extended 
to any number of terms. 


Hence every series of quantities in Harmonical Progression may be 
easily converted into an Arithmetical Progression, and then the rules of 
Arithmetical Progression may be applied to it. Thus, 


Ex. Given aand b the first two terms of an Harmonic Series, to find 
the n™ term. 


: 1 1 : : ; ; 
Since -, +, are contiguous terms of an Arithmetic Series, 
a 


b 
.. the Common Difference of this Series = = ; 
and its 2 term = +(n-1)(5 — -) (Art. 280) 
a b aj’ 
> oe a~-~b (n—1)a—(n—2)b | 
a gh abe 


. th . ; = ee ee 
.. the 2" term ga a Ss 9 I 


294. The two extremes, and the number of terms, in an Harmonical 
Progression being given, the means, or intervening terms, may be found. 


Let a and / be the extremes, and » the number of terms; then since 

the reciprocals of the terms are in Arithmetic Progression, let 6 be their 
ae : . 

common difference, and 7 being the n term of the Arithmetic Progression, 


we have 
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hence the Arithmetic Means are 
1 a-l 1 2a-l) 1. 3(a-l) 


a (w—l)al? a” (w—I)ad? a” (m—1)al’ ie 
a+(n—2)l 2a+(n—3)l 38a+(n—4)l ee 


(n—l)al > (n—I)al *? = (n—I1)al 
.. the Harmonic Means are the reciprocals of these quantities, viz. 
(n—I)al (nx 1)al (n—1)al 
a+(n—2)b’ 2a+(n—3)l’ 8a+(n—4)l’ 
Cor. A single Harmonic Mean between a and 6, called the Harmonic 
Mean, will be i (cata se ; but this may be shewn more simply 
thus, 
Let a, 2, b be in Harmonic Progression, 
then by Def. a:b ::a-x: 2-6; 
. ax—ab =ab—bx, (Art. 237), 


(a+b)x = 2ab, 
ee aT Ni 


Ozss. There is no general expression for the Sum of an Harmonic 
Series, since the sum of any number of quantities is not deducible from 
the sum of their reciprocals. 

[Huxercises Ze. | 


a 


295. Series are sometimes proposed for summation which are not 
actually composed of terms in Arithmetical or Geometrical Progression, 
but which may be made to depend upon the rules of one or both by 
arrangement or artifice. Thus, 

Ex. 1. Let the sum of x terms of the following series be required, 

1+54+134+29+61+d&¢e. 

The series is equivalent to 

4—-3+8—3416—-34+32-—3+d&c. 
= 4+8+16+d&c. to n terms — 3xn, 
Q*—1 


= 4, Q-1 — 3n = 4(2 ~—1)—3n. 


Ex. 2. To find the sum of 2 terms of the series 
1 +244 32° + 42° + &e. 
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Let S be the sum required ; then 
S =14+ 20+ 3a"+......... +no"~' 
. OS = + 22+... +(n—1)a""' +2", 
subtracting, S—eS=l+aut+a*+...... +2°~— no", 


or S(1—2z) = i —nzx", (Art. 290), 


1-2" = nx" 
a (l1—2)* 1-2’ 
_ ne —(n+1)2"+1 
(1—a)* 
Ex. 3. To find the sum of 2 terms of the series 
n—1 n— z 


—— .4+— 
nr 


n—-3 
x? + —— . 2° + ke. 
n 


: n & sf 
Sum required = 7+27+2°+...... +x ~a{1+2a+ 32" + tna}, 


J-2" «x nae" — (nt I)" +1 
1-2 on (1-2)’ 

_ (n—1)a—na? +2" 

n(1—2x)" 


=Z. 


» (Ex. 2), 


Ex. 4. To find the sum of n terms of the series 
a* +(a+b)' +(a+26)?+&e. 
Let A,, A,, A,,...4, represent the several terms in order of the series 
a,atb, a+2b, "&e. and’S the sum required ; then 
Aj — Aj = (A, +5)?—A} = 34364+3.A4 6°+0°, 
Ai— A’ = (A,+b)’—A} = 3430+ 3A4,6°+0B", 
At—A} = (A,+6)°—A} = 3436+34,5°+6", 


A? —A® =(4_+b)*—A® = 3.4264+34,5°+8 ; 
.. by addition, 
AS —A = 3(A}+A}+....A2)b+3(4,+4,+. es lia 
or (a+nb)’—a*= 3bS+3{2a+(n— 10} +nb", 


. S=— spy snarb + Sn" ab’ +°b?— 3nab*— te}: 


2 
n*d® nb* nb?® 
=na'+n'ab+ r nab a + G? 


—— no, 
= na(a+n—1.b)+——(2n —3n+1). 
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Cor. If a=b=1, then 
nw nw n 
1°4+27439+...4n8=—+—45 
2+3°+...+ 3 tate 
2n*° + 3n? +n 
(2n+1)n?+(2n+1)n 
Soe See ree og 
] 
= B.n(n+1)(2n+ 1). 
If a=1, and b=2, then 
3 | 
1°4+.3°+5°+&c. to n terms=2n?—m+ —~ — ants =, 
_ (2n—1)2n(2n +1) | 
a ae a, | 


Ly en ae 
=, (40-1) 1x2x3 


and so on, when any other values are given to a and 6. 
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296. Der. The different orders in which any quantities can 
be arranged are called their Permutations. 

Thus the permutations of a, b, c, taken two and two together, 
are ab, ba, ac, ca, bc, cb; taken three and three together are abc, 
acb, bac, bea, cab, cba. 


Some writers on Algebra call them Permutations only when the quan- 
tities are taken all together ; and in all] other cases Variations. 


297. Der. The Combinations of quantities are the different 
collections that can be formed out of them, without regarding the 
order in which the quantities are placed. 

Thus ab, ac, bc, are the combinations of the quantities, a, 6, c, 
taken two and two; ab and ba, though different permutations, 
forming the same combination. 


298. The number of permutations that can be formed out of 
n quantities, taken two and two together, is n(n —1); taken three 
and three together, 18 n(n — 1)(n — 2). 

In n things, a, 6, c, d, &c. a may be placed before each of the 
rest, and thus form  — 1 permutations; in the same manner, there 
are 2 — 1 permutations in which b stands first; and so of the rest; 


PERMUTATIONS AND COMBINATIONS, 175 


therefore there are, upon the whole, n(n —1) permutations of this 
kind, ab, ba, ac, ca, &e. 


Again, of 2» —1 things b, c, d, &c. taken two and two together, 
there are (7 —1)(a— 2) permutations, by the former part of the 
article, and by prefixing a to each of these, there are (n — 1)(n — 2) 
permutations, taken three and three, in which @ stands first; the 
same may be said of b, c, d, &c., therefore there are, upon the 
whole, 2 (2 — 1)(2 — 2) such permutations. 


Ex. The number of permutations of 7 things taken three together 
= " x6x 5 = 210, 


299. To find the number of Permutations of n things taken r together. 


By Art. 298, the number taken two together = n(n—1), 

Er ee Teer er eee three ........ =n(n—1)(n—2). 
PIMUIATIY,.. Ssecorasteceghsenubecsnavivs FOUN eseniets = n(n—1)(n—2)(n—3). 

Now, suppose the law, which is here perceived, to hold generally, that 
is, let the number of permutations of n things a, b, c, d, &c. taken r—1 


together be 
n(m—1)(n—2)...... (n—7 +2). 


Then omitting a, it is equally true that the number of permutations of 
nm—1 things b, c, d, &c. taken r—1 together is, (putting n—1 for x), 
(1—1)(2—2)......(n—7+1). 


Prefix a to each of these last permutations, and there will be a set of 
permutations of n things taken r together in which a stands first in every 
permutation, the number of them being 

(n—1)(n—2)......(v—r+]1). 


The same number may be made of similar permutations in which b 
stands first ; and so for each of the 2 quantities a, 6, c, d, &c. 





Hence the whole number of permutations which can be made of 1 
things taken r together is 


n(n—1)(n—2)......(n—r+1), 
if it be true that the number of permutations of n things taken r—1 
together is 

n{n—1)(n—2)......(n—7 +2); 


that is, if the asswmed law be true for any value of r it is proved true for 
the next higher value. But it has been shewn to hold (Art. 298) when 
r=2, and 3; therefore, it is true when r=4; and, if for 4, for 5; if for 5, 
for 6; and so on generally for any number, 


176 PERMUTATIONS AND COMBINATIONS. 


Corn. The number of yermutations of n things taken all together is 
n(n—1)(n—-2)...... (n—n+1), 
= 2(n—1)(n—2)...... 1, 
or =1.2.3......m, or =|”. 

Ex. 1. Required the number of different ways in which 6 persons can 
be arranged at a dinner table. 
Number required = number of permutations of 6 things taken all together, 

= 6x5x4x3x2x1= 720. 

Ex. 2. Required the number of changes which can be rung upon 

12 bells. 
Number required = 12x11x10x9x8x7x6x5x4x3x2x1, 
= 479001600. 


300. The number of Combinations that can be formed out of 
n things, taken two and two together, is n. ee : taken three and 
three together, the number is n. 2 ; a 

The number of permutations in the first case is n(n —1), 
(Art. 298), but each combination, ab, admits of two permutations, 
ab, ba; therefore there are twice as many permutations as combi- 


; eer , n— 1 
nations, or the number of combinations is n. ao 


Again, there are n(n —1)(2—2) permutations in n things, 
taken three and three together; and each combination of three 
things admits of 3.2.1 permutations (Art. 299, Cor.); therefore 
there are 3.2.1 times as many permutations as combinations, and 
consequently the number of combinations is 

n(n —1)(m — 2) 
ae ere ° 


301. To find the number of combinations of n things taken r together. 
Number of permutations of n things taken r together 
= n(a—1)(n—2)...... (n—r+1). (Art. 299). 


But every combination of 7 things will make 1.2.3... permutations r 
together (Art. 299, Cor.) ; and no two of these can be the same ; therefore 
there are 1.2.3...7 times as many permutations as combinations ; and con- 
sequently the number of combinations is 

n(n—1)(n—2)...... (n—r+1) 

Laie. 93S. De ueeeeaus r 
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This may be expressed in a very convenient form: for by multiplying 
the numerator and denominator of the above fraction by 1.2.3. ..(n—r), it 
becomes 

n(n—1)(n—2)...(n—r+1)(n—1r)(n—r—1)...3.2.1 
ae: er ee PRU 2S eisai: (2-7) ’ 


Ex. Required the number of combinations of 24 different letters 
taken four and four together. 
Here n=24, r=4, 
‘ 24x23 x22x9l 
‘. number required = ----___—__—_. , 
I1x2x3x A 
== 23x22x21 = 10626. 
302. To find when the number of combinations of a given number of 
things is the greatest. 


Since the number of combinations of n things taken r together is equal 
n—-7+1 





to the number taken r—1 together multiplied by , the number 


Bh ve ai ‘ : ‘ : n—-7r+1 
of combinations will go on increasing as 7 increases, so long as >1, 
r 





that is, so long as r<3(n+1), but not longer. 

If 2 be odd, 4(2.+1) is a whole number, and the next less number is 
4(n+1)—1, or 4(n—1). Thus the last increase to the number of combina- 
tions made by increasing 7 is when 7 is made 3(n—1). But r may be 
further increased by 1, that is, made $(#7+1), and the number of combina- 

. : , . nm—rtl =, 3(n+1) 
tions remain the same ; for this value for 7 in ———— gives , or i. 
. 4(n+1) 





Therefore for n odd, the greatest number of combinations is, when r 


= A(n= 1). 


If m be even, the highest number for 7, consistent with r<3(n+1), is 





u—T+1 Ln : 
clearly dn. But jn+1 for r would make become --* -—, which 
. r antl 
<1; so that for the greatest number of combinations, when n is even, 
T=4Nn 
= rc) '° 


Ex. Of six things how many must be taken together that the number 
of combinations may be the greatest possible ? 

Here »=6, an even number; .. the number (7) to be taken together 
Gx 5x4 ee 
inaxg? 20, combinations. 

303. The number of combinations of n things taken x together is the 
same as the number of combinations of n things taken n—r together. 


Number of combinations of » things taken r together is 


le, 


=4n=83); which will give 


19 
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and writing »—r for r, which may be done, because it is true for all 
values of 7 less than 7, we have 


Number of combinations of n things taken n—r together 
by 
[n= [n—(n—r) 
Ls 


“fect 
the same as the number taken 7 together. 
The truth of this proposition will also appear from a very simple 


consideration, viz. that of » things if 7 be taken, n—r things will always 
be left ; and for every different parce] containing 7 things, there will be a 


different one left containing m—r; therefore the number of the former 
parcels must be equal to that of the latter. 


Hence in finding the number of combinations taken r together in 
certain cases, that is, when 7> 3%, it will be a shorter operation to find 


the number taken n—r together. 
Ex. Required the number of combinations of 20 things taken 18 
together. 








Number required = number taken 2 together, 
20x19 


Ao. = 10x19= 190. 


304. To find the number of permutations of n things taken all together, 
when the quantities recur. 

Let a recur p times, 6 recur g times, c recur 7 times, &c. And let 
P represent the number of permutations required. Then if all the a’s be 
changed into different letters, these alone will form 1.2.3... permuta- 
tions instead of one, and out of each of the P permutations we should form 
1.2.3...p permutations ; therefore the whole number would be Px1.2.3...p. 
If again, all the 0’s be changed to different letters, in the same manner, 
the 6’s would of themselves form 1.2.3...¢ permutations, and the whole 
number of permutations would be increased to 

Px1.2.3...9.1.2.3.49. 


And so on, till all the quantities are different. But, when all are different, 
the number of permutations is 1.2.3...n, (Art. 299. Cor.) ; 


2 Px1.2.3...9.1.2.3...9.1.2.3...7. dc. =1.2.3...03 
| Pe es ee (2 
1.2.3...9.1.2.3...¢.1.2.3...7. de’ 


or P= 


and P = 


[n 
Ex. Required the number of permutations that can be formed out of 
the letters of the word “ Mississippi.” 
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Here the whole number of letters is 11. 
4 recurs 4 times 


8 setuws Cee 
D wae  aasewn 
_ 1.2.3.4.5.6.7.8.9.10.11 


~ -4,2,3.4.1.2.3.4.1.2  ’ 
= 5.7.9.10.11 = 34650. 


305. To find the number of combinations of n sets of things, containing 
respectively p, q, r, &e. things, one being taken out of each set for each 
combination. 

1, First, suppose there are two sets of things, containing p and g 
things respectively ; then the number of combinations made by taking one 
out of each set is clearly p taken q times, or pg. 

2. Next, let there be another set introduced containing r things; then 
each one of these being combined with pq combinations, there will be pgr 
combinations of three sets of things, one being taken out of each set. 

And so on: the number of combinations required being the continued 
product of the numbers which express the number of things in each set. 


Cor. If there be the same number in each set, or p=g=r=&e., 
then the number of combinations is p”. 
Kx. There are 7 men, 5 women, and 3 boys; required the number 
of ways in which they can be taken, so as always to have one and no more 
out of each set. 


v 


The number required = 7x5x3= 105. 


306. Zo find the number of combinations of two sets of things, con- 
taining respectively p and q things, m being taken out of one set and n out 
of the other for each combination. 

The number of combinations of the first set taken m together is 


* Se 1) ; and the number of combinations of the second set 
ie eran m 





g(q—1)..-(q—n +1) 
Dy 2 yesnaseacad. n - 
And, to form the combinations required, each of the latter must be com- 
bined with each of the former ; therefore the number of them will be the 
product of these two quantities, or 
p(p-1)(p—2)...(p—m+}) 9 (g—1)---G=24) 
ae meee ee re m 1.2 
And similarly if there be more than two sets of things, always taking 
the continued product of the respective numbers of combinations in each 
set. 
Ex. Out of 10 consonants and 3 vowels how many different collec- 
tions of letters may be made with 4 consonants and 2 vowels in each 4 
) 19—2 


taken n together is 
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Here p=10, g=3, m=4, n=2; 

1Ox9x8x7 | 3x2 
1x2x3x4 1x2 
[Exercises Zf.| 


= 10x9x7 = 630. 





.. the number required = 


THE BINOMIAL THEOREM. 


307. The method of raising a binomial to any power by re- 
peated multiplication has been before laid down in Art. 140. The 
same thing may be done much more expeditiously by a general 
rule, which is called the Binomzal Theorem. 

This Theorem was first published by Sir Isaac Newton. It may have 
been discovered as follows :—By actual multiplication, 

(a+a)?=2°+2an+a", | " 
(a+a)? = a + 3ax"+ 3a*xt+a*, 
(x+a)* = x*+4aa°+ 607%’ +4a°x+a*; and so on. 











O (wt+a)y? we az a 
"72 "12°11 "12? 
(x+ay> xe a ew 
A = +o, + -~ = +——, 
123 123 11.2 L2 1 1:2.3 
(c+a)l¢ tt a wt 





12.3.4 1.2.34° 17.237 7.2°187723°17523.4° 
and so on; in which a law of formation of the terms in each expansion 
is distinctly perceptible in relation to the indea of the power of the 
binomial. And the same Jaw is found to hold for (x+a)’, (x+a)’, ke. 
Hence it is reasonable to assume, as a thing to be proved, that the same 
law may hold generally, viz. that, if n be any positive integer, 


(2+a)" a" a gn a’ go"? a’ aoe an 


te BT ae ee Bsa 
n(n—1) 2 n—2 2(n—1)(n—2) 3 n=3 

ioe og 
which is called the Binomial Theorem. 


1 


or (c+a)"=2"+nax""*+ 


308. To prove the Binomial Theorem for a positive integral index. 


By actual multiplication it appears, that 
(a+a)(x+b)=2°+(a+b)x+ab, 
(a+) (+6) (a+c) =2'+(a+b+c)a*+(ab+ac+be)x+abe, 
(w-+a)(2+b)(a+c)(c+d)=2'+(a+b+c+d)x" 
+(ab+ac+be+ad+bd+cd)x? 
+(abe+acd+bed+abd)x+ abcd ; 
and the same law of formation of the continued product is observed to 


hold whatever be the number of binomial factors, x+a, w+), xte, &c., 
actually multiplied together, viz. that it is composed of a descending 
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series of powers of a, the index of the highest being the number of factors, 
and the other indices decreasing by 1 in each succeeding term. Also the 
coefficient of the first term is 1; of the second the sum of the quantities 
a, 6, c, &c.; of the third the sum of the products of every two; of the 
fourth the sum of the products of every three ; and so on; of the last the 
product of all the m quantities a, 5, c, &c. 


Suppose, then, this law to hold for m binomial factors, x+a, #+6, 
U+C...... , «+k; so that 


(a+a) (+b) (a+c)...(c+h) = 2"+Aaz"'+ Ba? +Ca"*+...4+K, 
where A‘=a+b+c+...+h, 
B=ab+ac+be+... 
C=abec+acd+... 
&e. = ke. 
K =abced...k ; 
introducing a new factor, x+/, we have 
(+a) (a+b)(+c)...(e+k) (+l) =a" +(A+))ac"+(B+lA)aot +... +H. 
Hence A+?/=a+b+e+...4+h4+1, 
B+lA =ab+ac+be+...+al+bl+... +h, 
&e. = &e. 
Kl=abed...kl ; 
so that, if the law above described holds when » binomial factors are mul- 
tiplied together, the same law is proved to hold for n+1 factors. But it 
has been shewn to hold up to 4 factors, therefore it is true for 5; and, if for 
5, then also for 6 ; and su on, generally, for any number whatever*. 
Now, let a=b=c=<ke.,, 
then d=at+a+a+d&e. to 2 terms = na. 
B=a'?+a'+&ec. to as many 
terms asisequaltothe Not 2-1 
of combinations of n things| ~ "9 
taken éwo together, 
C= a'+a*+&ke. to as many 
terms as isequal tothe Not — (n—1)(n—2) , 
of combinations of n things} ~~" 2 | 3 a; 
taken three together. 


&e. = Xe. 
K =a.a.a...to n factors = a”. 


Also (%+a)(x+6)(x+c)...(c+k) becomes (7+a)"; 


; n_ = n(n—1). 2_.n—-3 n(n—1)(n—2) 3, .a—B " 
. (v+a)"=2"+na0" ta tg a het as 


n n(n—1) 9 n(n—1)(n—2) a 8 
Cor. (1+2)"=1 PN Re ag es 


* This method of proof is called proof by induction. 
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309. Hawing given the Binomial Theorem for a positive integral index, 
to prove tt, when the index is either fractional or negative. [EULER'S ProorF. | 


Let the series 1 mare A?) a*+dc. be represented for all values 
x 


of m, whether positive, or negative, integral, or fractional, by the symbol 
J (m) ; then it has been shewn that, when m is a positive integer, 
| SJ (m) = (1+2)". 
It remains to prove that this equation is also true when m is either frac- 
tional or negative. 
By the notation assumed 

nm(n—1) , _ 

iso +&e. = f(n) ; 


therefore, by multiplication, /(m)./(n) =the »foduct of the two series, 
which will evidently be a series of the form 
9 


1+nzct+ 





1+an+ba?+ca°+& 


ascending regularly by the integral powers of x, the coefficients a, b, c, &e. 
being different combinations of m and %. 


_ Now, although by changing the values of m and 2 the values of a, 5, 
c, &c. are altered, yet their forms, that is, the manner in which m and 
enter the series will remain the same. Whatever, therefore, ne the forms 
of a, 6, c, &c. when m and 7 are positive integers, the same will they be 
when m and are fractional or negative. But in the former case 


J(m)=(1+2)", and f(n)=(1+2)"; 
(n+) (m+n— 1) 4 


os S(m).f(n) =(1+% mh" = 1+ (m+ n)e+ KC. 
.* m+ 18 & positive integer. 


These then are the forms in which m and m appear in the product 
when they are positive integers; and therefore they appear in these same 
forms, whatever be their values: i.e. whether m and n* be positive or 
negative, integral or fractional, the multiplication of f(m) by f(n) always 
produces the series 


(m+n)(m+n—1)_, 
ine 
which by the notation is represented by /(m+~7) ; 

. unwersally, f(m).f(%)=f(m+n). 


Since, then, this last equation is true whatever be the values of m an 
n, for n write n+p, and we have 3 


SJ (m+n+p)=f(m).f(nt+p)=f(m) .f(n)./(p) ; 
and proceeding similarly, we have generally 
S(m+n+p+ ke.) =f(m). f(n).f(p).&c. to any number of terms. 


1+(mtn)e+ &e. 
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Now, let m=n=p=ke.= 4 h and & being positive integers ; then 


rrteee)-/Q)sQ)- 


and, if the number of terms be &, 
t (5+ ee to i terms) = r(3): rG ‘): ke. to k factors, 


bh 
k 
or f0)={7(z)} 
but /(h)=(1+2)*, because hf is a positive integer : 


onal Qh 
h HG . 1) 


: h 
- (leans (;)=1+ 704 Ber x'+... by the notation, 





which proves the Theorem for a fractional positive index. 
Again, °." f(m)./(n)=/(m+n) for all values of m and n, let n=—m, then 
Sm). f(-m) =f(m—m)=f(0), 
=1, «* the assumed series becomes 1 when m=0 ; 
1 1 
LO Fea a 
—m(—m-—1) , 


or (14+x”)-"=f(—m)=1+(—m)xe+— ig 





which proves the Theorem for a negative index, integral or fractional. 


310. Zo prove the Binomial Theorem for any index whatever. [GriF- 
FITH’S Proor. | 


Leta, denote “*—), 2, Barta De, 
ee Hen te) +. 30,=(a—2)a, ; and so on: 
leet Ho“ Denlegeth . ra,=(a—r+1)o,_, 
Be cosisics pe), -. 2B,=(B-DB, 
Boies: sie le .. 3B,= (B—2)B,; and so on: 
Be cate il es Delores B= (B-r+ 198, 


Now the sail of - two series 
L+atta,e tae +... Fa0 +e.ccccesereeets (I) 
14+ Bar Bw + Birt... t+ BO terccccsceresees (2) 
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by actual multiplication, is 1+(a+f)x+terms of 2%, x’, ...2', . 
the coeff. of x” being a,+a,_,B+a,_,8,+a,_,8,+.. emery 
BNO i csack vewicvnwes a’ ... a_,+a,_B+a,_B,+4,_8,+...+08,_,+f,_. 
BUG Pe wad ceacicdsiabewsaeeeaes =(a—r+1)a__,, 
ra,_B =(r—1)a,_,B + o,_,8 =(a—r+2)a,_.8 +Bo,. 
ra, ,8,=(r—2)a,_ B,+2a,_8,=(a—r+3)a,_8,+(8—1)Ba,_,, 
ra,_,8,= (7-3)a,_,8,+3a,_,B,= (a—r+4)a,_,8,+(B—2) g%p—3) 
roB_ j= a8 _,+(r—-1)aB_.= af, _,+(B—7r+2)B,_,a, 
GID, ais aaelat hia odeshaediitwer sagas tients =(B—r+1)B,_,3 
.. adding, and observing that there is a pair of stmilar terms in every two 
lines, we have 


rxcoeff’, of a’=(a+B—r—1)(a,_,+4,_,8+0,_,8,+...+B._,)5 


+B—(r-1 
. coeff’, of z= Baie ise! x coefi*®. of 2”~’, 


_a+B- ie SABO?) coeff of 2”? 


? 


r r—1l 
— — —— — a + 
_atB—-(r—1) at+B—-(r—2) Racks p- ! cont of x, 
Yr y—] 2 
_atB-(r—-1) at+B-(r-2) at+B-1 a+8 é 
= ro r-l 7" 2 ? 


_ (a+ )(a+B-1) ...(a+B—r+1) 

a ee r : 
and writing 2, 3, 4, ...successively for 7, the product of the series (1) and 
(2) becomes 


1+ (a+ pyar E*P ar B- 1) a — (a+ B— 1).. dc cl, ia 


therefore calling a the ‘characteristic’ of serics (1), and £ of (2), it is 
proved that the product of two such series is a similar series with the sun 
of their ‘characteristics’ for its ‘characteristic.’ 

Hence also this product multiplied by another such series, that is, the 
product of three such series, will be an exactly similar series with the sum 
of their ‘characteristics’ for its ‘characteristic’: and so on for any number 
whatever of such series. 

1. Let the number of series be m, and the ‘characteristic’ of each 1; 
then all the series being alike, and the sum of their ‘characteristics’ 7, we 


have 
(141x204 SCD ary. -)= l+nxe+ me — x? + &e. . 


1 
n(n—1) , rae .(n- “T+)) 


or (1+x)"=1l+nx+ Sar Ss + ...+ a - 


which proves the Binomial Theorem, when the index is a positive integer. 


Wb ..y 
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2. Let the number of series be ”, and the ‘characteristic’ of each ~ : 


_ mm ™m 
then, since reas &. to m terms = m, 


= (= -1) 
n\n 
1 


- 2 


= 
af+...)"=1 mars ON) gp 5 -.=(k+a)", by 1* case; 


mm 
n\n wt An n 
1. 2 [oo a 


which proves the Theorem, when the index is a positive fraction. 


3. Let there be two series, of which the ‘characteristics’ are m and 
—m, then 


(1+ a4 


= m 
. (1+2) =14+— a+ 


m(ni— 1 —m—m—1 
(1+ma+ matt...) — m+ SN in) te Gansu es. 
=] 
1 —m(—m— 1] 
ee (i+a)" or (l+x ~“™ =] —mat+ SPD 


which proves the Theorem for a negative index, whole or fractional. 


dll. It was observed, in Art. 307, that the Binomial Theorem may 
be written in the following form :— 


n 1 n—-I 2 n-2 a— 1 


(c+a)" 2x i eg, Ee ae a x a" 
vey ooo toe ef HH 
{ 7 [ x [1 |e—1 |2 |n—2 |r—1 [4 |r’ 
a form which possesses peculiar advantages. Thus, if we want any term, 
independently of the rest, as, for example, that which contains 2”, we have 


n—?r r 





a a a e e e 
it at once, L . t ; and the corresponding term in (x+a)" is 
eae n-r 
a n(n —1)...(n—7+1) att 


E a a 
Ms. —-—.—, or 
| w—7 ie 1 . pi eee Y 
Again, it is worthy of notice, that the index of @ in any term gives the 
number of terms preceding, and the index of 2 the number of terms follow- 
ing, if m be « positive integer™. And since the swm of these indices is 
always 7, it follows at once that the whole nimber of terms 1s n+1. 


Thus, also, since the numerical coefficient of the term, which has r terms 


° e ° 2 » e e 
preceding it, is — : _., and the coefficient of the term, which has r terms 
[*"- u—T 


succeeding it, Is - - Eg , it follows that the numerical coefficients of any 
n—?.|7 


two terms equidistant from the beginning and end are the same. 


312. In applying the Binomial Theorem to any proposed case it is 
well to observe, that, if each term of the given Binomial be of one dimen- 
sion, every term of the expansion will be of » dimensions, nm being the 
index of the power to which the binomial is raised. 


* This is a most useful fact to remember. 
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Also, if each term of the proposed binomial be of ¢wo dimensions, every 
term in the expansion will be of 27 dimensions ; and so on. 


And it will be found convenient in practice to reduce the proposed 
binomial to such a form that it may have 1 for its first term. Thus we 


reduce (a+ 6)" to ar(1 +2) , then expand ( 1+ 7) , and multiply every term 
of the expansion by a". 
g n_f 2 =)}= Qn ( 5) 
Ex. 1. (a*+2"*) (2 (1 +a) paamx( 1+), 


os he a  n—-l x n(n—1)(n—-2) 2 
=a (14m. Sones Sa gg ee ) 





=a" +na "e742. — : aid n(n 1)(% 2) 








ar 8a + &e. 


Lom -2° 38 
] ] 1 
rr oe bg ae 
Ex. ie (1+) =] + a — . ce Es es ee LT 
nm nh Y nm oa 3 
1 m»-1 (n—1)(2n—1) 
| a te NO NE a 
nv ey es 2.3.3” &e. 
} 
se ~ 1 n+l (20 +1)(2+1) 
Ex. 3s 1l+2z ee ee, ee en NEST Sh Cae aoe iy 4 8 V4 
ore n ane ™ 2.3." " irk 


Ly4 
Ex. 4. (ubasty= (ay fiat, 
az 


I pase 
=a'{ 1445 4 P3(—) oe ot 
az 1x2\q 1x2x3\q4/ 1 x2x3x4\Q4/ J’ 


= a + 40363 + 6ab + 40302 +87, 








1 a 
Ex. 53 fae ee? es 
—3x-—4 —3xKx—4x—5 
=1]—377+ = Als ee aa on ee 
1x2 1x2x3 “e+... 
=1—$2°4+ 62*—10z°+...... 


Ex. 6. (ax+by)# = (ax)?, f1 ie eM 


1.2 \az 1.2.3 


AL 


= (ax)t+ > by 1 (yy (by) _ ree 


2° (ax)t 8 (ax)t 16° (aq) 


313. If either term of the binomial be negative, every odd power of 
that term will be negative; and consequently the signs of the oie in 
which those odd powers are found, will be changed. 
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oe ~1)\(n— 
Ex. 1. (1—2)t= 1—natn ot gp MOO 2) so 
Ex. 2. (a?—aty'= a" — na 88 +n," ata be 


314. If the index of the power, to which a binomial is to be raised, 
be negative, and the second term of the binomial be negative, then every 
sign in the series is positive. 


a mn+1) , n(nt+1)(n+2) 
Ex. 1. (l—x#)7"=1linaw+ 2 —a'?+ se Se 7p 
x (1-2) eS aed ser ce 
The particular form of this result is worth remembering. 


3x4, Bx4x5 
Ex, 2. (1-2) *=1+30+—— a+ anata We 
xo 





1x2x3 
= 14+ 32+ 6.07 + LOR + oo. cece cece eee 











i he ca aay a a a ee \, 
1 1a’ 3 a5 ae 

=-—-+-—,- Se io ee aes tas The aw eriaiie zara 

a 2a 8a 16 a’ 


315. To find the general term of the expansion of (x+a)*. 


The Ist term is 2”, 
Qn watuwserees naz", 


n—-1 n-2 = 
aa"~*, and so on, 








in which we observe that the coefficient of any term is formed of the pro- 

-1 n-2 
duct of the factors = ——, . 5 
ber which expresses the position of the term ; therefore the coefficient of 
the r term will be 





, &c. In number one less than the num- 








nm w-l n—-2 W—-7T—2Q°. 
fle ea . ao ets pat oy 
_ Mn—1)(n—2)......(v—7—-2) 
hae o Ss 


Also the index of @ is always the number of terms preceding, that is, 


“ The learner often finds a difficulty in putting down correctly the terminal fraction in 
& proposed case. Let him write the denominator first, and after that the numerator, 
bearing in mind that their sum is always 2+ 1. 
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r~1; and the index of « is the difference between n and the index of a*; 
therefore the whole r“ term is 
n(n—-1)(n—2)...... (M—74+2) 21 pars 
or ah ° 
oe ee: ere (r—1) 
Or thus, more briefly, by Art. 311. The x term, that is, the term 
which has r—1 terms preceding it, 1s 


ao gtd) 
Ori ea’ 
which is easily shewn to be the same as that before found. 
By substituting in this expression any proposed number for r any 
single term of the expansion may be found independently of the rest. 


Ex. Required the fifth term of (a’—0’)”. 
Here r= 5, and n=12; 
12.11.10.9 ; 
.. term required = ar (—5*)*. (a’)%, 
= 49 50°b". 


316. Jf the index of the binomial be a positive integer, every coefficient 
in the expansion, formed from the index, is a positive integer. 


For the coefficient of the (7+1) term, where r may have any integral 
value from 1 to 7 inclusive, is 


eee 


| ee re: ee 


and this, by Art. 301, is the same as the number of combinations of 7 
things taken r together. Now this latter number, by the nature of the 
thing, must be a whole number, if m and 7 be positive whole numbers ; 
therefore also 

n(n—1)(n—2)...(n—r+1). 


~. -.—______‘ ig a whole number. 
| are Aa, ie ee eee ere T 


Another Method. Tf all the coefficients of the expansion of (1+2)* are 
positive integers for any one value of n, it is obvious that they will be also 
for the neat higher value, since no fractional quantities can be introduced 
by merely multiplying by 1+z%. Now we kuow that the coefficients are 
whole numbers in (1+«)’, and therefore 7 follows that they must be so in 
(1+2)*; then again in (1+.)*; and so on generally in (1+2)". 

317. To find the number of terms in the expansion of a binomial. 

The (r+1)" term of (w+a)" is derived from the r™ by multiplying the 


—7r+] . 
latter by - = 3 hence the r term will be the last, when n—7+1 is 


equal to 0, that is, if ~ be a positive whole number and r=n+1, there is 
no term after the r, or the number of terins is +1, that is, greater by 1 
than the index. 


The same result was obtained more simply in Art. 311. 





* Observe the sum of the indices of a and = is always n. 
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If 7 be negative or fractional, since r must necessarily be a positive 
integer, no value of r can make n—r+1 equal to 0, and therefore in these 
cases the number of terms is unlimited. 

Thus the number of terms in the expansions of (w+a)", (x+a)’, is 4 


and 8 respectively ; but the number for (z+a)-*, or (z+a)* is unlimited, or 
indefinitely great. 


318. Zo prove that, in an expanded binomial, when the index is a 
positive integer, the coefficients, formed from the index, of any two terms taken 
equidistant from the beginning and end, are the same. 

Since the number of terms is n+1, the (r+1)" term from the end, 
having r terms after it, is the (n+1—r)™" or (n—r+1)™ term from the 
beginning ; and its coefficient (Art. 315, putting n—r+1 for 7,) is 


n(n—1)(n—2).. (n—n—r+1) 





die Soa. So waaiede (w—7)  ” 
—2 +1- 1)...3.2.1 : 
BAU _—— — ap ay a cae —————, and div®. num’. and denom”™. by 
] e 9 e . (n—r) ]. evecevee T 


1.2.3...(n—7), 
n(n—1)(n—2)...(n—r+1) 
1 ras ? 


D532 og. De seteaaaen T 
= coefficient of the (r+1) term from the beginning. 
This result is shewn more simply by Art. 311. Or it may be obtained 
by writing a for x, and x for a, in the expansion of (x+a)", so as to deduce 


that of (a+2)", and then equating the coetticients of similar terms in the 
two expansions, which are clearly equal to each other. 


— 
— 














Cor. Hence in expanding a binomial, with the index a positive 
integer, the latter half of the expansion may be taken from the first half. 
Ex. 1. Required to expand (a+6)’. 


Here the number of terms is 8; and it will be necessary to calculate 
the coefficient up to the 4" term only ; 


ee 6, 05: 2% 
ee (a+b)'=a"+ 70% +25 als aie ‘ 0 a‘b* +&e. 
—a' +70 +210°b' + 350d? + 35070* + 210°? + 7065+ 67, 
Ex. 2. Required the 11™ term of (a+2)"* 
Since the number of terms is 14, the 11" is the 4 from the end, and 
its coefficient the same as that of the 4% from the beginning, 
18.12.11 4) 
Doe aco 
319. To find the greatest term in the expansion of (a+b). 
quae (n—7+1) ah: 
hice Chir Lael eae ae, ; 
Dee Tr 
n(n—1)...(n— r+2) ater, 
ee (r—1) © 


.. term required = ~ 286a°x"°. 


The (r+1)" term of the expansion is 5 


and the 7 term is 
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Therefore the (r+1)" term is obtained from the r* by multiplying 


the latter by mee 2; and as r takes its successive values, the numerato) 


of this fraction continually diminishes, and the denominator increases. 


—r4l 
Leas. 2 first <1, 








Hence the r* term will be the greatest when 
or (n—r+1)b<ar, (Art. 219), 
or r(a+b) > (n+1)6, (Art. 217), 


or 7> (n+1)—. (Art. 219.) 


b 
Take r, therefore, the jiret whole number greater than (n+ 1) 
and the r* term will be the greatest. 


If (n+ NN be a whole number, when 7 is equal to it we shall have 


~ b 
- = ae 1, and then two terms, the r and the (r+1)", will be equal, 


and each of them greater than any of the other terms. 


If the index be negative, —”, the 7° term will be the greatest when 
—n—r+1 b . . _ 
ees first <1, irrespectively of sign; ate. when a ie first 

a 








<1, or 7 first >(n-1) = . And if this is a whole number, two terms will 


be equal, and each greater than any of the others. 


Cor. By thus ascertaining the greatest term we determine the point 
from which the terms of a series become less and less, or, as it is usually 
stated, the point at which the series begins to converge. 


Ex. Required to find which is the greatest term in the expansion of 


1 
(3+ 5x)", when 2= 3° 


+) 


Here (att) = (6o0) eo 


4S 
a 11 


eh | 
== 4). 


4 
joi 
—" 


3+- 

2 

The first whole number greater than 4,5 is 5; therefore the term 
required is the 5". 


320. To find the sum of all the coefficients of an expanded binomial. 
n(n—1) , 


Since (1 +a)" =14+ne+ 5a +&c., for any value whatever of 2, let 


x=1, then 


: n(n~-1) n(n—1)(n—2) 
(1+1) as aor mer a ea ae 3 + &e, 


or 2"=the sum of the coefficients. 
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Ex. (#+a)' =a + 5ax‘+10a%x’+10a°’+5a‘r+a’, and the sum of the 
coefficients =1+5+10+10+5+1 = 32 =2’. 

Also by putting x=—1, we ee 

4c. n(n—1) n(n—1)(n—2) 
Cee ee 
or 0=sum of the odd coefficients—the sum of the even ones; 

.. the sums of the odd and even coefficients are equal, and consequently 
each = 3.2"=2"". 

321. To find the approximate roots of numbers by the Binomial Theo- 
rem. 

The theorem being proved for a fractional index, we have 


1 
Ji+e=(1 es Cee eats 
TN 


Now, if ¥ represent a proposed number whose n root is required, 
take p such that p" is the nearest perfect n™ power to WV, so that V=p"+q, 
q being small compared with p", and + or — according as V> or <p"; 


re x 
then <-/N =p (1 eo and writing ~ for x, 


spfiek 1 LOt(ae.. 
P np" n° Qn (4) ofp 


of which series a few terms only will give the required root to a consider- 
able degree of accuracy. 


+&c. 


Ex. Required the approximate cube root of 128. 


ae 8 3 
Here J128 = /5°+3 = iy tee 


a roe eh ee ee 
> 3°125 3°38\1295 3°9\12957 7” 
1 





ee ee 1 ee 

=. Oo ee we ee aggre Yk nes +-,.-—— =~ eeoesee 
TB BB °* 79?” 10°" 3° 10? 

= 5+0°04—0°00032 + 00000042 —...... = 5°0396842. 


322. A trinomial, a+b+c, may be raised to any power by consider- 
ing two terms as one, and making use of the Binomial Theorem. Thus, 


(a+b+c)"=(a+b+e)’, 


= (a+b)"+n(a+b)"'c+ ” (a+b)""c* + &e. 





2 (N— 

1.2 

in which the several powers of a+b may be replaced by their expan- 

sions found by the Binomial Theorem. 

Ex. Required the cube of 1+a+2". 
(lt+ata*)? =(14+04+2°), 

= (1+2)°+3(1+2)%a" + 3(1 + ax)a* +2", 
= 14304 30% +4094 307+ Ga*+ Sat + Saf+ 32° + o°, 
= 1430+ 6a" + 7a" + Gatt Sa°+2c%, 
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Similarly (a+b+¢e+d)” may be expanded by considering a+5 as one 
term, and c+d as another; and any multinomial may be expanded in a 
similar manner by dividing the whole into two tcrms and considering it as 


a binomial. 
Also any particular term of an expanded trinomial may be easily 


found :—thus 
To find the term involving x‘ in the expansion of (1+a+2")’. 
(l+at+a’)’=(1+a)'+3(1+a)'a?+ 3(1+a)at+2%, 
and without further expansion it is seen that 
the term required = 32°xxz*4+ 32* = Gar. 

Again, the number of terms in the expansion of (a+6+c)" may be 
found ; for it will obviously be the aggregate number of the terms in the 
expansions of the several powers of a+b, from (a+b)" down to (a+b)’, 
that is, (Art. 317), 
= (n+1)+n+(n—1)+&c. to m+1 terms, 

+ n+1)(7 +2) 


, ( 
a (Art. 282) =" 





= {2n+2—n} 
[ Hcercises Zg. | 
323. Required to find the Remainder after taking yr terms of the 
expansion of (1—x)™. 


By the Binomial Theorem, 
(1—w)?=14+204+3x7+...4+ 70" +R, 


R representing the remainder after 7 terms ; 


] 
ote eH 14-204: Ba++ 704 KR, 
1—22x+x 
14204307 +. 2.2.0.5. +r +R 
l= 4 —2e—407+...—2(r—1)a — 2ra*—2Re 


+a +...4+ (r—2) a +(r— 1a" +-raco*! + Ra’, 
or L=1—(rt lettre + R(I ~x)*; 
- (r+ 1)” —ra"*" 


—. 





In the same manner may be found the remainder after taking r terms 
of the expansions of (1—2x)~, (1—z)"*, &e. 

324. To find the number of homogeneous products of r dimensions 
phich can be made of n things a, b, c, d, &e. and their powers. 


By common division, or the Binomial Theorem, 


1] ‘ 
sete tases =l+axctarz'+a*x'+...... 
l—ax 

] 
—— = 14+b2+b%x7 + b%x*+...... 
1—bx 

I 22, 8.3 
——=Il+cee+coxr+OU +...... 
]—cz 


&e. = é&c, 
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1 1 


se er ee a .&¢e.=1+(a+b+c+dke.)xz 


+(a°+ab+6" +ac+be+c*+ &e.)x* 
+(a°+a7b+ab7+0 +a°c+b*ct+ac’+e+k&ke.)a* 
+ &e. &e. 
the coefficient of a” being the sum of the homogeneous products of n things 
a, b, c, d, &c. of r dimensions. 


Now to obtain the number of these products, let a=b=c=d=&e.=1, 
then the coefficient of 2" will give the number required. But on this 
supposition, the left-hand side of the equation becomes (1—x)~*, which, 
by the Binomial Theorem, 1s 


n+1 n+1 n+2 glans l)(n+2)...atr—-1) 6 





—— ——— 7° + &e. . 
linain 5 +n. 3 P a + a a ae 
: +] =e) ens — 
.*. number required = See : 


Cor. Hence also the number of terms in the expansion of any multi- 
nomial, as (4,+a,+a,+...a,)", is known ; for it is obviously the same as the 
number of homogeneous products of r things taken n together, that is, 


r(r+U)(r+2)....-. (r+a—1)- 
a ee ee n 


If r=2, that is for a binomial, (a+6)", the expression becomes 
2.3.4......(m+1) 


If r= 3, the number is, for (a+6+c)’, 
3.4.5......(2+2) or Cutt) (m+2) 


12 Sient OU. * 1. 2 


If + =4, or the quantity to be expanded be (a+b+c¢+d)", the number 
of terms is 


,ornt+l, 





4.5.6 oy on Ut D(mt2)(n +3) 
1.2.3. n 2.2.8 - 


And so on for any oaite of r. 


THE EXPONENTIAL THEOREM. 
325. To expand a* in a series of powers of x. 


= {(1+a@—1)"}"; and expanding by the Binomial Theorem, 
ia +n({a—1)+n. 7 (a~1)"+n. “— a - 1)° +&0.}*, 
= {1+[(a-1)—- aa et saustdetdedl B, C, &e. 


containing powers of a—1 only ; 
12 
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= {1 +An+Bn'+On?+&0.}", if a—1— 5 (a 1)"+ de, =A, 


x 
==] 
1,2 2 cn 3 2 
=1+- (An+Bn te)to. : (Ant Brit... + eccere 
=1+0(A+Bn+...)+0.= = (A+Bn+...)+ sree 


Now, since n is arbitrary, and a’ is clearly independent of n, so as to 
have the same value whatever be the value of %, it follows, that the terms 
in the above series, which contain n, must mutually destroy each other, 
and the reduced series will therefore consist only of those terms in which 
” is not found ; 

: Afy* A®a® 
“ @=1+An+ re +r 91 & 


Cor. If € be the value of @ which makes A equal to 1, then 


3 3 


Pcp toa ancients 
~" "251,27 1.2.3 


Hence, making «=1, 
1 


1 1 
= “a Su Se Dee ie oe Pe Hips ° 5 > 5 
€ ae ea ee td 71828, (Art. 57, Ex. 1) 


Another method of expanding a” will be found in p. 215, Ex. 9. 


THE MULTINOMIAL THEOREM. 


326. The Multinomial Theorem is a rule or formula for expanding 
any power of a quantity which consists of more than two terms. 


The expansion of a multinomial may frequently be effected by 
the Binomial Theorem, as is done for a trinomial in Art. 322; for 
(a+b+c+d+é&c.)" may be expanded as a binomial by considering any 
number of terms as one term, and the remainder as another term. But 
a more general method is to find the general term, and to deduce the whole 
expansion from that term as follows :— 


327. To jimd the general term of the expansion of (a+b+c+d+de.)”. 


Let b+ct+d+d&e.=2, then (4+b+c+d+&ec.)"=(a+z)", of which the 
general term, expressed by the a+1", is 


—1)...... —a+l1 
Nice ea) afe*, where p+a=m, 


or m(m—1)......(p+1).a?. [a , where a is & positive integer. 
Again, if c+d+cée.=y, then 2*=(y+6)’, of which the general term, 
expressed by the 7+1%, is 
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y®, (where q+ =a, or p+g+B=™m), 


a(a—1)...... (a—q+ 1) 5 
|e are qg 


a(a—1 eee +] —] 321 e ry 

: ee ea Mar) (Pens ai poe cmnveger) 
? af . 

or | a. 7 6 ; so that the general term of the multinomial becomes 


Again, if d+&ce.=2, y=(x+c)®, of which the general term, ex- 


pressed by the 7+1", is 
see a’, where (r+y=f, or pt+q+r+y=™m), 
1 1) 36302, 
or BBB) yt) ees as ): z= ia "2, (y being a pos. integer), 


or ae = ; so that the general term of the multinomial becomes 
bY cf gt 
ele Ly’ 


and so on, until the terms of the multinomial are exhausted. 


m(m—1)...... (p+1).a?. 


Hence the general term required is 
b' co” dl 
m(m—1)...... (p+ eG = fe" &e., where p+q+r+s+dke. =m, 
p being fractional or negative when m is fractional or negative, but gq, 


7, 8, &c. always positive integers. 


Cor. If m be a positive integer, then, since. p is ‘a,positive integer, 
the expression for the general term may be written 
a’ & of 


m(m—1)...(p+1)p(p—1)...3.2.1.— 
bPaE 
a? b' ¢ 
or |m. 
Pir 
The last result may also be arrived at by the following method, 
assuming the index a positive integer :-— 


328. To expand (a+b+c+d+dézec.)", when m is a positive integer. 


ay 
eine. Jz ey aa Pal e” € ke. 


and if € = 2°7182818, expanding by the ae pOHen Oe Theorem, (Art. 325), 
1+(at+b+e+d+he.)= i +(atbrord+be)* s+ 
+(a+b+c+d+é&e. vit - 


TR 
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Stier ges sor 5 ) 
Eau bs bg 
b’a*® = Bx b™™ 


x(1 teeta ag gg 
: 72 o8y8 em” 
x ( ana gr a +...) 


Now, as this operation merely exhibits the same quantity expanded 
in two different ways by the same theorem, the corresponding terms, that 
is, the terms involving the same powers of x will be equal to each other ; 
therefore equating the coefficient of 2" on the one side with the coefficient 
of 2” on the other, and observing that each separate term on this side of 
the equation which involves x2” will be the product of as many terms as 
there are series to be multiplied, one of which is taken out of each series, 
and will therefore be of the form 


ax? Bix! ca" fen _ abic’ .&e. 
where p+q+r+dec. =m, we have 

(a+b+c+d+&e.)” abic’. &e. 
| a 
w (a+bt+c+d+&e.)" = 


gir titrtke., 


eS ee 
[p-|q.[r-&e. ; 


| me 


—-.t—._ . al be. &e. F 

Cori. If g+risi&e.=7, then p=m-—rn, and the general term be- 

comes m(m—1)...(ne—7+ 1 
oi = Soke ee 
which form is sometimes found more convenient. 

Cor. 2. If it be required to expand (a,+a,c+a,2°+a,2°+&ec.)", the 
general term may be obtained from that of (a+b+c+d+d&c.)" by writing 
A, a,x, a2", a,e, de, in place of a, b, ¢, d, &e. respectively, by which it 
becomes 








ee co. 5: OOO OH Ger s 

[p-|g.|*. &e. 

and all the terms of the expansion may be found as before, by giving 

P;, 9, 7, 8, &e. all possible values which the condition p+q+r+s+&c. =m 
its of. 

Also any particular term involving a proposed power of 2, as x", will 
be found by taking the sum of the values of this general term, when 
P, %, 7, & &c. are made to assume all the values, which satisfy the two 
equations p+q+r+s8+dc. =m, and g+2r+3s8+ke. = 2. 


* & stands for the expression “the sum of all the quantities of the form of.” 

t The proof here given of the Multinomial Theorem extends only to the case of a posi- 
tive integral index, for by the Exponential Theorem m cannot be any thing but a positive 
integer. But if the Multinomial be deduced from the Binomial Theorem (as in Art. 327), 
then since the latter is proved for fractional and negative indices, the former is also proved 
to hold equally for such indices, 
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Cor. 3. Assuming the theorem for a positive integral index, it may 
be proved for a fractional or negative index thus :— 

Let b+c+d+é&e.=x, then (a+b+c+d+d&c.)"=(a+x)", of which the 
general term, expressed by the a+1", is 


m(m—1)...(p+1) 
1.2 -. 


e ow 


a’a*, where p+a=m; 
and since a is a positive integer, by what has been proved the general 


q 
term of a, or (b+c+d+é&c.)4, is la. fae . &e. 


q a 


bi c¢ 
.. term required = m(m—1)...(9+1).a?. —.—. &e. 
quired =m(m=1)...(p+1).a. 5 


Ex. 1. Required the term in the expansion of (a—b—c)' which involves 
a*b'c’. 





Here m=7, m—7w=2, g=8, r=2; 
ee ne ee 
.. the term required = Toe et? .(—6)*. (—e)’, 
=—210a°6%c’. 


Ex. 2. Required the term in the expansion of (a+bu+cxz*+dz’) 
which involves 2°. 


[4 8 

The required term = } ——————_.. ab’e"d'. x 

nm Pie re 
where ptg+r+s=4, and g+2r+3s=8; and it remains to find all the 
values of », g, 7, s which satisfy these equations. To do this, it 1s most 
convenient to take in order, beginning with the highest or the lowest, 
the several values of g, 7, and s, which satisfy the latter, and reject those 
which are inconsistent with the former, equation. And it is most advan- 
tageous to begin by assigning values to that quantity which has the 
greatest coefficient, t.e. in this case s, and to take them in descending 
order of magnitude. Thus we see from the second equation that s cannot 
be greater than 2: ze. it may have the values 2, 1, 0: let s=2; then 
q+2r=2; whence r=1, or 0, and g=0, or 2. Next, let s=1; then g+2r=5; 
and r=2, 1, or 0; q=1, 3, or 5. Lastly, let s=0; then g+2r=8: and 
r=4, 3, 2,1, or 0; q=0, 2, 4, 6, 8. Of these values, only so many must 
be taken as will satisfy the first equation, when we shall have to reject all 

except the underwritten : 








to 
—_ 
© 
~ 


0 


os) 
o 
tw 


0 


pact 
to 
pun, 


0 4, 0 0 
where the simultaneous values of the quantities are written from left to 
right. 
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Hence the required term is 
acd” A bd? r, bed . ct Yas 
WEEE EE 
or (12acd’+6b°d" + 12be"d+c*\x*. 


Ex, 3. Find the coefficient of x* in the expansion of (a—bx+cx")'*. 


sea di a 3 are the equations of condition : 








q+2r= 8 
P qg r 
4 | 8 | o 
5 6 1 
6 4, 2g 
7 2 3 
8 0 4, 


. coeff’. required = | 12 { ve + atte + AOS @ abc! ate" 
“come ee EEE (516 * ee * 2s eS” 


= 4950°b*+ 55440°6%c+13860a°%‘c"+ 7920a'b'c? + 495a%c4 


Ex. 4. Required the term involving «“* in the expansion of 
(ase — bac* + cx°—d&e.)"®. 


Here (aax—ba* + ex*— &e.)'° = a'°(a—ba* + car*—&e.)"” ; therefore it will only 
be necessary to. find the term involving x‘ in (a1 bec? +ca*—de.)"", Hence 
the equations of condition are 


Aa iad 





29+4r+hc.= 4, 

~P q r 
elects 
.&9 0 1 


and by virtue of the second equation all the quantities after r must 
separately = 0. 


%* =e ae 
.. the term required =|10 {oat 7 Ys 
quired = 1° \[s.18* [9 


= (450°6 + 10a°c)x"*, 
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Ex. 5. Required the coefficient of a* in (a+bx+cx"+da*)}, 


Here pt+qt+r+s= 
ae are the equations of condition : 


© wl] = 


7+2r+33= 





a eed 





| 


7 § 

—-—/! 3 | 0 | O 
2 

~2/ 1] 1 fo 
2 

--|o]o]1 
2 


1/1 1 \a 2b? 1/1 I 
e : + se — om — aa Nal omen ee -$ —_ . 
.. coefficient required a(3 1)(5 2) [3 + (3 1)a be+ 3% td, 


8 be a 
16a! 4a? 2q3° 


EVOLUTION OF SURDS. 


A practical method of finding the square root of a binomial surd was 
given in Art, 182 ; the following is the one more usually adopted :-— 


829. To extract the square root of a quantity which is under the 
form at+,/b. 


Assume Ja+Jdy=Na+Jo, 
then squaring, 2+y+2,/ey=a+,/0; 
ee \ (Art 179): 


and 2,/xy = J b, 
from these two equations we find 2 and y thus :— 


2° 4+ Qay+y?= | 
4ay = b, 


. U~Qey+y%=a'—b, 
Seen a 
And @+y¥=4; 
o's 20 = a-+a/ai—6, 
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and 2y=a-—,/a*—6, 
en ttNa'—b 


ee 2 3 


a—/a’—b 


, - fat, Jab fame 
oe fardgen/ IFS, —3. 8 


From this conclusion it appears that the square root of a+b can 
~ only be expressed by a binomial, one or both of whose terms are quadraitc 
’ gurds, when a'—6 is a perfect square. 

If the proposed surd be of the form a— Jb, then we assume mi a—aJ/y 


=,/ a—,/b, and proceed as before. 





330. It must be observed that this method applies only to cases in 
which one of the terms of the binomial is a quadratic surd, and the other 


rational. 


_If, however, a binomial is proposed which can be put under the form 
rla’c+,/bc, or ,/ c(a+ ,/6), its square root may be found, by finding the 
square root of a+,/6, and multiplying the result by </c. 


Ex. 1. Required the square root of st 2. 


Assume JatSy=a/ 5+ 2; 
then aty+2Jay=5+/23 


wty=s, | Peer 
and 2/ay=./2, 
0° + Qey+y? = : ; 

Accy = 2, 
w—2aytyr=-, 


1 
e~Y=G) 
os 

Q 


o 26=2, or £=1, 
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1 
and 2y=1, or Y=53 


fat /y=1+ =v, the root required. 


Ex. 2. Required the square root of ,/27+,/24. 
Here 127+,/24=,/9x3+,/8x3 =,/3(3+,/8) ; 
el [274 24 = /3./3+,/8; 


and applying the method of Art. 329, /3+,/8 is found to be 14 J/2; (or 
see Art. 182. Ex. 1): therefore 


the root required = (/3(1+,/2), or /3+/72. 


331. Lemma. Jf Ja+/b=x+./y, then also Ja—Jb=x-,/y. 
For if Ja+Jb=2+,/y, 
at fb = x°+3x°/y+3ayty Sy, 
“ (Art. 179) a=2°+3zy, 
and Jb =32*,/y+y/y, 
hence a—,/6=2°—32°,/y+3ay—y,/y, 
0 Na-Jo=2-,Jy. 


332. To find the cube root of a binomial Surd of the form a+,/b, 
when it can be expressed by a binomial of the same description. 


Assume 2+,/y= Va+/, 
then a-,/y= Ja—,Jb, (Art. 331) ; 
 t—y= Jab. 
Now, if a’—6 be a perfect cube, let it be equal to c’; 
then 2’-y=c, 
but 2°+3ay=a, (Art. 331); 
o's @ + 3a(x"—c) = a, 
or 4a°—3cx = a. 


From this equation « must be found by trial, and then y is known 


from the equation y=2"—c; thus x+ Jy is known, which is the required 
root. 


It appears from the operation that the cube root of a+,/6 can only 
be expressed by a binomial of the same form when a’-6 is a perfect cube. 
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This test, therefore, ought to be applied to every proposed case in the 
first instance. 
Ex. Required the cube root of 10+,/108. | 
Here a’—b= 100-108 =—8 = (—2)*; therefore the method of Art. 332 
may be applied. 
Let a+ Jy = 10+ /108, 
then a—,/y= /10-,/108 ; 
, a —y = ,/100—108 = —2. 
Also 2°+38xy=10; 
*. 0° +32 (x2°+2) = 10, 
or 42°+6x2=10, 
an equatjon which is satisfied by x=1; therefore y=3; and 
e+ Jy =1+,/3. 
If therefore the cube root of 10 +,/108 can be expressed in the pro- 
posed form, it is 1+ /3; which on trial is found to succeed. 


[Hwercises Zh.| 


333. Lemma. Jf n be an odd number, a and b one or both 
quadratic surds, and x and y involve the same surds that a and 


. 1 
b do respectively, and also (a+ b)?=x-+y, then (a—b)?=x—y. 
By involution a+6=(#+y)", 





2 
where the odd terms involve the same surd that x does, because 
m is an odd number, and the even terms the same surd that y 
does; and since no part of @ can consist of y, or its multiples or 
parts (Art. 181), 


or a+d=a"t ney tn. Soy no ee roe 4 &e, 


1 


nm — 
a=x2L" +N. yey + &e, 


and 6=na2" y+ nn Bee my’ + &e. 
hence, 


: ~l, -1ln- 
a—b=2"— nx" y+ 0. ty ne arty + be. 


=(e—y)"; ; 
1 (a—~b =a y. 


EVOLUTION OF SURDS. 203 


334. The n root of a binomial, one or both of whose terms 
are possible quadratic surds, may sometimes be expressed by a 
binomial of that description. 


Let 4+ 8B be the given binomial surd, in which both terms 
are possible; the quantities under the radical signs whole nwm- 
bers; A greater than B; and 7 an odd number. 


Assume V(A+ B)xVQ=x+y, 
then V(A — B)xVQ=a-y, (Art. 333.) 
by mult. (4?— B’)xQ =a'°-y’: 
let Q be so assumed that (A?— B’)xQ may be a perfect 2 power, 
as p”, then 2’ — ¥’ = p. 
Again, by squaring both sides of the first two equations, we have 
V(A + B)*xQ = a? + Qry + y’, 
V(A — Bx Q = a — Qay 4 77, 
hence V(4 + BYxQ+V(A — BYxQ = 22" + 2y/’, 
which is always a whole number, when the root is a binomial of 


the supposed form. Take therefore s and ¢ the xearest integer 
values of 

V(A + B)*xQ, and V(A —B)xQ, 
one of which is greater, and the other less, than the true value of 
the corresponding quantity; then since the sum of these surds is 
an integer, the fractional parts must destroy each other, and 


22" + 2y* = 8+ t exactly, when the root of the proposed quantity 
can be obtained. We have therefore these two equations 


a" — y =P, 


gies 


F ae s+t_s+t+2p 

ee on =p 2 2 9 
1 2: 

x’ = oe P ’ 


en 
gz —. 
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Also 27/'= mabe 2D) 
Vs+t—2p. 
D) 3 


therefore, if the root of the binomial */(4+B)xVQ be of the 
Vs+t+2p+Vs+t— 2p 


form x+y, it is ; 


AGB is Net ET Bp ett 2p. 


335. In the same manner, the 2" root of A —B is 


and y= 


- and the n root of 


Vs+t+2p—Vs+t—2p. 


av 


in which expression, when A is less than B, » is negative. 





336. If the index of the root to be extracted be an cven 
number, the square root of the proposed quantity may be found 
by Art. 329, when it can be expressed by a binomial of the same 
description ; and if half the index be an even number, the square 
root may again be taken, and so on, until the root remaining to be 
extracted is expressed by an odd number, and then the method 
either of the preceding Arts., or of Art. 332, may be applied. 


Ex. 1. Required the cube root of 11+ 5V7. 


Here A=5V7, B=11, A’—B’=54; therefore Q=4, and 
p= 216, or p=6. 
Also V(4+BYxQ = V(296 + 110V7)x4, 
= 19268°44, 
=13+4/; 
Similarly (A — BYxQ=3—/; 
or 8= 13, and ¢=3; therefore, by substitution, x = V7, and y=1; 


hence «+y=/7+1; and the quantity to be tried for the root is 


V7 
, which is found to succeed. 
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+ 


Ex. 2. Required the cube root of 2V7 + 343. 
Here A=2V7, B=3¥V3, A*— B’=1; hence Q=1, and p=1. 
Also V(A + BY. Q = 4/(55 + 12V21)x1, 


= 710996, 
=4+f, 
Similarly V(4 — BY.Q=1-/; 
or s=4, and ¢=1; therefore n=l, and y=, hence x+y 


V7 4.4/3 
Y 
to succeed. 





, the quantity to be tried for the root, which is found 


337. In the operation it is required to find a number Q, such, 
that (A’— B’)xQ may be a perfect nr‘ power; this will always 
be the case, if Y be taken equal to (A’—B’)""; but to find 
a less number which will answer this condition, let 4?~— B® be 
divisible by a, a, &c....a times; 6, b, &c....8 times; c, ¢, &e....¥ 
times, &c. in succession; that is, let A°- B’= aber. &e. Also 
let Q = a’b'c’. Kc. then 

(A? — BQ = at? xP x ex Ke, 


which is a perfect 2 power, if a, y, x, &c. be so assumed that 
atx, B+y, y+2, &c. are respectively equal to 2, or some mul- 
tiple of 2. 


Thus, to find a number which multiplied by 180 will produce 
a perfect cube, divide 180 as often as possible by 2, 3, 5, &c., and 
it appears that 2.2.3.3.5= 180; if therefore, it be multiplied by 
2.3.5.5, it becomes 2°. 3°. 5°, or (2.3.5)", which is a perfect cube. 


338. If A and B be divided by their greatest common mea- 
sure, either integer or quadratic surd, in all cases where the n® 
root can be obtained by this method, Q will either be unity, or 
some power of 2, less than 2”. See Dr. Waring’s Med. Alg. 
Chap. v.* 


* The proof here omitted, and the reference to it in Dr. Waring’s work, may both 
be safely neglected, as it is of no practical use whatever.— Eb, 
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339. The square root of & multinomial, as a+,/b+ e+, /d, of which 
one term is rational, and the rest quadratic surds, may sometimes be found 
by assuming 


Var J0+JerJd = far Jy+/% 
and proceeding to find a, y, and 2, as in Art. 329. 


Ex. Required the square root of 21+6,/5+6,/7+2,/35. 


ie ee 
then w+y+0+2,/ry+2./eet+ 2p yz = 2146/54+6./742,/35 ; 
. @+yts= 21, | 
ab to find x, y, and s. 
0 Jy 24/33, 
Now 2/ayx2 Jez =4uefys, or OS5x6/7- 40/35, 
“ @=9, and Ja -: 3. 
Also 2 Jay x2/yz= 4y/ x2, or 6,f5x2,/35 = 12y,/7, 
. y=5, and Jy= 5. 
Again, e+y+2= 21, or 9+5+2-~ 21, 
. 2=7, and fz=/7. 


Hence ,/x+ Jy +J/z=34+/54 /7, the root required. 
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340. Jf A+Bx+Cx*+&c. =a+bx+ex’+k&e. be an identical equation, 
that is, if it hold for all values whatever of x, then the coefficients of like 
powers of x are equal to each other, that 1s, A=.a, B=b, C=, &e.* 


For if 4+ Bx2=a+ba, then 
A-—a+(B-b)x =0, 


an equation which admits of one value of « only (Art. 193), unless 
B-b=0, or B= b, and therefore also A—a=0, or A= a. 


* In the proof which is usually given 2 is assumed equal to 0, and afterwards the 
equal quantities are divided by x, whereas it is not proved that we may divide any quan- 
tity by « when x stands for 0, in the same manner as when it stands for a finite magnitude ; 
and that such a proceeding will in certain cases lead to erroneous results is well known. 
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Again, if 4+Ba+Ce*=a+b2+cx'*, then 
A-~a+(B—b)x+(C~c)z* =0, 
a quadratic equation with respect to x which admits of no more than two 


distinct values of x (Art. 204), unless C—c=0, or C=c, and B-b=0, 
or B=, and therefore also d—a=0, or A=a. 


Similarly, if any number of terms be taken, or 
(A —a)+(B-b)x+(C—c)x’+ &e.= 0, 
there are certain values of x, and none other, which will satisfy the equa- 


tion as long as it remains an equation with respect to a. 


But, by the supposition, the equation must be true for any value what- 
ever which we may please to give to ~, and consequently for any number 
of values of x; and this, therefore, can only be attained by that which 
is apparently an equation with respect to a ceasing to be such, that is, 
by the coefficients of the powers of a being separately equal to 0; that is, 
we must have 

A-a=0, B-b=0, C-c=0, &e. 


or uf a, B 6, C=c, &e. 
Cor. If there be found any power of 2 on one side of the proposed 
equation, and no corresponding one on the other, then the whole coefficient 


of that power is of itself equal to 0. Thus, if 4+Bx+Cx’?+&e.=0, for 
all values whatever of x, then A4=0, B=0, C=0, &e. 

This may also be arrived at in the following manner. 

It has been already proved (Arts. 193, 204) that if a simple or a quad- 
ratic equation be known to be satisfied by more different values of the un- 
known quantity than the dimensions of the equation, the coefficients of the 


several powers of the unknown, and the term independent of it, are 
separately equal to 0. This proposition will be now extended. 


Tf a,ta,x+a,x"+...ta,_,x" '+a,x"=0 be satisfied by n+1 different 
values of x, then a,, &, @,,...d, are separately equal to 0. 
Let the 2+1 values of be x,, ©, ©)-.-%, 4) 


Then we have 
A, +A%, AUD e bee FO, Ure tA Rag, = 0, 
ata +00" +...+0,_ 2" "+a,x" =0, 
where x’ may be equal to any of the 7 quantities 
Bg Eigse 
By subtraction we have 
a, (20 a3, r+ a,,(" a0, ,) +. +d, (0 0005) +a, (u"—z% ,,) = 0, 
and as a/—a,,, is not equal to 0, dividing by it we obtain 
Je tO, (OOo tea) Ta, (B+... +IEG)) = 0 5 


td 
a,+a(a' +a ,, 
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or, arranging in powers of 2’, 
“4 fami 
(a, +0,@,,,+-..)+(G,+...)a+...4+4,0"-°=0, 
where x may take any of the 7 values 
fea PR 


2 


Comparing this with the original equation, we find that it is of one dimen- 
sion less, and that the coefficient of the highest power of the unknown is 
the same as before, viz. a.. 

By repeating this process we shall have an equation of n—2 dimen- 
sions, the coefficient of the highest power of the unknown being still a, 
and we shall know that it is satisfied by »—1 values of the unknown, viz. 
Xyy Lyy...-@,_,; and so on. At last we shall arrive at an equation of one 
dimension, where the coefficient of the unknown will be a,, and this will 
be satisfied by two values, ~,, ,. 

“. by Art. 193, a,=0. 


And our original equation will then become 


A, +A L+0,0°+...40, 2° '=0, 
satisfied by more than x—1 values of x ; 
.. a8 before, a,_,=0, 
so a _.=0, &e. 


n—2 
This, however, cannot satisfactorily be applied to the case of an in- 
finite series. 


341. Otherwise. Let A+Pu+Cx’+...=a+bu+cx?+... be an identical 

equation, that is, such as will hold for any value whatever of x; then 

A~a+(B~b)x+(C~c)x*+...=0, 
and, if A~a is not equal to 0, lect it be equal to some quantity »; then 
we have 

(B~b)x+(C~c)x’+&e. = —p. 
And since A, a, are invariable quantities, their difference p, and .-. —p, 
must be invariable ; but —p = (D~b)x+(C~c)a*+... a quantity which may 
have various values by the variation of x; that is, we have the same quan- 
tity () proved to be both fixed and variable, which is absurd. Therefore 
there is no quantity (~) which can express the difference 4~a, or, in 
other words, 
A~a=0, and .. A=a. 
Also (B~b)x+(C~c)x*+...=0, 
or B~b+(C~c)z+...=0. (Art. 82.) 


Therefore, by what has been proved, B=b. And so on, for the remaining 
coefficients of like powers of «. 


This is open to the same objection as the first proof, in which it is 
assumed that every equation has only a certain number of values of x 
which will satisfy it: for as long as 2 takes the value of any of the roots 
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of the equation here written, the equality will hold; and as the right-hand 
side may be an infinite series, there may be an infinite number of values 
of x that will satisfy it, considered as an equation. The conclusion that p is 
variable as well as fixed is therefore hardly correct. 


The same result may also be deduced from the corollary to Art. 
392: for by virtue of it we can make (B~b)x+(C~c)z*+d&c. less than —p, 


by putting for x any quantity less than et where & is the greatest 
coefficient in the series involving 2 But this cannot be, unless p=0; 
ee ar. 
‘us before, B=b, C=c, &e. 


This however supposes, @ priori, that the coefficients do not increase 
without limit. 


It will be seen that none of these proofs are altogether satisfactory : 
the reason of this is, that an identity is treated in them in all respects as 
an equation. The fact of the matter is, that we predicate of x properties 
quite distinct from those that belong to the symbols we have hitherto had 
to deal with. These symbols standing for abstract or concrete quantities 
considered with reference to number, are obtained by the repetition of 
certain units which may be as small as ever we please. By that repetition 
therefore, all numbers, and all quantities that can be represented under 
any circumstances by numbers generally, are essentially discontinuous. 
But in the identity we are dealing with we predicate of a continuity, 
making it thereby a symbol of quantity in the most general and un- 
restricted sense it can possibly be conceived in. Now an equation in 
which x appears in an infinite series, certainly has an infinite number of 
roots ; but these roots are symbols of quantity not unrestricted: and the 
equation is satisfied only when «x takes the value of one or another of these 
roots, and not under any other circumstances. However near these 
roots may lie to each other, as x passes from ove to another of them, it 
changes discontinuously. But supposing « to possess continuity, which 
it does in the identity here discussed, it changes by insensible degrees from 
any one value to any other however near to the former, and consequently 
the infinitude of the number of values which «x takes is of an infinitely 
higher order than the infinitude of the number of roots of an equation in 
the form of an infinite series. On this principle, therefore, and not 
otherwise, in the first proof, we can say that the infinite equality is satis- 
fied by more values of x than the number of its dimensions; and in the 
second proof we can conclude that p is variable as well as fixed, and by 
this manner we overcome the objections to those proofs. Or we may 
proceed to reason as follows : 


When we say a+b2+cx*+&c.=0 is an identity, for all values of 2, 
we thereby assign to a the property of continuity, and make the series 
continuous likewise, and therefore capable of taking all manner of different 
values by the variation of 2 These may, or may not, he between certain 
limits, but that is quite another question: what we say is merely that the 
series does depend upon 2 for its value, and that therefore it can change 


14 
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in value, and moreover that if x is unrestricted, it does change, however 
much it may not when z is restricted. 


But by its continual equality to zero, we see that it is incapable of 
taking different values, during the variation of x which is unrestricted. 
This cannot be unless it only involves x apparently and not really, 2. e. 
unless 2 disappears. Now the only way in which x can disappear is by 
each of the coefficients vanishing separately, therefore we have 

a=0, b=0, c=0, &e. 

And by the same reasoning we shall have, if 

A+ Bat+C2'+ &e. = at+be+cx*+ke., 


A=a, B=b, C=c, ke. 


342. If A+Bau+ Cz’ +... a+be+ cx? +... 
“yoy || +ay+b'ayt... 
+A”y? +... +a"y? +... 


Jor all values whatever of x and y, then the coefficients of like quantities are 
equal to each other, that is 


Az=a, B=b, C=c, A’=a, B=, A” =a", &. 
Since 2 may receive any value whatever, suppose it to have some fixed 
value while y is variable, then the equation may be put under the form 
A,+By+Cy’+...=at+by+cey'+... 
where A, B,C, &c.a,,6,¢, c&c. are invariable coefficients, and 
A=A+ Bu+Cx’ +... 
B= Al+Bat+ Cn’ +... 
&. = We. 
a=a+be+cu't... 
b=a+baut+c'n'+... 


&c. = &e, 
Now, by Art. 340, A=a, B=b, C=c, d&e.; therefore 
A+ben + Ce?+...=a@ + bx + ca*+... 
A’ + Bat Ont +...=0' 4+ We + c'x'*+... 
A” + Bla+ Cat +... =a +b" a +e'n' +... 
&c. = &e. 


Then by Art. 340 again, since x may have any value whatever, 
A=a, B=), C=c, A=a’, B=), A’=a", &e. 
The application of the preceding Theory will be shewn in the following 
Examples :— 
a—bz 


Ex. 1, Expand es 





to four terms ; that is, divide a—ba by a+ca. 
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Let 2A = A+ Bat C's Da? +... ; in which the coefficients A, B, C, 
D, &c. remain to be determined, 


a—ba = Aat+ Bax + Caz’ + Daz’ +... 
+ Ace + Bex? +Cex’ +... 
= Aa+(Ba+Ac)x+(Ca+Be)u?+(Da+Cc)az?+...; 
and equating coefficients of like powers of 2, 
Aa=a, or A=1, 





b+e 
Ba+Ac=—b, ee Ba =-—(b+c), or Bi 
b+¢ b+e 
Ca+Bc=0, “ Ca=— .¢, or C=—,.C; 
a a 
b+e b+e 
Da+Ce= 0,  Da=—- " cee. or D=-—~.¢°; 
a a 
a—bx b+e b+e = 
---=]—-—-% g (CU —— 7 CH +...8. 
at+cx 7 a 


Ex. 2, Extract the square root of 1+2. 
Let f/i+ae=14+Ax+Bat+Cx'+...... 
assuming 1 for the first term, since that is the root when z= 0; 
Squaring, 1+2=1+2Ae+2Br?4+ 20x" +0000... 
+ Art? + QA BH? + ..cccee se. (Art. 142.) 
+ Brat +... 


Hence, equating coefficients of like powers of 2, 
1 
2A — 1, re A = 5) ) 


A® 1 
2B+A=0, 0. Ba-Z a3; 


] 
27+2AB=0, re C=-ABa=+ eR; and so on: 


esate 1 1 2 8 
ve ia —-Um~—- Xe +—— HV + eesvene 
J1+a MS 3 1G 


Ex. 3. Let y¥°—3y+a«=0; required the value of y in a series 
of ascending powers of x. 

Assume y= Ax+ Bu’+ Cx’ + Da'+ &e*, 

* The even powers of z are omitted because, from the given equation, it appears that 


the relation betwixt 2 and y is such that, if — 2 be written for z, and ~+y for y, the 
equation is not altered. If the even powers were retained, their coefficients would be 


found separately equal to 0.— Eb. 
14—2 
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then 7/’= A'g? + 3A°Ba’ + 3A°Ca' + &e. 
+ 3A Bra’ + &e. | _ 0 
— 3y=— 3Ax —3Bx'—30a°— 3Dx'— ke. : 
+x2=+2 
and supposing the coefficient of each power of x to be equal to 0, 
(Art. 340. Cor.) 
ee | 


A 
A’—3B=0, or = 37 3 


e 
3 


Col 


—3A+1=0, or A= 


3A°B-—3C=0, or C=A'B=3; &e. 


sgt ee oe 
“y= stat i t Kc. 
Ex. 4. Let x=ay+by'+cy’+ &c. required the value of y in 


terms of x. 
Assume y=Ax + Bu’+ Ca’ + &e. 





then ay=aAxv+aBz'+ aCz’+ &e. 
by? = bA*x’ + 206A Bu’ + &e. 
cy = cA*a’ + &, +=0; 
&e. = &e. 
—~L=—2 
hence aA—1=0, or A=-; 
aB+bA’=0, or B=~24 72, 
a a 
a0 +24B+cA*=0, or C= AB _ cA’ _2 a0, g 
| a a a 
_« bx , (2b°—ac)x* 
ee + came aka + &e. 
Ex. 5. Let x=y—ay’+by’ — &c. required the value of y in 
terms of 2, 


Assume y= Ax + Ba’+Ca*+&e. (See Note, Ex. 3.) 
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then y=Ax+ Ba’ + Ca’ + &e. 


—-ay= —aA’x’ —3aA*Ba' — &e. 

+ by = + bA‘’x’+&.}=0; 
Ke, = &e, 
—XL=-2 


hence A~1=0, or A=1; B-aA*=0, or B=0; 
C-—3aA’B+bA*=0; or C=3a’—5b: &e. 
. y=xr2+ ax’ + 8a’ + b)x’+ &e. 


[ Haxercises Zi. | 


Ex. 6. To find the sum of the serves 1°+2°+3°+...4+n? by the method of 
Indeterminate Coefficients. 


Assume 17+2?+3?+...+n?=A+Bn+Cn'+Dn'+ke. A, B,C, &. being 
unknown coefficients independent of 7; then 
1°+2°+,..4+(n+1)'=A+B(n+1)+C(n+1)?+D(n+1)+é&e. 
.. by subtraction, 27+2n+1=B+20n+C+3Dn'+3Dn+D, 


the following terms being omitted, because their coefficients are separately 
equal to 0, being the coefficients in the last equation of n’, n‘, &c. Hence, 
equating coefficients of like powers of n (Art. 340), 


38D =1, or D= 
20+ 3D = 2, or C= 
B+C+D=1, or B=5; 
. sum required — a+ +—+A, 
= An(n+1)(2n+1) +A. 


To find A. It will be observed that all this investigation will equally 
hold good if we had begun at any other term of the proposed series, 
instead of 1°; therefore the value of A depends upon the term of the 
series from which we start. Putting then m=1, which we can do, because 
we do not thereby alter the value of A, which is independent of n, our 
original equation becomes 1°= 4+B+C+D; but we already have obtained 
B+C+D=1, 

.. 4=0, and the sum required 


1 n? n® n 
= Gun+1)(2n+ 1), or 379 *ax3° 


which is the most convenient form for recollection. 
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Ex. 7. To find the sum of the series 1°+2°+8?+...+n* 
Assume 1°+2°+3°+...42?=A+Bn+Cn?+Dn'+En'+ ke. 
 1242+...4(n+1)?=A+B(n4+1)+C(nt1)*+D(n+1)?+H(n+1)*+ ... 
and by subtraction, 
ni+3n?+3n+1 =B+2Cn+C4+3Dn'+3Dn?+D+4En'+6En'+4En+ £, 


omitting the remaining terms for the reason assigned in the preceding 
Example. Hence 





l 
4H = 1, or H=-, 
4 
I 
3D+6EF = 3, or D==, 
20+3D+4E = 8, or C=, 
B+C+D+#H=1, or B=0; 
. sum re ae eae Lay (ote °(n?+2n+1)+A 
Ta ge a age em Mo oe , 
_ (R(t? 
ai eerat +A, 


As in the last example, to find A we put n= 1, when we obtain hy a 
similar process 4 = 0, and 


foe 


sum required -- use 


n(n +1) 


Cor. Since 14+24+3+...4n= ; , therefore 





1°4+274+394+...43—(14243+4...4n)* 


Ex. 8. To solve the equation a‘ +1=0. 
Assume 2°+1= (2’— mx +1) (a’—nx +1), then 
e+1=2t— (m+ n)ja?+ (mnt 2)a?— (m+ n\e+1; 
and equating coefficients of like powers of «x, 
m+n=0, and mm+2=0, 
“m=—m, and m’=2, or m=+42; 
2 at +1 = (a+ V2.0 +1) (a? — V2.24 1) =0, 
or 27+ V2.¢+1=0, and 2’—V2.7+1=0, 
from which two quadratics we obtain the four roots, 
—1liv-1 liv—] 


mens 
el 


¢=—_—_—_,, and ——--—— . 
VQ ” ND) 
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Ex. 9. To expand a in a series of powers of x. 
Since a”=(1+a—1)"=1+2(a— Ite." (a-1)40. 2? ; => (a-1)"+de. 
=1+{a—1-—}(a-1)’+...}0+ Ba? + Ca" +...*, 
assume a*=1+4+A2+Ba*+Cx' +... 
then a’= 1+ Ay+By*+Cy'+...... ; 
and a"*¥=1+A(x+y)+Bla+y)'+C(x+y)>+...00 
Multiply the first two series together, and equate coefficients of y with the 
last, and the result will be 
A +2Bx+ 302° +4D2°+...=A+A%xe+ A Bai + AC +... 


from which, by equating coefficients of like powers of 2, we have 


A’ 
A=A; 28=A’, .. aoe 
A’ A‘ 
3C=AB, .. Sea 4D = AC, .°. ere and so on. 
2,2 3.3 4,,4 
Hence ee, eae a oe ee where A is 


1° 12 °1.2.3° 1.2.3.4 
equal to a—1-—4(a—1)’+h(a—-1)*-...... 


] ; : ‘ ; 
Ex. 10. Resolve (w-+a)(a+b)(a+c) into 1ts partial fractions. 
1 A B C 


(x+a)(x+6)(x%+Cc) “gaa usb @te 
then 1 =A(x+b)(e+e)+D(xt+a)(xt+c)+C(x+a)(a+6). 
Now, since this equation (by the theory) is true for any value of x, 


let w=—a, that is, x+a-=-0, 


tees a ee 1 
then 1-: A(a—b.a—c); or sae ETO 


let x=—b, that is, x+b=0, 
Oe ees 1 : 
then 1=—B(a—b.b-c); or ie 

let x=—c, that 1s, x+c=0, 


so: eos 1 
then 1=C(a-—c.b-e); or ee PET CEG 
1 


1 1 
"" G+aja+by(ere) (a—b)(a—c)(era) (a—b)(2—c)(x+8) 


1 
ss (a—c)(b—c)(a+e) 


* This transformation is made to shew that the series will involve no other than posi- 
tive integral powers of z. 
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) A + Bx+Cx? ) 2 s Ld 
Ts FOr a artis cE al fracti 
Ex. 11. Resolve (1 san)(1+ba)(1 +02) into its partial fractions. 


A+ Bat+C2? _ #£P ‘ Q : R 
(1+ax)(1+bx)(1+ex) I+ae  1+be 1+cx’ 


then A+Ba+ Cx’ = P(1+bx)(1+0x)+Q(1+ax)(1+0x)+R(1+ax)(1+bx), 


let aa—-, that is, 1+ax=0, 


BC b c\. Aa’?—Ba+C | 
then A-—+ a= P(1-2)(1- 5); or i= Gace) : 


let “=>, that is, 1+b2%=0, 
a Bb+C . 
then 4-5 +5 =@(1-$)(1-$); or Q=- Ge bb=e. 
let =<, that is, 1+cx=0, 
then es a= A(1-2)(1-2); or pe 
ce oc c c (a—c)(b—c) 
A+ Bu+Cx’ Ada®’— Ba+C Ab?— Bb+C 
" (+am)(1+ba)(1 40x) (a—b)(a—c)(1+ax) (a—b)(b—c)(1+ba) 
Ac?— Be+C 


* (a (a—c)(b—c)(1 c)(1 +cx)’ 


Ex. 12. Resolve ne 
w"(a+ 1)’ 
3x-1 A B mn C ,_D_ D 
ai(at+1)* 2 at 2+1 (w+1)*’ 
many fractions to include every possible case which can produce the 
proposed fraction, although either 4, or C, or both, may possibly be equal 
to 0), 


into its partial fractions. 





(it is necessary to assume s0 


then 3x—1= Ax(x+1)?+B(a+1)'+Cax"(a+1)+Dz2'; 
let x =0, then —1=J, 
let x=—1, that is, x+1=0, then —4=D, 


let 2=—1, then 2=444+4B+2C+D, or 44+2C=10, ......... (1) 
let x=2, then 5=18A+9B+120'+4D, . 
or 184+12C0=30, or 34+20=6, ......... (2) 
subtracting (2) from (1), A=5, and C=5-2A =-5, 
3x—-1 5 1 5 4 


* Perl) ea al (erly 
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Sa+2 , : . . 
Ex. 13. Resolve z(e+1) into its partial fractions. 


82+2 A B C D 
then 32+2= A(%+1)?+Ba(e+1)"+Ca{x+1)+Dzx, 
* let 2=0, then 2= 4, 
let 2=-1, then -—1=-D, or D=1, 


let x=1, then 5=84+4B+2C+D, or 4B+2C=-12, ..0...... (1) 
let x=2, then 8 = 274+18B+6C+2D, 
or 18B+6C = —48, or 6B+2C0 =-—16, ......... (2) 
subtracting (1) from (2), 2B=—4, or B=—2; and C=-2B-6=-4, 
32+2 2 2 1 


ee et ee eee | 


: = Eerie ay 
x(c+1)* 2% 2+1 (a+1)* (+1)? 


342*. The four preceding are examples of the resolution of a “rational 
fraction” into its partial fractions, of which we shall now proceed to 
describe the gencral method. By a rational fraction is meant one whose 
numerator and denominator, when arranged according to the powers of 
a variable quantity z, contain only positive integral powers of x; and 
furthermore it is supposed that the numerator is of lower dimensions in x 
than the denominator: if however this be not the case, we can perform 
the division as far as it will go, thus obtaining an integral quotient and a 
fraction with its numerator of lower dimensions than its denominator ; to 
this therefore we can confine our attention. 


Let wl be such a fraction ; then V can always be resolved into factors 


of one or two dimensions, which may or may not be repeated, that is, 
V = (a—a)...(a—by...... (2° +ax+f)...(a"+yx+8)’, 


x—a being one of the linear factors not repeated, «—6 one repeated r times, 
x°+ax+8 a quadratic factor that cannot be resolved any further, and 
x*+yx2+8 a quadratic factor repeated s times. The following assumptions 
must then be made : for every factor such as #—a, assume a partial fraction 
a for every factor repeated, as (x—0)’, assume a series of partial 
fractions . 

B B, B, 


ak a 2 om Se aes eos 7" TZ 
(x—b)" * (a—b)"~" ae: 
for every quadratic factor, a’+a2+, assume a partial fraction 
C2z+D | 
x*+ax+B’ 


218 ‘INDETERMINATE COEFFICIENTS. 


and for the other, assume a series of fractions 


Ein+F " Ee+f, . 
(aF+yatd) 7 aft yx+8? 


A, B &c. being independent of x It will be obvious on consideration 
that these assumptions must be made, because all that we know is that the 
numerator of the proposed fraction is of lower dimensions than the de- 
nominator. ° 
(1) To find A. Multiply by z—a, the denominator corresponding to 
A, and suppose 
U ; 
V=Q.(a—a), then o* A+(the other fractions) x(x—a). 
Now neither Q, nor any one of the denominators of the other fractions, 
contains x—a; and if we put 2=a, the value of A is not changed, and 


U 
neither = nor any of the other fractions becomes infinite, and the other 
fractions are all multi~lied by zero ; 
U 
er =9? when x= a. 


In this manner all the other corresponding partial fractions can be 
determined. 


(2) To find B, B, &e. Multiply by (x—b), and suppose 


1? ~-y? 


V=Q(x—6)", then - = B,+B(a—b)+...+(the other fractions)x(a—6y ; 


ar Ba. when z= 0. 


Q 


By transposing this fraction we have 
pee ene eee oe 
Q(ac—b) (#-by (a—by* 
And if the left-hand member be reduced to a single fraction, x—6 will be 
a factor of the numerator, which if cancelled will make the denominator 
involve (a—b)"~’; B can then be determined in the same way as B,; and 
so on, if there be more. 


(3) Tofind Cand D. Multiply by 2*+0x+ , and suppose 
V=Q(x*+a0x+ 8), then s ~ Cx+D+(the other fractions) x(x’ +ax+ ). 
If then we put 2’?+a2+B=0, we have a7 Ca+D. 


We then must substitute for x* continually —(ax+), and after multi- 
plying out, we shall have at last a simple equation in a2, whose terms 
involve C and D. Now we know that this is satisfied whenever 

x’ +ax+B=0, 
¢.¢, it is satisfied by two values of x, therefore the two terms are each =0, 
thus giving two equations to find C and D. 
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(4) To find #, F, &c. Multiply by (a*°++yx+8)', and we can deter- 
mine F, and F’as in (3): let this first fraction be transposed as in (2), 
then we shall have 2*+ya+5 to be cancelled, and we can then find H, F; 
and so on, for any others. po 


Ex. Resolve into its partial fractions. 


: B 
Recs. 
ve ef w+2e+1 


x—1 
a*(se* +0+1) 


Then by (2), multiplying by x’, and putting z= 0, 
we have Ad=-1. 
Transposing this first fraction, 
x—1 1 Bi Cx+D . 
@letimel) a ao ates” 
+2 B Cx+D 
‘oa +e+1)— me aeed? 
therefore by a similar process 2 = 2. 
Applying (3), we have 


a—] oe 
Cet+D=—,—, when 2°+7+1=0, or 2° =-2-1 ; 
a 


x-l ~a+l 
oe Cx+ D=-—— ere > 
e+ 1=(@t1\(Cu+D) = Cx’ +(C+D)u+D, 
=C(—#%—-1)+(C+D)a+D ; 
“ 0O=(D+1)ex-C+D-1, 
an equation which is satisfied by the two roots of a#°+x%+1=0; 
“, D+1=0, and—-C+D-1=0; 
. D=-1, C=-2; 
therefore the proposed fraction 
1 2 2x¢+1 


Seite el ae 
eo xe etal 


— 
— 
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a. : 
343. To represent pia continued fraction*. 


* Although a ‘continucd fraction’ (see Def. Art. 8) may be of the form p+ —— 


g+Pp 
1 r+ &c. 


; 1 
the term is commonly restricted to those of the form p-+ 4 oe 


I+ 4 &e. pt re! 
q r +&o.—ED. 
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Let 6 be contained p times in a, with a re- bJa(p 
mainder c; again, let c be contained q times in b, ¢)b(q 
with a remainder d, and so on; then we have d)c\r 











a=pb+c, b=qe+d, c=rd+e, &e. 
a Cc Cc oo 
FB PE Pera PT a’ 


Cc 


, &e. 








=p+ =p 








qt 





r+ oye. 


344. Cor. 1. An approximation may thus be made to the 
value of a fraction whose numerator and denominator are in too 
high terms; and the further the division is continued, the nearer 
will the approximation be to the true value. 


This is strictly true, but hardly proved here. I+ follows directly from 
Art. 350, Cor. 2. 


345. Cor. 2. This approximation is alternately less and 
greater than the true value. Thus p is less than o. and p + 


is greater, because a part of the denominator of the fraction is 





omitted ; g +2 is too great for the denominator, therefore p + : i 


qt-. 


is less than ri and so On. 


It is obvious that, when ; is a proper fraction, p= 0, and c=a, so that 


the operation of converting ; into a continued fraction in this case 


commences with dividing 5 by a. 
. Dur. The quantities p, g, r, &c., which are always positive integers, 
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are called the Partial Quotients; and f > p+ a pt — , when reduced 
q q+= 
to simple fractions, are called the Converging Fractions, or Convergents, 
a 





to 5° 
Ex. To find a fraction which shall be nearly equal to ——— 314159 , 
and in lower terms. 100000 
100000) 314159 (3 
300000 
14159) 100000 (7 
99113 
887) 14159 (15 
_887 
5289 
4435 
854) 887 (1 
854 
33 &e. 
Here p= 3, g=7, r=15, 8=1, &e. therefore 
314159 =3 1 
100000 ae 
15+ &e. 
cm oe approximation is 3, which is too little, the next is 
3+5= z 22 | t00 great; the next is ak : i = = 3 + ao a too 
little ; and so on. 95 


The proposed fraction expresses nearly the circumference of a 
circle whose diameter is 1; therefore the circumference is greater 


than 3 diameters, less than diameters, and greater than ~ 


diameters, &c. 
346. Zo convert any continued fraction into a series of converging 
JSractions. 
Let the continued fraction be (Art. 343) 
1 





prt 





a 
. pac 
s+d&e., 
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then the quotients are =, % $$, &% é&e. 
and the converging fractions are respectively equal to 





1 1 1 
f, Pte, ptm, proms, de, 
/ aaa q+ 
r+ 
8 


p pqt par+p+r pqrstps+rstpqt+) oe 





ae q° qrt+1 ’ qrs+q+s 
p pqt+l (pgt+l)r+p (pq+l.r+p)stpqtl 
or +, ——, ~~, + fA Ee UC, 
1 qg grt+l (qr+1)s+q 


in which the law of formation is observed to be as follows:— 


Write down in one line the quotients p, 9, 7, s, &c., and the first and 
second converging fractions at sight; then the other fractions may be 
obtained thus :— 

For the 3rd, 

ae = 3rd quot.x num’. of 2nd fract.+ num’. of Ist fract. 

denom’. = 3rd quot. xdenom’. of 2nd fract.+denum" of Ist fract. 


For the 4th, 


num’, =4th quot.x num’. of 3rd fract.+ num". of 2nd fract. 
denom’. = 4th quot. xdenom”. of 3rd fract.+denom". of 2nd tract. 


And generally, for the 2 fraction in the series, 

Multiply the n* quotient by the numerator of the »—1]|" fraction, and 
add the product to the numerator of the n—2]" fraction. This will give 
the numerator. 

Multiply the n quotient by the denominator of the n—1|" fraction, and 
add the product to the denominator of the n—2|" fraction. This will give 
the denominator. 


To prove this generally :— 
NN. 


See» Hee 
> 2—’ D,?’ 


Let 9,, % {a %» be any 4 successive quotients, and 


A* ; 
ph? the corresponding convergents; and suppose the law above stated 


to hold for the 3rd fraction, so that 


SL 


* This notation, although at first sight somewhat complex, is very expressive, and 
greatly relieves the memory throughout the operation, the jirst letter of each word being 
used, g for quotient, N for Numerator, and D for Denominator, whilst the small figures 
indicate the position of each with respect to the others here employed. Thus, for instance, 
the final result in this proof may be as easily read and understood, as if it were written at 
full length in ordinary language, 
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A,=9,N,+4%, and D,= 9,D,+D, ; 
then, since any convergent is obtained from the preceding one by merely 
bringing to account another quotient, it is clear that 7 may be found 
from i by writing qg,+ 7 ~ instead of q,, that is, 


N, (m7) MEN q,(9N,+N)+N, N+, 


1, (14+2) DD Q4(1,D,+D)+D, 9,D,+D, 
q, 2 1 


Now it may be proved that these fractions are both in their lowest 
terms by the application of the following :— 


Lemma. If an intcger be added to a fraction in its lowest terms, 
the result, when reduced to an uuproper fraction, will also be in its lowest 
terms. 


ac+b. 
3 





: l 
Let a be the integer, and : the fraction ; then He = 
c 


and if this is not in its lowest terms, its numerator and denominator 
have a common measure, Which will therefore also measure (ac+b)—ac 


: . Ob bes 
or b, thus making the fraction - not in its lowest terms. 
c 


It is important here to observe that this reduction to an improper 
fraction is to be effected by multiplying by the denominator. 


Now in the given continued fraction, a clearly in its lowest terms : 
4 





l. : : a 
ae at is so when reduced, .:. its reciprocal is in its lowest terms, 


4 





73+ — 
qs . 
eee NY, 
and .*. g,+ 7 13 80 likewise; and so on to any extent. ... PD’ D? &c. 
Ist— 4 3 


; 4 e es e ° 
are all in their lowest terms, considered as arising from the continued 
fraction, and not as derived from each other. 


en aN, NV , 1 
And when we derive D from D,’ as we have written 9+ 7 for g. 


and multiplied by the denominator I we clearly must get the same 
result, whether we retain the form ¢,+— until the end of the operation, or 


perform the multiplication by q, first. But under this latter mode of 
reducing the fraction the result we obtain is in its lowest oe therefore 





it is also in its lowest terms in the other case ; that 1s, 1 Da 3 is in its 
4 3 


lowest terms, Also af has been proved to be in its lowest terms, .*. the 


4 
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numerators and denominators are separately equal, that is, 
N=94,+N, and D=qD+D, 


which proves that, if the law holds for any one convergent, it also holds 
for the next; and as we know it does hold for each of those near the 
beginning of the series, it follows that the law holds generally. 


Ex. To find a series of converging fractions to it 











227° 
84 1 
227 1 
7 Q+ 1 
1+ 
1 
2+ 
24 
1+—— 
] 
S+53 


.. the quotients are 0, 2, , %& 1, 48, 2, 


1, 2 
: O 1 1 8 7 10 37 84 
and the fractions are—-, —, —~, —~, -—-, —, —-,.— 
1’ 2’ 3’ 8’ 19’ 27’ 100’ 227° 


347. To express ,/a*+1 in the form of a Continued Fraction. 





obi tn ——— 1 
Jatt] laa rat aisha (1) 
=~ ] 
oe Ja+lta= or aaa cee ee ceeens (2) 


Substituting from (2) in the denominator of the fraction in (1) 


Jat+1 =a+ 





1 


Qa+ , 
Jat+1+a 


Substituting again from (2), 


Jat+l en > and so on. 
a 1 











2at+ i 
20+—— ; and so on. 
Ja+l+a 
=@t+ : 
~ 1 
2at 
aa 
Qt rece ‘ 


a result which is easily remembered and applied to any proposed case. 
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Ex, J17=,/4F+1 = 44 


8+ ma 
rer 
8+ 5 
1 1 
The converging fractions will be equal to = pp ttg: tt, de. 
8+— 
8 
or e = : , &c., each of which is nearer to the true value of ,/17 


than the one preceding. 


348. To express ,/n in a continued fraction; and to find the converging 
Sractions. 


Let a be the greatest whole number less than /n; then 


Jn=a+J/n—a=a+- 








, where r=n—a’, 


1 
ae ON nta 
r 





Let 6 be the greatest whole number less than ye ; then 


Jnt+a_ eee or! 


, if a =rb—a, 
r 


= b+ 








; n—a 
- if r= 
N+Qa r 


4 


r 





n—- a’ 


e e n+a’ , 1 e o oy 
Similarly insta’ = D+ meee if a” = 7'b’—a’, and r” = —— ; 
r JIn+a r 








ft 


Y 


and so on, until the quantity corresponding to r” is equal to 1, after which 


the quotients will recur; for then the fraction corresponding to n+a" 





becomes a+a’+,/n—a, giving the same expression to be transformed as 
the original one. The quoteents of the continued fraction being thus 
found, the converging fractions will be found by the Rule in Art. 346, 


Ex. ,/11=3+,/11-3=3+—>— 


1 
Fans 3° Jiiss’ 
2 








J/11+3 . J/11-3 2 1 
= = ————— = 3+ ——— ; 
g 9" S °+ o(/11+3) *34,/il ; 


: TA 
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 /11=3+ st 














1 ] 
38+ 34 fil 3 +-—- -—- 
+/11 3434 
38+ —— 
38434+- 
- 3+&e, 
] 
= 34+ 
3+ : 
ae | 
6+ 
34 
] 
G4—- 
S45 
6+ «ce. 
the quotients are 8, 3, ¢ i, 3, 6, de. 


; 8 10 638 199 1257 , 
the fractions are I? 8’ 19? Go’ srg?! C. 

349. As atest of the correctness of the converging fractions, it may 
be observed, that the difference between any two consecutive fractions is 
always a fraction having +1 or —1 for its aumerator, according as that 
which is subtracted from the other is im an odd or even place. For 


p pati ~-1  pgtl (pgtijrt+p_ 1 


ee he aay 
ae le Ac i 8 ka ic eT 
gr+1 (qr+1)s+¢ (qr+1)(qr+1.s+q) 


Thus, in the last example, 
310 1 10 63_ 


63 199 1 


— = i omens 


de. 


] 
1 3 3’? $8 19°57’ 19 60 1140’ 
To prove this generally: 
XX 
D, D, 
Qi Yo 4; the corresponding quotients, 


and suppose the law above stated to hold for the first two fractions, so 
that 


NV 
—2 be any three consecutive convergents, 
3 


Let 


AD, —- ND,=1; 
then WD, —N,D=N,(0,D,+D)—(qN,+M)D, (Art. 346) 
=ND-ND,=-1, 


which proves that, if the law holds for any one fraction and the next 
preceding one, it also holds for that and the succeeding one. But it has 
been shewn to hold for two consecutive fractions at the beginning of the 
series ; therefore it holds generally. 


€ 
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350. To determine the limit of the error in taking any convergent for 
the true fraction : 


b’ 
wok, N, : 
Let D and D be any two consecutive convergents, then we know 
1 2 
that ND~NL, =1, (Art. 349); and of x and 4, we know that ;< one, 


and > the other, that is, lies between them, (Art. 345) ; therefore the differ- 


ence between = and either of them is less than 


b 
N N MD~ND 1 
DD DD, ~DD, 
a N,_ 1 
me De bp 


Thus in Ex. Art. 345, = differs from the value of 3°14159 by a 








Or, since D>, a fortiori 


nag? res ‘ = ifiens from the true value 
{re 

1 1 
——— 5, OF ———; 
(106)? °* 11236 


Cor. 1. Those conrergents, which immediately precede large quotients, 
approximate especially near to the true value of the continued ee 


T 


: ] 
quantity less than 7067 ° 


hy a quantity less than 


yn NX 
For, if 3 ; v7) , L be three consecutive convergents to 5 corre- 


sponding to quotients 7,, 7 Ys, then 
\ A a *, 
D’ D’ bv D 
are in order of magnitude : a 
Ny, N 94,45; ay A ; mAs D~N,D) a G8, 
DD, gd.sh” B* Diggly+D) ~ DBD 

also Ps ‘ ‘, : 
D, L, ~ DD" 


And if gq, be especially large, since D<JD, D oD will be much 














1 yy, ,. : N, 

greater than -.—; .. — lies much nearer to —— than to =, and 

DD’ 2D, fe D, ie D, 
therefore, a fortiori, ~ lies much nearer to =! than to —!. 

b pe? D, 
Thus for 3-14159 the quotients are 3, 7, 15, 1, 243, de. 
3 22 333 355 P 

and the convergents are 1’ 7 106? 113” &c., of which 
355 , ‘ 
Tis 8 especially near to the true value. ; . 5 ag teed 


15—2 
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-. Con 2, Any convergent is nearer to the true value than any other 
Fraction with a less denominator. 


For, if possible, let ‘ be a fraction nearer to the true value, ; , thar 


: ' N 
its convergent z is, and d<D. Then since “ lies between D and ; 
a,. N N, n N N M_!} 1 
Sd 7 Hee Pen eren Fy Sae p iene a~D<D D ~ DD, D 


77 4a 
o's saat aa ’ 





or a whole number < a proper fraction, which is impossible. 
[Haercises Zk. | 


351. To find the value of a continued fraction, when the 
quotients q, r, 8, &e. recur in any certain order. 


] 
q+ 


Ex. 1. Let 





=2; 
1 


] 








r+ 1 


i 7+c&c. in inf. 


1 
then Sighs ype ks 
fi qr+qr+1 : 
r+a 





hence r+a@=qre+qz'+a, and a + 7x" =0, 


by the solution of which quadratic equation the value of x may be 
obtained. 


x, Let oe a+ pl 
J f ate ae 

Va+ &e. in inft 
b 


a+ ae ne! 
Va+ &e. 


and w*— az —b=0; whence the value of 2 is to be found. 














Squaring both sides, a2*=a+ 


' 353. Tie rocts of quadratic equations may sometimes be approxi- 
mated to by means of continued fractions. Thus, 





Let 2’—px—q=0; then z=p+t=p+ Sa de. ; 
p+ Z 
x 
sO that £ =p + a 
p+ , which, though not a continued fraction 


ria ee of such a form as those to which the pre- 
P pte. ceding theory applies, may yet sometimes 
be made use of to calculate the value of =. 


353. Zo find in the form of a continued fraction the value of x which 
satisfies the equation a* = b. 


Substitute for x the numbers 0, 1, 2, 3, &c. until two consecutive 
numbers are found, n, and 2+1, such that 


a"<b, anda"*'>6; 


. 1 
then it appears that r<n+1, and >; so that saa where y> 1, and 


I 1 1 y b 
m4 — - — b b —— 
a %=), or a*.a¥ =b, and a¥Y =—, or (=) =a. Again, since —,>1, and<a, 
a a 


a 
by substituting the numbers between 1 and a for y in the last equation, 
two consecutive numbers, p, and »+1, will be found such that y<p+1, 


; and by continuing the pro- 





1 
and >p, so that y=p+—; and ..2=n+ 
fs Ptr 


cess in the same manner, the fraction expressing the value of x may be 
continued. 


Ex. Required the value of 2 in 107=2. 
By substituting 0 and 1 for a, it appears that «>0, and <1; let 
| 


a 7 then 10°=2, or 2¥=10. Again, it appears that y>3, and <4; 
: ' 10 2. ; ; 
let y=342, then 2°) * =2%,9' =10, or 2° cag eres ..(1°25)'=2. Again, 


1 gn Pe Ls 
it appears that z>3, and <4; let z=3+ a then (1:25) °"*=(1°25)*.(1'25)*=2, 


2 Q 
ww. (1:25)" = (1-25)* = 1024, .*. (1°024)*= 1°25, and by trial uw >9 and < 10. 


Hence, by successive substitution, 
C= ie 
$= 
3+ - 
Q + de. 
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INDETERMINATE EQUATIONS AND UNLIMITED 
PROBLEMS. 


354. When there are more unknown quantities than inde- 
pendent equations, the number of corresponding values which 
those quantities admit is indefinite (Art. 198). This number may 
be lessened by rejecting all the values which are not integers; 
it may be further lessened by rejecting all the negative values; 
and still further, by rejecting all values which are not square or 
cube numbers; «&c. 

By restrictions of this kind the number of answers may be confined 


within definite limits; and problems are not wanting, in which such 
restrictions must be made. 


355. Rute. If a simple equation express the relation of two 
unknown quantities, and their corresponding integral values be 
required, divide the whole equation by the coefficient which is the 
less of the two, and suppose that part of the result, which is in a 
Fractional form, equal to some whole number; thus a new simple 
equation is obtained, with which we may proceed as before; let 
the operation be repeated, till the coefficient of one of the unknown 
quantities 1s 1, and the coefficient of the other a whole number ; 
then an integral value of the former may be obtained by substi- 
tuting 0, or any whole number, for the other; and from the pre- 
ceding equations integral valucs of the original unknown quantities 
may be found. 


Ix. 1. Let 52+ 7y=29; to find the corresponding integral 
values of x and y. 


Dividing the whole equation by 5, the less coefficient, 


2y 4 
et Ue Ok as 


Ais 
2y , a whole number; 





Or #=5—-y+ 5 
ne ==? Y ig a whole number, 


Assume <9 =p, or 4—2y=5p, 





then 2-y=2p+4; 
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‘ P 
“ y=2—-IAp-5,a whole number. 
And P is a whole number. 


Let Ex, or p= 28, tiicn y= 2 — 5s, 
and #@=5-—y+p=3+ 58+ 28=3 + 7s*. 


If s=0, then w = 3, and y = 2, the only positive whole numbers 
which answer the conditions of the equation; for, if x and y are 
positive integers, 5s cannot be greater than 2, that is, s cannot be greater 

c 


) 
than —, and s cannot be negative, for then 2 would be negative. 
Jv 


If negative values of x aud y are not excluded, then an indefinite 
number of such solutions may be found by putting 1, 2, 3, &e. —1, —2, 
—3, &e. for s. 


Ex. 2. To find a number which being divided by 3, 4, 5, 
gives the remaindcrs 2, 3, 4, respectively. 


Let « be the number, 


wt— 2 
then - 3 =D, a whole number, or w= 3p +2; 
also, from the second condition, 


r—3 spol i -] l b ° 
po or" )~ =, a whole number, 


oy 
that is, 3p) —~j]= 4a, or p= q 4. 4 1a 


let / - =r, or g=3r—], then p= 4r—1, 
and w@=3p+2=12r—-1; 


: os at — 
again, from the third condition, oa OF a, is a whole num- 


* 


i 27° ‘ 
ber, that is, 27+ =-— 1 is a whole number ; 
o 


* This operation might have been abridged thus, 
2(2 -y) 2 - 
a=b- yp; let aa = =&, or y= 2 — 58, 


then a=5—y-+2s=3+78.—ED. 
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AA = is a whole number; 


let ZF = 2m; then r = 5m, 


and «= 12r—1= 60m — 1. 
If m=1, w=59; if m=2, e=119; &e. 
The artifices employed in the two following examples are deserving of 
notice. 
Ex. 38. Let 1la—17y=5; to find the integral values of x and y. 


Here x= -iy+° = = net? = Qy — ss ye a whole number. 





Let "=p, or y—-l=I11p; .. y=11lp+tl. 


And w= 2y— 5p = 22p+2-—5p=17p+2. 
If p=0, «=2, and y=1; if p=1, x=19, and y=12; &e. 
Ex. 4. Let 11a—18y=63; to find the integral values of x and y. 
Since 18 and 63 are divisible by 9, let 2 = 9z, then 
11x 9z—18y=63 ; and dividing by 9, 
1lz—2y=7 ; 
2-1] 
Y= De ae? ; 


—1 
Let =P, or 2—1=2p; .. 2=2p+l. 


Hence #=18p+9; and y=10p+5-—3+p=11p4+2; 


and by giving to p the values 0, 1, 2, 3, &c. the integral values of x and 
y are determined. 


356. If the simple equation contain more unknown quan- 
tities, their corresponding integral values may be found in the 
same manner. 


Ex. Let 4%+3y+10=5z; to find corresponding integral 
values of x, y, and 2. . 


Dividing the whole equation by 3, the least coefficient, 


w+] 22 

a + ar ie ee 

9%—-xr—] 
Y=2-"2—-34 a a whole number. 
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Assume aE =p, or 22—x2—-—1=3p, 


then 2 = 22 — 3p —1, 
and y=2—22+3p+1-—3+p=4p—2z-2; 
and for p and z substituting 0, or any whole numbers, integral 
values of x and y are obtained. If z=3, and p=1, then 2 =Q, 
and y=—1; ifz=4, and p=0, then x =7, and y=—6; &ce. 
357. If the number of independent equations be less by one than the 
number of unknown quantities, the equations may be reduced by elimina- 


tion to one equation only betwixt two unknown quantities, and then the 
preceding method of solution may be applied. 


Ex. Let 2a + Sy + 3z = 108,) 
and Sx—2y+7z= 95, J 
From ist equ" 6x+15y+9z= 324,) 
and... 6x—4y+142 = 190, f 
. 19y—5z= 134; 
from which equation the values of y and z may be found by the usual 


method, and then the values of x may be deduced from either of the 
original equations. 


to find the integral values of x, y, 2. 


[Exercises ZI. | 


A more complete Theory of Indeterminate Equations, distinct from the 
preceding, is contained in the following Articles of this Section :— 


358. To shew that, if ais prime to b, the equation ax+by=c has one 

wntegral solution at least*. 
c—by 

a > 
now give to y the several successive values 0, 1, 2, 3, ... a—1, and since 
a is prime to b, the several values of c—by, divided by a, will all leave 
different remainders. [For, if not, let y, and y, be two of the values of y, 
which make c—dby, divided by a, if possible, to leave the same remainder 
*, g, and q, being the quotients, then 

c—by, =aq,+7, and c—by, =aq,+7, 
ao by, -—Y,) = 2(9,-9), 

or b(y,—y,) is divisible by a without remainder ; but b is prime to a, there- 
fore y,—y, must be divisible by a, which is impossible, since y,—y,< a]. 





Since av=c—by, .. e= 


Hence the remainders being all different, since the number of them is 
a, and each one necessarily less than a, it follows that one of them must 
be 0, that is, 2 is a whole number for a certain integral value of y less 
than a, and these values of x and y satisfy the equation ax+by =c. 


* Not necessarily a solution in posttive integers: for it is plainly impossible for x and 
y to be both positive integers, whenever a+b>c. The integral quotients ¢,, 9,, &c., 
mentioned in the proof, may be negative as well as positive. 
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Cor. It is obvious, that not only is an integral solution proved pos- 
sible, but also we are directed to a most simple way of obtaining it, in all 
cases, where the coefficient of either x or y is small. 

Ex. 1. 4%+29y=150, find « and y. 
150—29y 

4 
and 3 inclusive. Try 0, 1, 2, 3, successively, and we find 2 will answer ; 
in which case 


Here x = =a whole number for some value of y between 0 


150—290y7 92 
ee a 83 “, &€= 23, and y= 2. 


4: 4 
Ex. 2. 17e=7y+1, tind « and y. 
17x-—1 
y = ———— = a whole number for some value of x between 0 





and 6 inclusive. 


e 8 4 
By trial x= 5, and then y= —=12. 
i 


359. To find all the integral values of x and y which satisfy an 
equation of the form ax+by =c. 

Suppose a and b prime to each other; for, if they are not, (since a, , 2, 
and y, are all integers by supposition, and every common measure of a and 
6 measures ax and by, and therefore az+by, or c,) a, b, and c, must have a 
common measure, and dividing by this common measure, the equation is 
reduced to one in which the coefficients of x and y are prime to each other. 
Hence it is only necessary to consider the case when a and 6 are prime. 
Let «=a, y=, be one solution of the equation ax+by=c; then 

aa+bB=c=ax+by, 


, a(a—x) = U(y- B), 


a yr 
and ¢=2—" a : 
6b a-2x 
a e ° e e e ry 
but i is in its lowest terms, since a is prime to 6, .. y—B, and a—2, are 


certain equimultiples of a and 6, (Art. 258, Cor.), or y—B = at, and a—a = bt, 
where ¢ is integral and remains undetermined ; 
oe Hz a— bt, \ 
and y= B+at; 
which values of 2 and y are found to satisfy the original equation. 

Hence, if we know one solution, z=a, y:- 8, (which may often be 
guessed at sight, or found by Arts. 355, 358,) all the required solutions are 
found by giving different inteyral values, positive or negative, to ¢ in the 
equations 

vw=a- bt, 
y= B ae 

Similarly, if the proposed equation be ax—by =c, it may be shewn, (or 
deduced from the former by writing —6 for 6,) that the general solution is 


vw=-at+ 4 
y= B+at. 
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Ex. If 112—17y= 5, find the integral values of a and y. 


Here it is easily seen that a= 2, y=1, is one solution; therefore the 
general solution is «=2+17f, y=1+11¢, from which all the others may 
be obtained, by giving integral values at pleasure to ¢. 


360. Another Method. Find the series of fractions converging to = 


? 


and let 7 be the convergent immediately preceding z then, by Art. 349, 


b 9 
since © and o 


b 


are contiguous convergents, 


b 


a 
aq—bp =+1, (+ or—~according as ;- > or < ; , that is, accord- 


ing as occupies an even or an odd place in the series of convergents ;) 
.. either a.cq+b.(—ep) = ¢, or a.(—cq)+b.cp =e, 
a(eq—bt)+b(at—cp) =e, or a(—cq—bt)+b(cp+at) =. 
But ax+by=c, .., according as a> or <0) 
a == cq—bé, ) gee ee —cq—bt, | 
y= at—cp,) : y= ea 
Similarly, if the proposed equation be ax—by —c, the general solution 
a p 
will be, according as 37 r< 7 
w= cq+t Ut, ) - a =: —cq+ bt, ) 
y —cp+at,} y =—cptat) 


N.B. Of course, in any proposed case, where we can see at once the 
values of a and y which will make ax—by=1, or —1, there will be no 
need to form the series of convergents. 

Ex. 1. 21e%+40y=- 4000. 

1 2 19 40 
The convergents are Go gt Gah ay? 

* 21x19—40x10 =—1, 
21x19x4000—40x10<«4000 = — 4000, 
21(—76000—40t) + 40(40000 +212) = 4000, 
. &-.-76000—40t, and y— 40000+214. 

Ex. 2. 5xe+7y ~- 29, 

Here we can see that w= 3, y= 2, will satisfy the equation 52-—7y=1, 
that is, 5x3—7x2=1, 

we 5x3x299+7x(—2x29) = 29, 
or 5x87+7(—58) = 29, 
. 5(87—7t)+ 1(— 58+ 5t) = 29, 
“. = 87—7t, and y=—58+5t. 
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Cor. 1. If only positive integral values of « and y are required, ¢ will 
be restricted within certain limits dependent upon the particular Example. 
Thus, in Ex, 2 above, if x and y must both be posttiwe, 71<87, and 5t> 58, 
that is, ¢<123, and > 114, .. ¢ can only be 12; and the only positive solution 
1S @ = 3, y= 2. 

Cor. 2. Since 2=a-—bit, and y=f+at, is the general solution from 
which all the values of x and y are found by substituting for ¢, 0, #1, £2, 
«3, &c., it follows that the values of x and y, taken in order, form two 
arithmetic progressions, the one decreasing, and the other increasing ; so 
that when ¢wo contiguous values of each are obtained, the rest may be 
assumed. 

N.B. If an equation of the form ax+by =c, or ax—by =c, be proposed 
for solution, in which (when reduced as low as possible) a and b are not 
prime to each other, it may at once be affirmed that it admits of no solution 
in whole numbers. For, if 2 and y be whole numbers, dividing by the 
common measure of a and 8b, which is not a measure of c by supposition, 
we have a whole number equal to a fraction in lowest terms, which is 
impossible. 

361. To shew that the number of positive integral solutions is limited 

for ax+by =c, but unlimited for ax—by =, a being prime to b. 

Ist. It has been shewn (Art. 359) that all the solutions of ax+by=c 

are deducible from 

x=a-—bt, y=B+at, 
where «=a, y= B, is one solution, and ¢ any integer, positive or negative. 
But, if x and y must both be positive, then it is plain that d¢ must be less 
than a, that is, the positive values of ¢ are restricted to those which are less 


than - Again, every negative value of ¢ makes a—bt, or x, positive; but 
for negative values of t, y will be positive only so long as ¢, irrespective of 
sign, 18 less than a" Hence both positive and negative values of ¢ are limit- 


ed, that is, the number of positive solutions is limited. 

2nd. If ax—by=c, the general solution is x=a+bt, y=B+at; and 
whatever a, and £, may be, positive or negative, it is plain, that there are an 
infinite number of positive values for t, which will make both x and y 
positive. Hence the number of positive solutions is unlimited. 


362. To find the number of solutions in positive integers of the equa- 
tion ax+by =c, where a is prime to b. 


Let the series of fractions converging to ; be found, and let be 
that which immediately precedes - then (Art. 349) either ag—bp =1, or 
aqg—bp=—1, according as > or <7 


I. If ; >t then a.cq—b.cp = ¢, 
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.. Acq—bt)+b(at—cp) =c; 
and comparing this with the original equation, az+by=c, 

x= cq—bt, and y=at—cp ; 
and the several solutions will be found by giving ¢ such values, that cq—b¢ 
and at—cp may be positive integral quantities, that is, ¢ may be any positive 
integer less than + and greater than E , but no other number, (supposing 0 


to be excluded as a value of either x or y). 
Hence the number of solutions will be the number of integers which lie 


between ‘2 and 2. 
b a 

Ir. If <a? then aq—bp=—1, and it may be shewn, as before, that 
the number of solutions is the number of integers which lie between 
cp cg 
—and =. 
a b 

Cor. 1. If -, and 4 are both whole numbers, the number of solu- 
tions will be & ~ ©%_1*, 

a Ob 


If either =, or 4 , be a whole number, and the other fractional, then 


the number of solutions will be the greatest integer contained in = ~ : +. 


If = and 4 be both fractional, reducing each to a mixed number, 
the number of solutions will be the greatest integer contained in a ge 7 t, 
a 
Es 
as oaae 
the greater or smaller fractional excess, 


+1§, according as the greater of the two quantities, =, 3 , has 


i oe ee ; 
Cor. 2. Since aa = 0. ab? (Art. 349), the greatest inte- 
ger contained in «cannot differ by more than 1 from the number of solu- 


ab 
tions; so that the number of solutions may be determined within this 
error (which may be either in excess or defect) without solving the equa- 
tion at all. And hence also, if c<ab, there cannot be more than one solu, 
tion in positive integers, and there may be none. 

Orns. In any case where a+b>c it is impossible to have a positive 
solution ; for «=1, y=1, are the smallest positive values which x and y 
admit of, and for these aa:+by>c, therefore @ fortiori for any other positive 
values ax+by>c. 


* Ex. 72+ 2y= 42. + Ex, 212+ 5y= 400. 
t Ex. 92+ 7y=110, § Ex, 3%+ 5y=26, 
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Ex. In how many different ways may £1000. be paid in crowns and 
guineas ? 
Let x be the number of guineas, and y the number of crowns, then, 
reducing all to shillings, 
21%2+ 5y = 20000 ; 


and it is required to find how many solutions this equation admits of in 
positive integers. 


‘ 4 
The fractions are re 


Gr| 2 


>) p=4, q=1; 
cq cp 20000 20000x4 — 


hence = ~—= a oe 
ec Da 5 2] 
_ Boat 10, 
= 4000 — 38095; = 1905 ; 


Cp eg:st«y 
and since one of the quantities - ; a , is a whole number, 


.. the number of solutions required is 190. 


Or, if <=0 be admitted as a solution, that is, if the payment may be 
made in crowns only, then the number required is 191. 


363. (Another Method"). To find the number of the positive integral 
solutions of ax+by = c. 


Let w=a, y=, be one of them, then all the others are found from 
x=a-bt, y= B+at, subject to the condition that 


B 


a. 
t<- and>— “; 


b a?’ 


and there will be as many positive solutions as there are integral values 
of ¢ between these limits, (reckoning £0 for one of them to include the 
solution x=a, y=, which is positive by the supposition). 


But aa+bB=c, .°. em eee 


b ab a 
: Rae adee. 
aboa a 
: i c £B 
Also c>b8, °.: aa is positive, .. -. >= 


ab a 
Hence the number of negative values of ¢ will be the greatest inte- 


ger leas than a and the number of positive values the greatest integer 


less than £8, that is, the total number will be (excluding zero values 


ef « and y) the greatest integer either in = or 


Cc 


—1, or ab 


< +1, ac- 
ab , 
eording to the particular forms of = and 


* This method may be employed when one solution is either given, or easily discovered 
by trial. 
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Ist. If © and B be both whole numbers, let = =m, and pes 
ab a ab a 


then the number of solutions for negative values of t will be n—1; and 
since ae =m—n, the number for positive values of ¢ will be m—n—1. 
Adding 1 for ¢=0, the total number of solutions is #—1+(m—n—1)+1, or 


Siac BO. ct 
m—1, that is, ——1*. 


ab 


2nd. If one be a whole number, and the other fractional, let a m, 


B 


and — 
a 


=nt+f, f being a proper fraction; then the solutions for negative 


B 


e e Cc 
values of ¢ will be 2; and since a =m—n—f, or m—n—1+(1—f), the 
a 


solutions for positive values of ¢ will be m—n—1. Adding 1 for ¢= 0, the 


cis od ek: 
total number of solutions is 2+(m—n—1)+1, or m, that is, — t. 


ab 
c B 
Or suppose ape +, > being a proper fraction, and te ther the 


: : : c 
solutions for negative values of ¢ will be 2-1; and since a B =m—n+ d, 
ab a 
the solutions for positive values will be m—n. Adding 1 for ¢=0, the 
. ° ‘ Cc 
total number of solutions will be 1+(m—7), or m, that is, ab 
a 


3rd. If both < and z= be fractional, let <=m+q, and e =n4+f; 


when ¢>/f, the negative values of ¢ give nm solutions; and since 


es -E.. m—n+(o—f), 


ab 


the positive give m-—2 solutions. Adding 1 for ¢=0, the total number of 


Seka ne 
solutions is 2+(m—2x)+1, or m+], that is, the greatest integer in — +14. 


ab 
But if ¢ is not greater than f, since “ ~2. m—n—1+(1—f/—¢), the posi- 
tive values of ¢ will give only m—n—1 solutions, and the result is m, that 
is, the greatest integer in = §. 


Ex. Given «=4, y-~9, one solution of 2v+3y= 35, find the total 
number of solutions in positive integers. 


35 : 
Here ~ ra “2 = 5%, and E 2 =41= 4%, both fractional, and the frac- 
* Ex. 80+ 4y= 24. + Ex. 3¢+47=89, 


t Ex. Qn+7y=125. § Ex. lla+7y=108. 
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c 


tional excess in ite that in S therefore the number of solutions required 


bs 
ab 
Or thus, with less burden on the memory:—Since x= 4, y=9Q, is one 


solution, x= 4—3t, and y=9+2t, (Art. 359) is the general solution ; and 
in order that both « and y may be positive integers, ¢ will be restricted, 


is the greatest integer in — +1, viz. 6. 


so as to be less than - or 14, and greater than 2 or —44. Hence the 
values of ¢ will be —4, —3, ~2, —1, 0, 1, or the number of positive solu- 
tions will be 6, as before. 

This is the method most commonly used. 


364. To find the number of solutions in positive integers of the equa- 
tion ax+by+cz=d, each term being positive™. 
Transposing one of the terms, cz, the equation becomes 
ax+by = d—cz, 


where z may have any integral value greater than O and less than : 


zero values of the unknown quantities being supposed to be excluded. 
Hence, by Art. 362, the number of solutions will be the number of 


integers which lie between (ep , and Sle , where p and g are those 


quantities which satisfy the equation aq~bp = 1. 
Thus a certain number of solutions is determined for each value of z, 
and the sum of these numbers will be the number required. 


Oxss. The application of this rule is attended with considerable diffi- 
culty (see Barlow's Theory of Numbers, Art. 162, or Peacock’s Algebra, 
Art. 506); but the following Example will shew the student how he may 
determine the number of solutions in some cases without much trouble. 


Ex. Required the number of positive integral solutions of 
17x+ 19y+212= 400. 








a 2Y + 42— 
Divide by 17, L+Y+R=23— sd 17 2 
assume 2y7+42—9=171, 
then y+2e= 448+ o> ; 


assume i{+1=2s8, then ¢=2s—J, an odd number. 
“. +y+2=23—f, an even number. 
400 
But 17(a+y+z)<400, ty te< > <285, 


* If any term be negative, as by, then the equation being of the form ax—by=C, 
the number of solutions is at once declared infinite. (Art. 361.) 


” 
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and 21(x+y+z)>400, .-. mty tem > 194% 5 


hence, since x+y+z must be even, it can only be 22, and 20; and. ¢ can 
only be 1, and 3. 
I. If ¢=1, y+2z=13, .. y=13—2z2. 
Also xty+z2+z2=13+%, or 22+2=134+a, .. w=2+4+9. 
Now z may have the values 1, 2, 3, 4, 5, 6, but no more, each of which 
makes both x and y positive, ls 6 solutions, 


II. If ¢=3, y+2z=30, ... y=30-—2z, shewing that z cannot be 


greater than 14. Also x+y+2+2=30+a, or 20+2=304a, .. 2=2+10. 
Hence x cannot be greater than 4, but may be 1, 2, 3, 4, each of which 
makes y and z positive, giving 4 solutions. 


-, total number of solutions = 6+4= 10. 





365. The theory for the solution of indeterminate equations of more 
than one dimension is too difficult to be admitted into an elementary work, 
like the present. The reader is referred for further information to Barlow’s 
Theory of Numbers, Chaps. u1. and tv. But there are two classes of sich 
equations, which admit of easy solution: Ist. Such as do not involve the 
square of either of the unknown quantities; and 2nd. Such as involve the 
square of one of them only. 


Ex. 1. Required the positive integral solutions of 3ay—4y+ 3a = 14, 
Here 32(y+1)= ae ;: 
_l4+4y _ _ Atyt 1), 
~ yth yt] ost 
10 | 
y+? 
hence y+1 must be cither 10, or a divisor of 10; that is, it must be either 


1, 2, 5, or 10; and therefore the values of y can be only 0, or 1, or 4, or 9; 
of which the first and last make zx fractional. 


e's x= 3, 2 





\ are the solutions required. 


Y= 1, 4. : 
Ex. 2. Required the positive integral solutions of 2ay—3z*+y=1. 
3ci+1 8x 8 te 
Here jo a Maceo by division ; 


Qet+l 2 4 4(2x4+1)’ 
soe Sexi? ® whole number. 


Hence, 7 being a prime wanes 2941 can be no other number but 7, 
or 1; 
 2e=6, or e=3, and... y=4; 
or 22=0, ie. =O, and... y=1; 
which are the only solutions in positive integers. 
[Exercises Zm.] 


16 
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866. In the solution of different kinds of unlimited problems 
different expedients must be made use of, which expedients, and 
their application, are chiefly to be learned by practicé. 

Ex. 1. To find a “perfect number”, that is, one which is equal 
to the sum of all the numbers which divide it without remainder. 

Suppose y"x to be a “perfect number” ; its divisors are 

1, y, yy", w, xy, xy*...cy™”; 
fo POHL Y AY rere +y"+ e+ cyt ry’... + vy". 





F ny '-1 
Now 1lt+y+y..... at As y—-1” 
and 2+ ry+ xy’..... tay = xe 
at =U It" = 1x 
ee YxL= yl 3 
or Yyrae-ya=y"-l+y"x-a; 
tie! ae 
pe OP Oy" FL? 


and, that 2 may be a whole number, let 9” 


that is, y= 2; then 2 =2""—-1. 

Also, let » be so assumed that 2"**—1 may have no divisor 
but unity, which was supposed in taking the divisors of y’x; then 
y"x, or 2°x(2""—1) is a “perfect number”. Thus, if 2=1, the 
number is 2x3, or 6, which is equal to 1+2+3, the sum of its 
divisors. If 2 = 2, the number is 2’x(2°—1) = 4x7= 28. 


— 2y"=0, or y-—2=0, 


Kx. 2. To find two square numbers, whose sum is a square. 
Let x* and y’ be the two square numbers; 
assume w+ 4°= (nx — y) = n'a" — Qnxyt+ y’, 
then x’ = n'a’ — 2nxy, 
x= n'a — 2ny; 
hence (n’—1)x = 2ny, 
oe on SH, 
And if » and y be assumed at pleasure, such a value of x 
is obtained, that x*+ y* is a square number. 
But if it be required to find integers of this description, let 
y=n'—1, then «=2n, and m being taken at pleasure, integral 
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values of x and y, and consequently of x* and y*, will be found. 
Thus, if n= 2, then y= 3, and x=4, and the two squares are 9 
and 16, whose sum is 25, a square number. 
Ex. 3. To find two square numbers, whose difference is a 
square. 
Let z* and ¥’ be the two squares; 
assume 2° — 7’ = (a — ny)’, 
= xe" — Qnay+ n'y’, 
. Then y’= 2naxy — n'y’, 
or 2nx = (nw? +1l)y; 
_m+l, 
Qn °°” 
And if y=2n, then x=7’+1. Thus, if »=2, then y=4, and 
a=5; hence 2*-y’=25-16=9. 





SCALES OF NOTATION. 
367. To explain the different systems of notation. 


Der. In the common system of notation each figure of any number* 
increases its value in a tenfold proportion in proceeding from right to left. 
Thus 3256 may be expressed by 

6+50+200+ 3000, 
or 64+5x10+2x107+3x10%. 


The figures 3, 2, 5, 6, by which the number is formed, are called its 
digits, and the number 10, according to whose powers their values proceed, 
is called the radix of the scale. 


It is purely conventional that 10 should be the radix; and therefore 
there may be any number of different scales, each of which has its own 
radix, When the radiz is 2, the scale is called Binary; when 8, Ternary ; 
when 10, Denary, or Decimal; when 12, Duodenary, or Duodecimal; &e. 


If 3256 expressed a number in a scale whose radix is 7, that number 
might be expressed thus, 
645x7+2x7°+8x7* 
And generally, if the digits of a number be a,, a, dq @s, &c., reckoning 
from right to left, and the radix r, the number will be properly repre- 
wa Nd by 
a,tar+ar+asr°+&e, 
Or, if there be ~ digits, the number will be (reversing the order of 
the terms) 
: A ia: a 
* In this Section and in the following one by number a whole number is always meant. 
16—2 
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Oss, In any scale of notation every digit is necessarily less than 7, 
and the number of them, including 0, is equal to r. Also in any number 
the highest power of 7 is less by 1 than the number of digits. 


368. Zo express a given number in any proposed scale. 
Let WV be the number, and r the radix of the proposed scale. 
Then if a,, a, a, &c. be the unknown digits, 
N=a,+ar+a,r°+a,r° + &e. ; 
and if WV be divided by 7, the remainder is a,. 


If the quotient be again divided by 7, the remainder is a. 


and so on, until there is no further quotient. 

Therefore all the digits a, a, a, as, ke. are found by these repeated 
divisions, and consequently the number in the proposed scale. 

Ex. To express 1820, written according to the denary scale, in a 
- scale whose radix is 6. 
1820 


6 

6 303, 2.°. lst rem’. @ = 2, 
6 50, 3 2d rem’. a,= 3, 
6 

6 





8, 2 3d rem’. a,=2, 
1,2 4threm’. a,= 2, 
1 


3 
0, 5th rem’. a,.=1; 





”, the number required is 12232. 
This may easily be verified. Thus if the result be correct, 
2+3x6+2x67+2x6°+1x6* 
must amount to 1820; which upon trial it is found to do. 


By the same method a number may be transformed from any given 
scale to any other of which the radix is given. It is only necessary to bear 
in mind throughout the process that the radix is not 10, as usual, but 
some other number. Or the same thing may he done by first expressing 
the given number in the denary scale, and then proceeding as in the last 
example. 


Ex. 1. Transform 12232 from a scale whose radix is 6 to a scale 
whose radix is 4. 


(Observe, Ist, that in proceeding here to find how often 4 is con. 
tained in 12, 12 does not mean twelve, but 1x6+2, or 8 So also 23 is 
Jifteen, 32 is twenty, and so on.) | 
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4 | 12232 

4; ~ 2035, 0 .. Ist rem”. a,=0, 

4, 305, 3 2d rem’. a, =3, 

4 44, 1 3d rem’. a,=1, 

4 11,0 4th rem’.a,=0, 

4 1,3 5threm".a,= 3, 
0, 1 6threm’.a,=1, 


Cee neal 


.. the number required is 130130. 
This number expressed in the denary scale is 
1x4°4+3x4440x4?4+1x474+3x44+0, or 1820, 
which proves the result correct according to the preceding example. 


Ex. 2. Transform 3256 from a scale whose radix is 7 to a scale whose 
radix is twelve. 

Bearing in mind that the digits in 3256 increase from right to left in a 
sevenfold proportion, the division by twelve will be performed thus, 


twelve | 3256 


twelve 166, 4.*. Ist rem’. a, = 4, 


twelve 11, 1 2d rem.’ a, = 1, 


0,8 3d rem". a,=8; 





.. the number required is 814. 

369. The most useful scale of notation, after the common denary 
scale, is the one which has twelve for its radix, called Duodecimal. Here 
it is necessary to have two new symbols, in addition to 0, 1, 2, 3, 4, 5, 6, 
7, 8, 9, for the purpose of expressing ten and eleven; since 10, and 11, in 
the duodenary scale, signify twelve and thirteen respectively. These new 
symbols may be any thing distinct from the other digits, and are usually 
two letters, ¢ for ten, and e for eleven. 

The common pence-table will be found of considerable service in the 
use of the duodecimal notation. 


Ex. 1. Multiply 25 ft. 7in. by 7 ft. 10 in. 
The lengths are here expressed in the denary scale. In the duodenary 
the question is, what is the product of 21°7 by 7°43 
21°7 
7% 
193¢ 
12e1 


148-46 
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.*, the product is 148 ft. 4” ¢” in the duodenary notation, 

or 8+4x12+1x12"ft. 4. 10” in the denary ; 

that is, 200 ft. 4’. 10” .......ceeeeeeeees 
Ex. 2. A floor in the form of a rectangular parallelogram contains 

1532 square feet, 9’.9”, and is 81 ft. 9’ long ; required the breadth. 

The whole area+the- length=the breadth; and in the duodenary 

scale the given quantities are ¢78°99 and 69:9 respectively. 

69°9) t78'99 (169ft. in the duodenary scale, 
669 


39e9 
34t6 


5139 
5139 


* %* 











.. in the common scale the breadth of the floor is 18 ft. 9 in. 
[#xercises Zn. | 


370. To find the greatest and least numbers with a given number of 
digits in any proposed scale. 

Let r be the radix of the scale, and n the number of digits; then it is 
evident that the number will be greatest, when every digit is as great as it 
can be, that is, y—1,; in which case the number will be 


r—1+(r—1)r+(r—1)r?+...... (r= 1)", 





or (r—1)(1+74+7°+...... +7"~") s 
r—1 
~] "_1, 
or (r aap oF 1 


Again, the number will be least, when the extreme digit to the left 
is 1, and every other is 0; in which case it will be equal to r*~’. 


Ex. Thus in the common, or denary, scale, the greatest number 
having 4 digits is 10‘°—1, or 9999 ; and the least is 10°, or 1000. 


371. To find the number of digits in the product or quotient of two 
gwen numbers. 

I. Let P and @ represent the numbers, having p and gq digits 
respectively ; and 7 the radix of the scale; then 

Since P is a number of p digits, P<1 followed by p ciphers, that is, 
Pa<r’. Bo also Q<r'. Therefore PxQ<r"*!<1 followed by p+gq ciphers. 
But this is the least number having p+q+1 digits; and hence Px@Q cannot 
have more than p+q digits. 


Again P is not less than 1 followed by p—1 ciphers, or than r?~'; and 
Q is not less than +*~’, Therefore PxQ is not less than ePti-* or than 1 
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followed by p+q-2 ciphers, which is the least number having p+q-1 
digits; and hence Px@ cannot have less than p+q—1 digits. 

II. To find the number in P+Q, when P is exactly divisible by Q; 
let P+Q=R, then P=QR, and .. QF contains p digits. Suppose R to 
contain x digits ; then, by former case, » cannot be greater than ¢+2, nor 
less than g+x—1; .*. x, the number required, cannot be less than p—g, nor 
greater than p—q+1. 


Cor. Hence the number of digits in P* is either 2p, or 2p—1; in P* 
either 3p, or 3p—1, or 3p—2; and s0 on. 


Also, if ,/P have x digits, then /Px,/P, or P, has either 2a, or 
2%—1, that is, p= 2x, or 2a—1, and .. x=4p, or 3(p+1), whichever is 
integral. 

Again, if JP have x digits, then P has 3x, or 3x—1, or 3x—2, that is, 
p = 3x, or 3a—1, or 3x—2, and ... x= 4p, or 3(p+1), or 4(p+2). 

372. In every system of notation, of which the radix is vr, the sum of 
the digits of any nunber divided by r—1 will leave the same remainder as the 
whole number divided by r—1. 

Let a,t+artar’ +a +... +a,r" be the number (J), 

then V=a,+@,+a,+...+0,+0,(r—1)+4a,7?-1)+...... +a(r*—1); 
N _%tGt. ta, caee ie Fi 

Noa 4  ta,(7r+1)+...... a. 


But ee 
r— 


be; (Art. 99, Ex. 6); 
Q+a, +... +@, 


oe ad = P+- 
r—1 














L% vie 
| 84 whole number, whatever positive whole number 2 may 








, P being a whole number, 


or the number divided by r—1 leaves the same remainder as the sum of 
the digits divided by r—1. 

Cor. Hence, if the sum of the digits of any number be divisible by 
r—1, the number itself is divisible by r—1. 


Similarly, it may be shewn that, if the difference between the sum of 
the digits in the odd places and the sum of the digits in the even places be 


divisible by +1, the number is divisible by r+. 
For N=a,+a(r+1-1)+a,(r+1-1)'+... +a (r+1—1)’, 
=,—d,+a,—a,+...+¢a,+ multiples of r+1. 

Pros. To find what numbers are divisible by 3 and 9 without 
remainders. 

Let a, b, c, d, &c. be the digits, or figures in the units, tens’, 
hundreds’, thousands’, &c. place of any number, then the number is 

a +10b + 100c + 1000d + &e. 
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this divided by 3 is 
b 


a d 
gt3b+5 


C 
+ 33¢ + 5 + 333d + 5 


+ &e. 

or hE + 3b + 33¢ + 333d + &e. 

at+b+c+&e., 
3 

that is, any number is a multiple of 3 if the sum of its digits F 


a multiple of 3. Thus 111, 252, 7851, &c. are multiples of 3. 


In the same manner, any number is a multiple of 9 if the sum 
of its digits be a multiple of 9. 


a+10b + 100c + 1000d + &e. 


which is a whole number when ——— is a whole number ; 





For 9 
a b Cc ad 
Sie ot gtile+ 5+ llld+ + ke. 
= — +64+11le+11ld+ &e. 
which is a whole number when acteesee is a whole 


number. Thus 684, 6588, &c. are multiples of 9. 


Cor. 1. Hence, if any number, and the sum of its digits be 
respectively divided by 9, the remainders are equal. 


Cor. 2. From this property of 9 may be deduced a rule which 
will sometemes detect an error in the multiplication of two num- 
bers, called casting out the Nines. 


Let the multiplicand be 9a + a, that is, let it consist of @ nines, 
with a remainder x; and let 9b + y be the multiplier; then 


8lab + 9bx + 9ay + xy is the product; 


and if the sum of the digits in the multiplicand be divided by 
9, the remainder is 7; if the sum of the digits in the multiplier 
be divided by 9, the remainder is y; and if the sum of the digits 
in the product be divided by 9, the remainder is the same as 
when the sum of the digits in xy is divided by 9, if there be 
no mistake in the operation*. 

* It will be easily seen that this method fails to detect an error in any of the following 


cages :—~(1) when one or more cyphers have been omitted in the product ; (2) when any of 
its digits are misplaced; and (3) when the error is equal to 9 or any multiple of 9.—Eb. 
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373. Thus far we have treated of whole numbers only ; but fractions 
also 11ay be expressed in different scales of aii Thus 


1 
23°21, radix 10, signifies 2x104+3+— aa +o 
; 2 
aioe PAGIX . ‘Oy c2esice 2x64+34+54 a, 

; 1 
seen yadix 4, 4 issinave Ox4+8+2 45, 

; 2-4 
avedias PACIK: 95th e 2xr+3+— +4. 


And generally, if there be n digits after the point which separates the 
integral from the fractional part of a number, the fractional part will be 
expressed by a 





a 
—! + “5+ =i + eaten ghs, + 
Ya rf 


or a_,7'+a_,7° mnt Canoes +a 7", 
It is to be understood that as any vulgar fraction in the common scale 
may be converted into a decimal fraction, the same may be done in any 


other scale, and in the same way, bearing in mind only the ainerence of 
radix. 


374. To transform a fraction from one scale to another. 

Let N be the given fraction, 7 the radix of the new scale, and a@_,, a_,, 
a_,, &c. the unknown digits ; then 

N=a_,r'+a_,r '+a_,r +k. 

tN =a_,+a_,r'+a_,r *+&c., the integral part of which is a_, the 

first. digit required, "leavi ing the fractional part 
a_,7r +a_,r ‘+ke; 

multiply this by 7, and the result is a ,ta_,r-+de, the integral part 
of which is @_,, the 2nd digit required; and so on, continually multi- 
plying by r, and separating the integral part for a new digit after each 
operation. 


If the proposed fraction be not a proper fraction, the integral part 
must be dealt with separately according to the former rules for whole 
numbers. 


Ex. 1. Transform ; from the denary to the ternary scale. 


8x5=— =f 3xh=1, .* the No. required is 0-11 
Ex. 2. Transform 43°7 or 43,5 from the denary to the senary scale. 


6 | 43 . 43=111 in the pm scale, 
6| 7% 1 And 1h x6=75=44 }x6=2=14, &o 


6; 1, 1 .. the fractional part 1s °41111...... 
0, 1 and the No. required is 111°4111...... 
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Ex. 8. Transform 23} from the senary to the septenary scale. 
Here 23} = 2x6+8+}=15} in the denary scale ; 











eas 7 21 
7 2, 1 4x7 =3 = 14%, $x7 == = 54, &e. 
0. 2 .. the No. required is 21°1515...... 





Or thus, without introducing the denary scale ai all, but bearing in 
mind throughout that the radix is 6, 














231 = 23/13, 
7 | 23 13 
71231 7 
0, 2 «143 

7 

513 


| 


. No. required is 21:1515...... 
Ex. 4. Transform 456°16 from the duodenary to the ternary scale. 


1:16 





“. No. required is 212210°0101...... 
[Haxercises Zo.] 


PROPERTIES OF NUMBERS. 
375. The product of any two consecutive numbers is divisible by 1x2. 


Of the two numbers one must evidently be even, that is, divisible by 
2, therefore their product is divisible by 2, or by 1x2. 


376. The product of any three consecutive numbers ts divisible by 
1x2x8, or 6. 

Every number must be either of the form 3m, or 3m<1, or 3m Q, 
since it must be either divisible by 3 without remainder, or have a 
remainder 1 or 2; therefore the product of any three consecutive numbers 
may be represented by one of the forms 
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8m(3m + 1)(8m+2), 
(8m—1)3m(3m +1), 
(3m—2)(3m—1)3m. 

Now, since by last Art. both (3m+1)(3m+2) and (3m—2)(3m—1) 
are divisible by 1x2, and 3m is a multiple of 3, therefore the first and 
third forms are divisible by 1x2x3. Also, if m be an even number, that 
is, divisible by 2, it is clear that 3m, and therefore the second form is 
divisible by 1x2x3. Or, if m be an odd number, 3m is odd, and divisible 
by 3; also 3m+1 is even and therefore divisible by 2; consequently the 
second form is divisible by 1x2x3. 


Hence, in all cases, the product of three consecutive numbers is 
divisible by 1x2x3. 


377. The continued product of any ry consecutive numbers is divisible 
by 1.2.3...r. 


[This has been already shewn indirectly in Art. 316; but the following 
is @ more independent proof ]. 


Let 7 be the least of the numbers, and let eee) 


je 
be represented by / for all values of 2 and r. 


a —2 —1 — 
Then Pa UMrtd).@tr-2) mtr—1 _ bas “— +1), 
Bee Den cetagbies (7-1) r mie r 





_ (n—1)n(n+1)...(n+7—2) 
an ee per tas 


Now asswme that the product of any r—1 consecutive integers is 
. divisible by 1.2.3...(r—1), that is, suppose 7 | is an integer, then 


n r=] 
a : ~=,-,4 + an Integer, for all values of n and 7, 
Write m—1 for n, ._ 





P=,_,/+ an Integer, 
sarees M—-Q iesery , = _,P+ an Integer, 
a eetekiesbitiawes &e = &e. 
sacra B wccccsseeeee gl =f + an Integer, 
1.2.3...7 
bis reas DQ cesececeeee gd = P+ an Integer = (aq3 7 Integer, 


= 1+ an Integer = Integer, 
.. adding and cancelling, 


P= the sum of Integers = an Integer; 


which proves that, if .P_, be an Integer, then also is P. But we know 
that P is an integer, (by the last Art.), therefore also is 2; and if P, 
therefore also P.; and so on generally for P; that is n(n+1)(n+2)...... 
(n+r—1) is divisible by 1.2.3...7. 
Ex. 1. If 2 be uny whole number, then will n(n‘—1)(n*—4) be divi- 
sible by 120. 
n(n? —1)(n?—4) =n(n—1)(n+ 1)(n—2)(n+2), 


= (n—2)(n—1)n(n+1)(n+2), 
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oe 
which is the product of 5 ocasecutive numbers, and is therefore divisib 
by 1.2.3.4.5, or 120. 


Ex. 2. If n be any even number, n’+20n is divisible by 48, 


Let 1 = 2m, since it is an even number, 
then 2*°+20n = 8m*+40m, 
= 8m(m* +5), 
= 8m(m'—1)+48m, 
= 8(m—1)m(m+1)+48m. 


Now (m—1)m(m+1), being the product of three consecutive number: 
is divisible by 1.2.3, or 6; therefore n°+20n is divisible by 48. 


378. Every number which ts a perfect square is of one of the form 
5m or 5m=+1. 


For every number is of one of the forms 5m, 5m4+1, 5m+2, 5m+3 
5m+43 all of which are included in the forms 5m, 5m=1, 5m# 2, sine 
5m+3= 5(m+1)—-2= 5m’—2, and 5m+4= 5(m+1)—-1=5m—-1., 


But (5m)’= 5(5m’) = 5m’, which is of the form 5m ; 
(5m #1)'= 25m? £10m+1 = 5(5m** 2m)+1, which is of the form 5m+1; 
(5m + 2)? = 25m* = 20m+4= 5(5m’?+4m+1)—1, which is of the form 
bm—1; 
*. every square is of one of the forms 5m, 5m+1, 5m—1. 


379. Every “prime number” greater than 2 is of one of the form: 
4m «1. 


For every number is of one of the forms 4m, 4m+1, 4m+2, 4m+3 
but neither 4m, nor 4m+2, can represent prime numbers, since each is 
divisible by 2; therefore all prime numbers greater than 2 are represented 
by 4m+1, and 4m+3. But 4m+3=4(m+1)—1=4m'~—1; therefore the two 
forms for prime numbers are 4m+1. 


Cor. Since m may be odd or even, that is, of the form 2n+1, or 2n, 
all prime numbers are represented by 82 +1, or 82 = 3. 


380. Lvery prime number greater than 3 is of one of the forms 6m = 1. 


For every number is of one of the forms 6m, 6m+1, 6m+2, 6m+3, 
6m+4, 6m+5, of which the Ist, 3d, 4th, and 5th obviously cannot re- 
present pryme numbers; and therefore, all prime numbers greater than 
3 are represented by 6m+1, and 6m+5. But 6m+5=6(m+1)—1=6m'-1. 
Therefore, 6m #1 will include all prime numbers greater than 3. 


Cor. Since m may be odd or even, that is, of the form 2n+1, 
or 2n, all prime numbers greater than 3, will be included in 12n1, or 
12n a 5, 


[Huercises Zp.] 
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381. No Algebraical formula can represent prime numbers only. 

Let p+qx+ra*+&c. be a general algebraical formula; and let it be 
@ prime number, when =m; therefore (P) the prime number in that 
case 18 

ptqm+rm’ + ke. 
Now let c=m+nP; then 
p+g(m+nP)+7r(m+nP) + &o. 
is the number ; and is equal to 
ptqmt+rm’+&e.+ MP, 

(Mf signifying “some multiple of,”)=P+PM, which is divisible by P, 
and therefore not a prime; consequently the formula does not represent 
prime numbers only. 


382. The number of primes is indefinitely great. 


For, if not, let there be a fixed number of them, and let p be the 
greatest ; then 


1.2.3.5.7.11... is divisible by each of them, 
Gnd: D230. (ll sat alee ores not one of them. 


If this latter number, then, be divisible by a prime number, it must be 
one greater than p; if not, it is itself a prime, (since every number is 
either a prime, or capable of being resolved into factors which are prime) 
and is greater than p. Therefore, in either case, there is a prime greater 
than p; that is, we may not assume any prime to be the greatest; or, the 
. humber of primes is indefinitely great. 


383. Zo determine whether a proposed number be a prime or not. 

It is obvious that this may be done by dividing the proposed number 
by every number less than itself, beginning with 2, until we have either 
proved it to be divisible by some one of them without remainder, or that 
it is a prime, from not being divisible by any one of them. But there is no 
necessity to proceed so far, as may thus be shewn. If the proposed num- 
ber (p) be not a prime, then p=ab, the product of two other numbers, 
If then a>,/p, b<,/p; and if a<,/p, b>,/p. Hence in both cases p is 
divisible by a number less than the square root of itself. Or it may be 
that the proposed number is an exact square, in which case it is di- 
visible by its square root. If, therefore, a proposed number be not 
divisible by some number not greater than the square root of itself, it must 
be a prime. 


384. To find the number of divisors of a given number. 
Let a, b, c, &c. represent the prime factors of which the given number 
is composed ; and let a be repeated p times; 6, g times; c, r times; d&c.; 
so that the number = a’b'c’, &c.; then it is evident that it is divisible by 
each of the quantities 
1 GB, Gy Seeks a’, p+1 in number, 
1, 5, 5%, 8, ...006 OF Gtl 
1, 6, 67, Cy cecose Oy FH1 
&e. &e. &e. 


° 
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and also by the product of any two or more of them, that is, by every 
term of the continued product of 


(lt+ata'+...+a°)\(146+6%+...48)(l+c+e'+...+¢). ke. ; 


for (l+at+a’+...+a")(14+0+6°+...40) =1l+ata’+...... +a? 
+b+ab+ ...... +a’b 
+b?+ab*+...... +a'b® 
Get al anda aseaatenaeas 
+6'+ab'+...... +a?b!, 


which are all the different divisors (including 1) of a6‘. 

Similarly, if this result be multiplied by (1+c+c*+...+c¢'), the product 
will consist of all the different divisors of a’b'c’; and so on, if there be more 
factors of the given number. 

Now the number of these divisors is obviously y+1 in a’; in a?b! 
the number is p+1 taken as many times as there are terms in the second 
series, that is, (p+1)(q+1); in aPb’c’ it is (p+1)(q+1) taken +1 times, or 
(p+1)(q+1)(r+1); and generally 

the number of divisors in a’b'c’. ke. = (p+1)(q+1)(r+1).&e. 
including 1 and the number itself. 


Ex. Find the number of divisors of 2160. 


Here 2160 = 2x1080 = 2°x 540 = 2°x 270 = 24x 135 = 2°x 3x45 = 2x 3°x15 
— 2*x 3*x5, Therefore = 
number of divisors = (4+ 1)(3+1)(1+1) = 40. 


Cor. 1. The number of divisors will always be even unless each of 
the quantities p, g, 7, &c. be even, that is, unless the proposed number be 


a perfect square. 


Cor. 2. It is also obvious from what has been said above that the 
sum of all the different divisors of a’bic’.&c. is the sum of all the terms 
in the continued product of (1+a+a’+...+a*)(1+b+67+...40\(l+c+e7+ 
+0") Ke. 
att. gmt_y ett] 


or —_—_- .-———- oor : 
a—l b-1 c—1 de 


385. Jf m be any prime number, and N a number not divisible by m, 
then N™~'—1 is dwisible by m. (FeRMAT’S THEOREM.) 


For, it is easily seen, by the Binomial Theorem, that in the expansion 
of (a+b+c+d&c.)” m is a factor of every term except a”, b”, c”, &c.; and 
that the coefficients are always whole numbers. 

But m, being a prime number, will not be divisible by any factor in 
the denominator of a coefficient, and will therefore remain as a factor of 
each term, when the coefficients are reduced. Therefore we may assume, 
(m being a prime number), 

(a+b+c+d&c.)"= a"+b"+0e"%+&ke.+mP, 
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Let, then, a=b=c=&c,=1, and the number of them be WV; and we 


have 
N*—~N+mP ; 
*, N"—-N=mP, 
or N(N™—1)=mP. 
But, by supposition, V is not divisible by m, 
. V™"'—1 is a multiple of m, or is divisible by m. 
386. To prove that for any positive integral value of n, 


n"*—n(n—1)" 2} in —2)"—&e.= 1.2.3...n. 
By the Binomial Theorem, 
(ea 1)t= etn BOD gers 


Also by the Exponential Theorem, 
2 
(f-1)*=(1+a+ te .-1)"= (a+ ae me 


=o" + Ag") + Bat? +... by a Binomial Theor....(2). 


e s e nm 
Now, the coefficient of 2* in «is 








1.2...97 

casi puncaleic len ecemucesantees or, 1) 
Co Pere me eerreseereneser ces totece ese 1.2.. Nn’ 

. nme (n—2)" 
TEC eeree ers YY ee ee @areeereseorore Secs 1.2...n’ 

and equating coefficients of x" in (1) and (2), 
a”  _ n(n—1)" n(m—1)_ lest ae 
Lei Ai. Fak 1.2...% 





ay 
and .*. n= (n- ye )(n—2)*— dee. = 1.2.3...n. 


Cor. Let p be a prime ass and p—1=7n, then 
1.2.8...p—1 =(p—1f =? + (p—ayr} 4 eo tke (P= 1)(P=2)(,_ gy-1_ be, 
= Mp+1-P (af vip1y+ P=DE-2 rps) te, by 
Fermat's Theorem ; = pt-(p-1) x PDO, 
41-2}, PVR?) ge to p—1 terms, 
=pQt+(1—1""~1; 
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 1.2.8.,..p—1+1=pQ, or is divisible by p; 


which is Wilson's Theorem for determining whether any proposed number 
be a prime or not, 
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387. To find the value of a fraction when the numerator 
and denominator are evanescent. 


Since the value of a fraction depends, not upon the absolute, 
but the relative, magnitude of the numerator and denominator, if 
in their evanescent state they have a finite ratio, the value of the 
fraction will be finite. To determine this value, substitute for 
the variable quantity its magnitude, when the numerator and 
denominator vanish, increased by another variable quantity; then, 
after reduction, suppose this latter to decrease without limit, and 
the value of the proposed fraction will be known. 


Ex. 1. Required the value of 





a — a2 
, when x=4a. 

xa 

Let x=at+h, and the fraction becomes 


a+ 2ah+h’—a_ 2ah+h' _ 
a A 2a +h, 


and when h=0, or x=a, its value is 2a. 


= n nt1 
Ex. 2. Required the value of ee , when «= 1 


Let x =1+h, and the fraction becomes 
l—(n+1)(1+h)*+n0+h)™ 
h? ? 
n—l,, n-ln—-2,, 
h? 
n{l+ (+ ht Wt) SM t (atl. H+ &e} 
h* , 


1 —1 
=n ae + Ss + &c. the remaining terms being 


multiples of h; 
+1 


and when f= 0, or 2 =1, the fraction becomes 7. = ‘ 





+ 
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388. It is clear that every fraction, whose terms are made evanescent 
for a particular value (a) of some quantity (x) contained in them, is capable 


of being reduced to the form - — ; and, upon dividing the numerator 





and denominator by their greatest common factor, the fraction will no 
longer have both its terms evanescent, when 2 =a. 


Hence by whatever process this common factor can be discovered, and 
divided out, the value of the fraction will be found. 


A simple algebraical reduction is frequently sufficient for this purpose, 
as will be shewn in the following Examples. 


1 — 32° + Qa;* 
Ex. 1. Required the value of ere » when 2=1, 





Here: = ee 
(1—2)* (1-zx)* ’ 
_1+e-22" 1-2°+a(1—2) 
is 1-2 
=1+2+2%, 


=3, when «=1. 


2—a+,/Saa—2a? 
. fat—a* 
Here w— 0+ f2an— Ba? _ wat f20..J/e—4 
J? —a? Jeta.Ja-a ” 
Ja— a+ fa 
ree 
2a 


=*+—-=1, when z=a. 
/2a 


Ex. 2. Required the value of 











, when v=a. 











—_— 





Ex. 3. Required the value of a Bet , when h=0. 
b 


Here (@tA— 2" _ (wth) 2" 


; 1 
7 acres ; let v=(a+h)", and w=2", then 





: o—w" 
fraction = eae? divide num’. and denom". by v—w, 


m—i m—? m—1 


v +¥ 


— 
— 


w+...+0w™ F+w 
a—1 a—@ n—-i 9 


oo +y we... tou F+W 


17 
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wn" '+w™"'+&c. to m terms ey eee ee 
w" '+w"'+4&c. to n terms ’ i: ee eg 


m=l 


_ mw Mm mn 
~ pws” : 

m — 
= a Hb; ; 
_m 3 
=— : 
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389. Der. An infinite series is a series of terms proceeding accord- 
ing to some law, and continued without limit. Thus the series treated of 
in Art. 290, Cor. 2, is an “infinite series”’. 


Der. The sum of an infinite series is the limit to which we approach 
more nearly by adding more terms, (us in Art. 290, Cor. 2,) but cannot 
be exceeded by adding any number of terms whatever. 


Der. <A convergent scries is one which has a sum or limit, as here 
defined. A divergent series is one which has uo such sum or limit. 


Hence every infinite series in Geometrical progression, in which the 
common ratio is less than 1, is converyent. 


390. Zo determine in certain cases whether a series is convergent or 
divergent. 


I. Let a,+a,+4,+4,+...... be the series, in which all the terms are 
positive. Then the sum is equal to 


aj{1+—7+—*+-*+...... : 
1 1 1 
or 7a (ape! Senne! ee! id ec el 
1 a, 1 3 2 a, 
‘ 4. G@, G, @ 
And, if each of the quantities 7 a ae &c. be less than some quantity 
2 8 


p, the whole series is less than 

a{l+ptp’t+p'+......}. 
But if p be less than 1, the sum or limit of this latter series is a,. aor 
therefore the proposed series also has a sum or limit Jess than this quan- 


tity. Hence an infinite series of positive terms is always convergent, if the 


ratio of each term to the preceding term is less than some assignable quantity 
which is itself less than 1. 
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II. Next, let a,—a,+a,—a,+...... be the series, in which the terms 
are alternately positive and negative, and go on decreasing without limit. 


Then, since the series may be written in the two following ways, 

















G,— A, +A,—A,+G,—Ao terres 
Dh, —Ag— A, — Gh — De — see eeeees 
and since a@,—a,, a,—a,, &e, a,— ~—a,, &c., are severally positive, 


it is evident that the ‘sum or ‘innit of a series 1s greater than a,—a, 
and less than a,, that is, the series has a sum or limit; consequently it 
Is convergent :—or, every series, im which the terms continually decrease 
and are alternately positive and negative, is convergent. 


Cor. If each of the quantities . - , 


: , : 1 
series a+ba+cxu’+dx°... is convergent whenever x is less than —. And 


oi d : 
if p be less than each of the quantitics 7 ; » o) &c. then the series 
— 1 
a+bxe+cu’+...is divergent for every value of x greater than i 
td 

For, if ka" and Iz"*t’ be any two consecutive terms of the series, 
n+ 
aa a and if ee p—y, and aaa, where p and a are constant, and 


ka® ik? k 
y always less than p, then ie (e-W(5- ), or l-ap—ay. Now 1-—ap 


&e. be less than p, the 





is positive, and « and y are both positive, .. l—ap—axy, or Z% is Jess than 


1—ap; that is, the ratio of each term to the preceding term is less than an 
assigned quantity, 1—ap, which is itself less than 1; and therefore the 
series 1s convergent. 


But if p be less than 7 and x greater than F , which will be expressed 


by changing the signs of y and a, then va will be l+ap+ay, greater 


than 1, and the sum of the series infinite ; therefore the series is divergent. 


] ] ] ] 
——-- —_—- +... e 
Ex. To determine whether oe aa 5 —- io oA be a 
convergent series. 
1 
a, a, oa a, 2 4 


1 oe? oc. 
each of which ratios, after the second, is less than 3? which is itself less 


than 1, Therefore the series is convergent. 


17-—2 
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391. Another method of determining the convergency or divergency 
of series is to find the limit of the sum of the series after the first terms ; 
which also determines the limits of the error arising from taking any 
number of terms instead of the whole series. Thus, 

y 1 1 1 

Ex. 1. In the series 1+7+ watragte the sum of the series 


after n terms 
1 1 


1 
“Tn” [n+l neo” sigeeee yeeeeee 


: {1+ : + : + : 
[wt n+l (m+1)(n+2) 0" ” 


— 
— 


: : or < : I 
“[a=1' n=? 1.2.3...(u—-1)'n—1" 

But this quantity decreases as m increases ; and, by increasing ” with- 
out limit, it may be made less than any assignable quantity. Therefore 
the series is convergent. And if n terms be taken for the whole series, the 
error is less than 


] 1 
1.2.3...(n—1) n-1° 
: 1 1 
Ex. 2. In the scries i=) erates paatees the sum of the series after 
m terms 


(ay fo ] ae 1 
~T ned ne2 \n+3 nea)” i, 


or = (ay fs @ ) 1 1 
= ‘(n+l \n+2 n+8 (sra-wxa)- 
and, since the quantities within the inner brackets are all positive, 
this sum 
1 1 
= |) See 
A ores axa}? 
1 


and < (—1)". ae ; 


both which quantities are diminished without limit as is increased. 


Hence the series is convergent ; and if n terms be taken for the whole 
series, the error is less than the n+ 1 term. 


& 
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, 11 41 : 
Ex. 3. In the series l+ststgt er the sum of the series after 
nm terms 
, ee + : + d + 
“mt+1 n+2 n+3 °°" 
_1 13 ] 
~m+l n+2 n+3 0°" Qn 
+ : + : + : tet : 
Qn+1 @+2 W+3 —" An 
thie cantata tia tdea ee unccien maueeie ; 
1 1 ] 1 
> —+—+d&c. to n terms + — +—+4+d&c. to 2n terms +...... 
2n Qn An 400 
>. -— +2n sa n + 
oa? ” Ao Sr een tanese 
De ong 
ata tate 


>any assignable quantity. 


Hence the series is divergent. 


392. In the series a,xta,x"+a,x°+...... in inf. such a value may be 
given to x, that the value of the whole series shall be less than any proposed 
quantity p. 


Let & be the greatest of the coefficients @,, @,, 4) ...++ , then the whole 
series is less than 


kt kat +hait...... in inf, 
<k. i: ’ if r<1 3 
hence that which is required is done, if x be such a value that 


au <p 
l—z DP 


that is, kn<p—p2, 


or ia oe 


ptk 


Cor. Hence also in the series a,+@,0+a,2°+...... 1 wmf. such a 
value may always be given to a, that the first term is greater than the 
sum of all the other terms. This value of x will be any quantity less 


than 2 


0 
+k° 





a, 


262 RECURRING SERIES. 


RECURRING SERIES. 


393, If each succeeding term of a decreasing Infinite Series 
bear an invariable relation to a certain number of the preceding 
terms, the series is called a Recurring Series, and its sum may be 
found*. 


Let a+bx+cz’?+... be the proposed series; call its terms 
A, B, C, D, &c. and let 
C=fxB+ 9xA, D=fxC + 92°B, &e. 

where f+ is called the scale of relation ; then, by the supposition, 
A= 4A, 
B= B, 
C=fxrB + ga’A, 
D=fal + gx’ B, 
E =fxD + ga’C, 


— 
— 


and, if the whole sum 4 + B+ C+ D+ &c. in infi=S, we have 
S=A+B+fx.(S — A) + g2’S, 
or S—feS—gr’S=A+B-fxda; 
- = A+B- Si ee 
ee coma l—fe — 
In the same manner, if the scale of relation be f+ 9+ &c. to n 
terms, the sum of the series is 


44+ B+C.. een — fai At B.. .ton—1 terms} — gai A+..ton— on —2terms}—&e 





— fa — ga —hx’*...to (wv +1) terms 


* In practice, perhaps, it will be found best not to rely upon the general theory hero 
given. Every example in this section may be worked out in the most simple manner. 
Thus, take Ex. ] ; and let S be the sum required ; then 


S—1 
——— = 8(1 +82 +92? +...) =35, 


: 1 
°. S= 13s" 
1 


Similarly, in Ex, 2, st ~S=i~, from which S = : 
1~ (l~2)?" 
she 1 
In Ex. 3, —— ~S= = from which S Ga at And so on.—Epb. .- 


RECURRING SERIES. 263 


Ex. 1. To find the sum of the infinite series 1+ 3x7 + 927+... 
when is less than 4. 





= peenne mee 1 
Here f= 3, and the sum = 13a" 
Ex. 2. To find the sum of the infinite series 1+ 2x7 + 32° 
+ 47°+... when 2a is less than 1. 


Here f= 2, g=—1, and 


the sum = ie ee en ee 
1—2x¢+ 0° (1-2) 





If x= or >], the sum is infinite; yet we know that the series 
arises from the division of 1 by (1—«x)’, and the sum of 2 terms 
may be determined as follows :— 

The series after the first 2 terms becomes 

(70 + 1)a" + (90 + Qa" + (w+ 3)a"? + &e. 
in which the scale of relation, as before, is 2—1; and therefore 
the series arises from the fraction 
(70 + 1)a" + (92 + 2)ae""* — 2(0 + 1a" 





- (1-244 2’ ? 
Gi Deane 
(1 — x)" : 
—_ n ntl 
*. 1420 + 3a? + &e. to m terms =~ 12 ae es — 


Cor. If the sign of # be changed, 1 — 2x + 3xz*— &c. to » terms 


_1F(m4+))ja" F nv 


Uta 
where the upper or lower sign is to be used, according as 7 is an 
even or odd number. 








? 


Ex. 3. To find the sum of 2 terms of the series 
1+ 3a + 57+ 7a? t+ os 
Suppose +g to be the scale of relation; 
then 3f+g=5, and 5f+3g=7; hence f=2, and g=—1; 
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and, by trial, it appears that the scale of relation is properly 
determined ; 
hence S = ear = E, , 
After ~ terms the series becomes 
(Qn + 1)a"+ (20 + 3)" + (2 + 5)a"? + ..., 
which arises from the fraction 


(20 + 1a" + (20 + 3)a"* — 2(2n + 1)" | 


b 








1— 24% + x’ 
(Qn + 1)a” — (Qn — 1)a"™ 
or iri ae eG 
(1 — x) 


hence 1+ 37+ 52°+72°+&c. to » terms 
_1l+a—(2n4+la*+ Qn —- Da 
7 (1— x) 
Ex. 4. To find the sum of 1 + 2x 4+ 32° + 5a°+ 82'+ &e. in wmf. 
when the series converges. 
In this case the scale of relation is 1+1, and consequently the 


sum 1s 
I+2xe—-—x _ 1+2z 





l—-x—-2 1—-x-2"' 


If « becomes negative, 
ec, 1—2x 
eaep 2 om x 3 4 fares eer tes 
1— 22+ 32° — 5a°+ &e. en inf. eer 


Ex. 5. To find the sum of 2 terms of the series 
(m —1l)x + (nm — 2)" + (n — 3)a*+... 
The scale of relation is 2—1; therefore the sum in inf. is 


(m —l)x + (2 — 2)a? ~ 2(n — 1)a” (2 —1l)a — no" 
(l—a)? oo eae 


After m terms the series becomes — 2" — 22" —.,., the sum 
oS ant 


of which is found in the same manner to be G—a 
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. (n—l)at+ (nm — 2)a#* + (n — 3)x°+ &e. to » terms 


_(m—1)a— na? + oo 
Ctr 





Cor. Hence (2 — (n—- De 4 = 2)" 
n n 


+ &e. to n terms 


_ (n— 1)” — na* + a" 
n(l — x)" 
Ex. 6. To find the sum of x terms of the series 
P+ e+ 3a? + Part. 
Let the scale of relation be f+g+A; then 
Of +4g+h=16, 
16f + 99 + 4h = 25, 
25f+ 16g + 9h = 36. 


From these equations we obtain f= 3, g=—3, h=1, which 
values, when substituted, produce the successive terms of the 
proposed series; therefore 


S= 1 + 49” + 92° — 3a” —122°4+ 32" lta Pas Pt 
l— 374+ 32°—- 2’ ~ (=a)? um oO 1e series 





in nf. when «x is less than 1. 


After the first 2 terms the series becomes 
(m + 1)*ax" + (90 + 2)*a"™ + (0 + 3) + 
of which the sum is 


(n + 1)’a" — (Qn*+ Qn —1)a™" + n?e" 
(l- 2)" 


and consequently the sum of 2 terms of the series is 


(1 ry xv)’ ° 


On this subject the reader may consult De Moivre’s Misc. 
Analyt. p. 72; and Euler’s Analys. Injfind. Chap, x11. 
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LOGARITHMS. 


394. Der. If there be a series of magnitudes 
a, a’, a, a’...a73 a", a, a%,...@”, 
the indices, 0, 1, 2, 3,...%; —1, —2, —3,...—-y, 
are called the measures of the ratios of those magnitudes to I, 
or the Logarithms of the magnitudes, for the reason assigned in 
Art. 230. Thus x, the Logarithm of any number », is such a 
quantity, that a’ =n. 

Here a may be assumed at pleasure, and is called the base ; 
and for every different value so assumed a different system of 
logarithms will be formed. In the common Tabular logarithms a 
is 10, and consequently 0, 1, 2, 3,...v, are the logarithms of 1, 10, 
100, 1000,...10, in that system. 


395. Cor. 1. Since the tabular logarithm of 10 is 1, the 
logarithm of a number between 1 and 10 is less than 1; and, in 
the same manner, the logarithm of a number between 10 and 100 
is between 1 and 2; of a number between 100 and 1000 is between 
* 2and 3; &c. 


These logarithms are also real quantities, to which approxima- 
tion, sufficiently accurate for all practical purposes, may be made. 


Thus, if x be the logarithm of 5, then 10°=5; let 3 be sub- 
stituted for x, and 10* is found to be less than 5, therefore % is 
less than the logarithm of 5; but 10? is greater than 5, or is 
greater than the logarithm of 5; thus it appears that there is a 
value of x between § and 3, such that 107= 5; the value set down 
in the Tables* is 0°69897, and 10°°*’ = 5, nearly. 


396. Cor. 2. Since a’=1, 6°=1, &c. in any system the logarithm 
of 1 is 0. Also since a'=a, the logarithm of the base is always 1. 

The method of finding the logarithms of the natural numbers, 
or forming a Table*, is explained in Treatises on Trigonometry. 


Der. If be any number, log,n signifies the logarithm of n to base a; 
and logn the logarithm of n to any base. 


* Tables of Logarithms have been published in a very cheap and convenient form 
by Taylor and Walton, London, under the superintendence of the Society for the Diffu- 
sion of Useful Knowledge.—Eb. 
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397. In the same system the sum of the logarithms of two 
numbers is the logarithm of their product; and the difference of 
the logarithms 18 the logarithm of their quotient. 


Let «=log,n, and y=log,n’; then a*=n, and a’=n’; hence 


ry Nn . EN, n 
arty ’ —_— e : 1 . 
aTt=NN, and a ae or 7+y 18 log.nn’, and w—Y 18 log. ; 


that is, log,nn' =log,n + log,n’; and loge = log,n — log,n’. 
Ex. 1. Log 3x7 =log3 + log 7. 
Ex.2. Log pyr = log py + log r = log p + log q + log r. 
Ex. 3. Log ?=log5 — log 7. 


Ex. 4. Log 0°6=- log ie = log, 6—log, 10 = 0°'77815-1. 


510 51010 oR?) 310 
Ex. 5. Log,,0:006 = log, ,6—log,,10° = 0°77815—3. 
The last two results are usually written 1°77815, 3°77815. 
398. If the logarithm of a number be multiplied by n, the 
product ts the logarithm of that number raised to the n™ power. 


Let N be the number whose logarithm is x, or a’=N; then 
a’*=N"; that is, wx is the log. of NV”, or log, N” = 1.log.N. 


Exxs. Log (13)’= 5xlog 13. Log &' =<xlog 6. 
Cor. Log (a"b"c’...) =m log a+n log b+p log c+... 
Ex. Log /a’—2x" = log (/a+x./a—2) = dlogat+at+4 log a—z. 


399. If the logarithm of a number be divided by n, the quo- 
tient is the logarithm of the n™ root of that number. 


x 1 I 
Let a’®=N, then a*=N", or ~ is the log. of N", that is, 


log," = S log, NV. 


Exs. Log5?=1xlog5. Log J. ; =tloga—dlogd. 


400. The utility of a Table of logarithms in arithmetical 
calculations will from hence be manifest; the multiplication and 
division of numbers being performed by the addition and sub- 
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traction of these artificial representatives; and the involution or 
evolution of numbers by multiplying or dividing their logarithms 
by the indices of the powers or roots required. 
Also the value of x, which satisfies an equation of the form a*= b, may 
be found, since z.log a= log 6, and .. x= _ ‘ 
og a 


But much practice will be needed before the student will be able to 
make a satisfactory use of the Z'ables, and he will be required to take the 
subject in hand with great earnestness and determination. Every requi- 
site direction will be found in any of the most approved treatises on 
Trigonometry. A few easy examples are subjoined. 


Ex. 1. Required the value of ./3047. 


Here log o/ 3047 = = log, ,3047 = ase? 


= 0°49769 = log 35-1456 ; 
.*. 3:14.56 is the root required. 





Ex.2. Let the value of /7V2x/3 be required. 
The log. of the proposed quantity to base 10 is 
# hlog,,7 + 4 log,,2 + $log,,3} (Arts. 397, 399). 
And by the Tables log,,7 = 0°845098 
4 log,,2 = 0°150515 
4 log,,3 = 0°1590404 
5) 1:1546534 


~ 0°2309306 = log,,1°70188 &e. 
.. the value required is 1°70188 &c. 
Ex. 3. Find a fourth proportional to the 6" power of 9, the 4 
power of 7, and the 5" power of 5. 
Let x be the required number; then 
7x 55 
9° ; 
. logz=41log7+5 log 5—6 log 9, 
= 3°38040+ 3°49485—5-72544, to base 10, 
= 1:14981 = log ,14°12 nearly ; 
os ®@= 14°12 nearly. 
—1 
r—] 


9°: 74:3: 5°: a, and a= 





Ex. 4. Given e=a. 





; required the value of n. 


INTEREST AND ANNUITIES. 269 


Here ar"=8(r—1)+a; 
.. loga+log r*= log e(r—1) +a, 
n.log r= log s(r—1)+a—loga, 


n= 108 (87-14 4)—loga | 
log r ’ 
from which we may obtain the number of terms in any Geometric Pro- 
gression, when the first term, common ratio, and sum, are given. 


Ex. 5. Given 27= 1976; find the value of zx. 
Here x. log 2 = log 1976, 
_log1976 _ 3-29579 


Ex. 6. Given a =c; find x*. 


Let 07 =y, then x.logb =log y, and «= logy : 
log} 
loge 
Also aY=c, .. y.loga=loge, and YF ora? 
oe log (log c) —log (log a) 
log b ; 


[Haercises Zr.] 


INTEREST AND ANNUITIES. 


Der. Jnéerest is the consideration paid for the use of money 
which belongs to another. The rafe of interest is the considera- 
tion paid for the use of a certain sum for a certain time, as of £1 
for one year. 


When the interest of the Principal alone, or sum lent, is 
taken, it is called Semple Interest; but if the interest, as soon as 
it becomes due, be added to the principal, and interest be charged 
upon the whole, it is called Compound Interest. 


The Amount is the whole sum due at the end of any time, 
Interest and Principal together. 


Discount is the abatement made for the payment of money 
before it becomes due. 


® In this Ex. by a” is meant a raised to the power expressed by 87, and not a” 
raised to the 2» power. 
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SIMPLE INTEREST. 
401. To find the Amount of a given sum, in any time, at 
sumple interest. 
Let P be the principal, in pounds, 
n the No. of years for which the interest is to be calculated*. 
r the interest of 1£ for one yearf. 
M the amount. 

Then, since the interest of a given sum, at a given rate, must 
be proportional to the time, 1 (year) : 2 (years) ::7 : 7, the in- 
terest of 1£ for 2 years; and the interest of P£ must be P times 
as great, or Pur; therefore the amount HM = P + Pur. 


402. From this simple equation, any three of the quantities 
P,n, r, M being given, the fourth may be found; thus 
MM, pole. si M-—P 
~~ l+ur’ py? Pr * 





Ex. What sum must be paid down to receive 600£, at the 
end of nine months, allowing 5 per cent. abatement? Or, which 
is the same thing, what principal P will in nine months amount to 
600£, allowing interest at the rate of 5 per cent. per annum? 


In this case M=600, n=3?=0°75, r= fod =0°05; hence 


COMPOUND INTEREST. 


403. To find the amount of a given sum in any time at 
compound interest. 


Let R=1£ together with its interest for a year; then at the 
end of the first year, 2 becomes the principal, or sum due. 


* When days, weeks, or months, not making an exact number of years, enter the 
calculation, 7 is fractional.—Ep, 

+ It must always be borne in mind that r is not the rate per cent. but only the 
ee part of it. Thus for 4 per cent. r=0°04£, for 5 per cent. r=0°05£ ; and so 
on.—ED 


The amount at the end of the 2d year = amount of R£ in 1 year, 
=RxR=f.. 

The amount at the end of the 3d year = amount of R? in 1 year, 
=Rh’xR=RP; 


and so on; so that R” is the amount of 1£ in » years. And if P£ 
be the principal, the amount must be P times as great, or 


M= PR’. 
Cor. 1. From this equation we have. 


_M _logM —logP _(M 
P= RR” n= log? and 2 = (B) 


Cor. 2. The interest = M—-P=PR’—P=P{R'-li. 


Ex. 1. What must be paid down to receive 600£ at the end 
of 3 years, allowing 5 per cent. per annum compound interest? 





In this case R = 1:05, n= 3, M=600; 


M G00 
e Bee een ee ret iY hot Neca xt ‘e 2 — ied : : . 


Ex. 2. Find the amount of 5£ in 24 years at 3 per cent., compound 
interest. 


Here P=5, R=1:03, n= 


3 


iO] uM 


. R* = (1:03)'= (1+0°03)!, 


—] 
a (0 03)? + ...... 


{| hOlan 


5 3 
= I+5x0 OS +>. 


= 1+0°075+0:°0017+...... 
= 1+0°0767 nearly ; 
&. PR" = 5x1:0767 = 5°3835=£5. 7s. 8d., the amount required. 


404. When compound interest is named, it is usually meant that 
interest is payable only at the end of each year; but there may be cases 
in which the interest is due half-yearly, quarterly, &c.; and then the 
amount found in the last Article will be altered. Thus, if r be the interest 
of 1£ paid at the end of the year, it has been shewn that the amount of P£ 


at the end of » years = P(1+7r)". 
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But if . be the interest of 1£ paid at the end of each half-year, then 


1 +5 =the amount of 1£ for half a year, 
, 2 
(1+5) oer Tee ee 1 year, 
° 8 
(1+5) Swat aiemaderiicessaeee 14 years, 
7” 4 
(1+3) = eee seeeveeeeed Years 5 


e@eeoteee “ coeeveeteneeeseveseeesoe ease eeonenesenesed 


2n 
.. amount of P£= P(A +3) ; 
Similarly, if ; be the interest of 1£ paid at the end of each quarter, 


4n 
amount of P£ in nm years= P(t + ;) : 


And, generally, if interest be considered due g times a year, at equal 
intervals, each payment for 1£ being ; : 


nq 
amount of P£ in nv years= PC + =) ‘ 


Ex. Find the amount of 100£ in 1 year at 5 per cent. per annum, 
when the interest is due, and converted into principal, at the end of each 
half-year. 

Here P=100, r=0°05, n=1, 
.. Amount required = 100x(1+0:025)’= 105:0625£, 
=105£. 18. 3d. 


405. Required the amount of a given sum at compound interest, the 
interest being supposed due every instant. 


The interest being paid g times per annum, by last Art., the amount 
ng 
M = P(1 =) 
nq(ng—1) r* 
1.2, °"?} + eee i 


2 ¢ 


=P{1 tng. + 


i) 


= P{1l+ur+ : 





rt+...}. 


Let q be indefinitely great, that is, the intervals between the payments 
indefinitely small, then, neglecting . and its powers, 
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nr nr? 
M=Piltnrt eo + Tastenhs 
= Pe", ¢ being 2°7182818. (Art. 395.) 
406. To determine the advantage, when compound interest is reckoned, 
of having interest paid half-yearly, quarterly, dc., instead of yearly. 


It appears, from Art. 404, that the advantage per 1£ for a year, when 
interest is paid half-yearly, and the half-yearly payment is half the yearly 
one, 

r\* r 
= (143) —(1+r)=1+7r+ ria +r), 


2 


8 


— 
—_ 


| 


In the case of quarterly payments 


2 (1 +7) -0 +r), 


2 y* 


Oe err ta +— + 
“ 8 16 


© 


f interest, the advantage 


—(1+7), 


y* 
256 
3r* : 
es nearly, *.' 7 1s a small fraction. 


And generally, when the interest is paid g times a year, the advantage 





baa 
67 .r* nearly. 


Hence it appears, that, for a single year, the advantage of having 
interest paid frequently is very small. But it increases as the number of 
years increases, and is expressed in ” years, for every 1£, (when interest 


is paid q times a year at equal intervals, : being the payment per 1£,) by 
Jn ie 
1+ *) as ] +7 we 
( q al 


407. It must be observed always, when interest is paid g times per 
yum, each payment being ” for every 1£, that the true annual rate of 


‘ e 
, terest is not 7, but (1 +") —1, since this expresses the value of the inte- 
rest for 1£ for a year. 


18 
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Pros, In what time will any sum of money double itself, at any 
given rate of interest simple or compound 1 


I. In the*case of simple interest M=P+Pnr, 
«. here 2P=P+Pnr, 


] ® 
or m=—, the number of years required. 


II. In the case of compound interest paid yearly Jf = P(1+7)", 
.. here 2P=P(1+r), 
or (l+r)"=2; 
log 2 


N= ==, the number of years required. 
log l+r 





The following Table, calculated from these two results, and shewing 
the several times in which any sum will double itself at the rates of 
interest there given, is taken from Baily’s Doctrine of Interest and 
Annuities, and will furnish good practice to the learner, who will verify it 
by means of the Logarithmic Tables. But an exact verification to eight 
decimal places must not be expected, when a Table is used, which gives the 
logarithms to a few decimal places only. 


Rate No. of Years at 


Interest. 


Simple Interest. Compuund Interest. 





50° 35:00278878 
40° 28°07103453 
33°33333333 23°44.977225 
28°57142857 20°14879168 
Q5: 17°67298769 
QQ*222QI22D 15°74730184 
20: 14°20669908 
16°66666667 11°89566105 
14°28571429 10°24476835 
12°5 9:00646834 
11°11111111 804323173 
10° 7°27254090 





In general practice, compound interest is only reckoned for an integral 
number of years, so that if there be any fractional part of a year remain- 
ing, for this simple interest is taken. 
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DISCOUNT. 


408. Discount is defined to be “the abatement ‘made for the 
ayment of money before it becomes due”, and although in ordinary 
business the quantity of such abatement is generally according to private 
contract, there is besides a true mathematical discount which affords 
exact justice both to the payer and to the receiver. 


f It is clear, that if A receives from B a sum of money 7 years before 

pit is due, 2 being whole or fractional, A is benefited by the interest of 
that money for the time; and therefore, in justice, B ought to receive 
an abatement such, that the sum thus diminished, paid to A, would, if put 
out to interest until the proper time of payment arrives, amount to the sum 
due. This sum is called the Present Value of the debt. 


Hence if D be the discount, and V the present value, of a debt of 
£P due at the expiration of 2 years, V=P—D, and V would amount at 
the end of 7 years to P, z.¢e. '(1+n7r) =P, reckoning simple interest. 


Hence "= , and D- P~V= aa 


ur l+nr° 


Cor. 1. If » be sufficiently great that compound interest may be 
reckoned, then 


ee ee 

Vil+ry=2P, fee rae? 
P 

and sania am de 


Cor. 2. If J be the interest on £P for the given time, we shall have 
P+l=P(1+nr), or PU +r)’, 
according a8 simple or compound interest is reckoned ; 


P 
. in both cases V= P. Pat? 
Po. ee 
ae OS aa SF 
1 1,1 
or DPT: 


From this result we see that the discount on any sum is always less 
than the interest. 


Cor. 3. Since D=P—J, if these be put out to interest for the time 
in question, we shall have 


amount of D=amount of P— amount of V, 
=amount of P—P, 
= interest on P. 


18—2 


276 EQUATION OF PAYMENTS. 


EQUATION OF PAYMENTS. 


409. When various sums of money due at different times are to be 
paid, it may be required to know the time at which they may all be paid 
together, without injury to either debtor or creditor. To determine this 
time, which is called the Lquated Time, it is clear that we must suppose 
the interest of the sums paid after they are due to be together equal to the 
discount of the sums paid before they are due, the debtor being entitled 
to discount for that which is paid before, and the creditor to interest for 
that which is paid after, it becomes due. 


410. To find the equated time of payment of two sums due at different 
times, reckoning simple wnterest. 

Let P, p, be two sums due at the end of times 7’, ¢, respectively ; 
r the rate of interest, and x the equated time; then supposing 7’>t, 
the interest of » for the time x—¢ must be equal to the discount of P 


for the time 7'—x, or 
P(T—«x)r 
p(a—t)r = 14(T-2x)r’ (Arts. 401, 4.08), 
whence we may obtain the quadratic equation 
a pr(f+t)+P+p  prtt+PT+ pt _ - 
pr pr 
from which « may be found by the usual method. 


3 


411. Since the above method does not furnish any simple Rule, and 
is more complicated as the number of payments is increased, another 
method is generally used, although incorrect, which is founded on the 
supposition that the interest of the sums paid after they are due should be 
equal to the interest (not the discount) of those which are paid before they 
are due.—Thus, if P and p Le the sums due at the end of times 7’ and ¢, 
and a the equated time required, 

p(e-t)r=P(T—2x)r ; 
a eas PT'+ pt . 
P+p 

Or, more generally, let P, P, P, &c. be the sums due after the 
equated time, at the end of times 7, 7, Z, &c. and p,, p,, p,, &e. the 
sums due before, at the end of times ¢,, ¢,, t., &c. then we have 


1? 3) “3g? 
p(x—t)r+p(e—t,)r+p,(x—t,)r+d&e. 
= P(T-2x)r+F(1,—-2)r+P(L—-2)r+&e. 

PTET + £1, + &e. + pt, + ptt pib,t Ke. 
0 P+ P+P+h&e.+p,+p,+p,t+&e. ‘ 
which furnishes a simple rule easy of application. 

By this rule a small advantage is given to the payer, because he 
reckons on his side the interest, instead of the discount, of those sums 
which he pays before they are due, whilst the opposite side of the account 


is confined to strict accuracy ; and it has been shewn in Art. 408, Cor. 2, 
that the interest of any sum is greater than the discount. 





and ... x 
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412. Another method of finding the Equated time is to find the 
Present Value of each payment, and make the sum of them equal to 
the Present Value of the sum of the several payments supposed due 
at the Equated time. Thus, if P, p be due at the end of times 7, 6, 
respectively, r the rate of interest, and « be the equated time, 


nee 4 
Present value of £ =ThTe (Art. 408), 


p Pp 
See ae oe oa 
and sy t Tig Lear’ 


from which simple equation with respect to x we get 
_PT+pt+r(P+p)Tt 
~ P+ps+r(Pt+ pT) * 
Cor. If the quantities multiplied by 7 be neglected, since r is gene- 
rally a very small fraction, we have 
PT + pt 


= 
c= 


5 , which is the common rule, 
P+p 





ANNUITIES. 


413. To find the Amount of an annuity, or pension, left 
unpaid any number of years, allowing simple interest upon each 
sum, or pension, from the time tt becomes due. 


Let A be the annuity; then at the end of the first year A 
becomes due, and at the end of the second year the interest of 
the first annuity is 7A (Art. 401); at the end of this year the 
principal becomes 2A, therefore the interest due at the end of the 
third year is 2rA; in the same manner, the interest due at the 
end of the fourth year is 374; &c. Hence the whole interest at 
the end of m years is 


vA+2rA+3rA......+2—1.7A= nS rA (Art. 282): 
and the sum of the annuities is 2A, therefore the whole amount 


M=nA +n. ord. 
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420. Cor. 2. If the number of years be infinite, R” is 


infinite, and R™ vanishes; therefore P= a , or 4 


Ex. If the annual rent of a freehold estate be 1£, what is 
its value, allowing 5 per cent. per ann. compound interest? 


In this case, A=1, R—1=0°'05; therefore the Present Value 


I 
P= DE = £20, or 20 years’ purchase. 


Cor. 3. The Present Value of an Annuity of A£ payable m times 
per annum for ~ years, each of the payments being =e and p the annual 


rate of interest, will be 
A ATO 


™(1+pyr—1 
and if the interest also be payable q times a year, each payment of interest 
for every 1£ being 7’ the Present Value will be 


= 
1-(1+5) 
7 e 
@ 
(2 + “n— 1 
q 


Cor. 4. If the annuity is to continue for ever, this Present Value 
becomes 


“IES 





A 1 
eee 
“ (142)n-1 
q 


421, The Present Value of an annuity, to commence at the 
expiration of p years, and to continue q years, is the difference 


between its present value for p+gq years, and its present value 
for p years, 


———Seeeee 


_ A AR? fA AR7? 
7 R-1 ai}? 


Cor. If the annuity ea after p years, and continues for ever, 
the Present Value will be 4 





RK-1° 
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Ex. What is the Present Value of an annuity of 1£, for 14 
years, to commence at the expiration of 7 years, allowing 5 per 
cent. per ann. compound interest? 


BCD lite! See ee 
(1-05)"0-05 — 12824; 
(1°05) —1 
(1°05)'x 0°05 
hence the value of the annuity for fourteen years after the expira- 

tion of 7 is 7°03£, or 7 years’ purchase, nearly. 


The Present Value for 21 years = 


and the Present Value for 7 years = = 5'79£; 


The preceding Article contains the whole Theory of the 


RENEWAL OF LEASES, 


“~ 


422. To determine the fine which ought to be paid for renewing any 
number of years lapsed in a lease. 


Let p+q be the number of years for which the lease was originally 
granted; p the number lapsed; and A the clear annual value of the 
estate, after deducting reserved rent (if any), taxes, and all other fixed 
annual charges, 

Then it is clear, that the lessee has to purchase an annuity of A£ to 
commence at the expiration of q years, and to continue p years, the Pre- 


sent Value of which is the Present Value for p+g years— Present Value 
for q years, 





= — {Ro Reet, 
Cor. The number of years’ purchase is 
P {Ro Root, 


Ex. In a lease of 21 years 7 years lapsed are to be renewed, the 
reserved rent is 10£, and the estate is really worth 150£ a year, what fine 
ought to be paid for the renewal, reckoning interest at 5 per cent. ? 

In this case the lessee has to pay for an annuity of 140£ to com- 
mence at the end of 14 years and to continue 7 years ; therefore the fine 
required is 

SO {105} 105] -"}E. 
140 
Now ——, = 2800, 
log,,1 05 |""*= —0-29666 = 1°70834 = log, ,0°50505, 
log ,1°05 |" = —0°44499 = 1°55501 = log, ,0°35895. 
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.. the required fine = 2800x{0°50505 —0°35895}, 
= 2800x0'1461, 
= 409£, very nearly. 
[Lxercises Zs. | 


SCHOLIUM. 


423. The method of determining the present value of an 
annuity at simple interest, given in Art. 414, has been decried 
by several eminent Arithmeticians, and in its stead a solution of 
the question has been proposed upon the following principle; “If 
the present value of each payment be determined separately, the 
sum of these values must be the value of the whole annuity.” 


Let a2 be the value or price paid down for the annuity, a the 
yearly payment, 2 the number of years for which it is to be paid, 
r the interest of 1£ for one year. The present value of the first 


payment is ia (Art. 402); the present value of the second pay- 


ment, or of a£ to be paid at the end of two years, is ——— re — ; and 


a 
1+r ers aaa, pee 


These different conclusions arise from a circumstance which 
the opponents seem not to have attended to. According to the 
former solution, no part of the interest of the price paid down 
is employed in paying the annuity, till the principal is exhausted. 


a a 
so on: therefore x =——— + 


Let the annuity be always paid out of the principal 2 as long 
as it lasts, and afterwards out of the interest which has accrued; 
then x, #—a, x — 2a, x — 3a, &. are the sums in hand, during 
the first, second, third, fourth, &c. years, the interest arising from 
which rx, ra—ra, rx — 2ra, rv — 3ra, &c., that is the whole in- 


] ; 
ra, which, 





terest, is nr” —{1+2+4+3...(n—1)}xra, or, nra — ne 5 


together with the principal x, is equal to the sum of all the 
annuities; therefore 


n—l1 
nma+n.——r7a 





(1+nr)e—n. tra =na, and 7= (Art. 414). 


1+mr 
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According to the other calculation, part of the interest, as it 
arises, is employed in paying the annuity, but not the whole. 
Thus, the first payment is made by a part of the principal, and 
the interest of that part, which together amount to the annuity; 
and the other payments are made in the same manner; this is, 
in effect, allowing interest upon that part of the whole interest 
which is incorporated with the principal. According to either 
calculation, the seller has the advantage, since the whole or a 
part of the interest will remain at his disposal till the last annuity 
is paid off. 

If the whole interest, as it arises, be incorporated with the 
principal, and employed in paying the annuity, compound interest 
is, in effect, allowed upon the whole. Let uw be the price paid 
for the annuity, 2 the number of years for which it is granted, 
and R=1£ together with its interest for one year. Then @ in 
one year amounts to fy, out of which the annuity being paid, 
Rx —a is the sum in hand at the end of the first year; R’x — Ra 
is the amount of this sum at the end of the second year, therefore 
R’x — Ra—a is the sum in hand at the end of the second year; 
in the same manner, "x —R"’a—"“a...—a is the sum left, 
after paying the last annuity, which ought to be nothing; hence 


bey a _Ka-a 
R'x=R ath Ate += HG : 

. pm et -Da ag 

- © = POR 1) (See Art. 418). 


CHANCES OR PROBABILITIES. 


424, Chance, or Probability, has two meanings; the one a popular 
meaning, without any very distinct signification; the other a mathematical 
meaning, pointing out @ real value existing in the circumstances. 


Der. Most questions of probabilities will fall under one of two classes, 
called direct and inverse probabilities. 


A question of probability is termed direct, when, certain causes being 
given as existent, from which a certain event may proceed, the proba- 
bility of that event happening is required. 


A. question of probability is termed inverse, when, an event being 
given as existent, and proceeding from one of several causes, the proba- 
bility of one proposed cause being the true one is required. 

Some more complex questions may partake of the nature of both kinds 
of probability. . 
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I. DIRECT PROBABILITIES. 
495. If an event may take place in n different ways, and 
each of these be equally likely to happen, the probability that it 
will take place in a specified way 13 properly represented by = 


certainty being represented by 1. Or, which zs the same thing, 
af the value of certainty be 1, the value of the expectation that 


the event will happen in a specified way is - 
For the sum of all the probabilities is certainty, or 1, because 
the event must take place in some one of the ways; and the 


probabilities are equal: therefore each of them is . 


426. Cor. If the value of certainty be a, the value of the 
expectation is <. But in the following Articles we suppose the 
value of certainty to be 1. 


427. If an event may happen in a ways, and fail in b ways, 
any of these being equally probable, the chance of its happening 
18 ny and the chance of ws failing 28 ee 

The chance of its happening must, from the nature of the 
supposition, be to the chance of its failing, as a : 6; therefore the 
chance of its happening : chance of its happening together with 
the chance of its failing ::@:a+6. And the event must either 
happen or fail; consequently the chance of its happening together 
with the chance of its failing is certainty. Hence the chance of 
its happening : certainty (1) :: a :a+6; or the chance of its 


. a 
happening = mae 


Also, since the chance of its happening together with bas 


chance of its failing is certainty, which is represented by 1, 1— ait ; 


that is, =i is the chance of its failing. 
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428. Ex.1. The probability of throwing an ace with a single 


die, in one trial, is ; ; the probability of not throwing an ace is 2 : 
the probability of throwing either an ace or a deuce is : ; &e. 


429. kx. 2. If m balls, a, 6, c, d, &c. be thrown pro- 
miscuously into a bag, and a person draw out one of them, the 


probability that it will be a is 5 the probability that it will be 
either a or 6 is = 
n 


430. Ex.3. The same supposition being made, if two balls 
be drawn out, the probability that these will be a and 0 is 
2 
n(n —1)° 


For there are 2. ae combinations of 2 things taken two and 


two together (Art. 300); and each of these is equally likely to be 

taken; therefore the probability that a and 6 will be taken is 
1 2 

a St me n(n —1)° 


431. Ex.4. If 6 white and 5 black balls be thrown pro- 
miscuously into a bag, and a person draw out one of them, the 


probability that this will be a white ball is - ; and the probability 


that it will be a black ball is a 


From the Bills of Mortality in different places Tables* have 
been constructed which shew how many persons, upon an average, 
out of a certain number born, are left at the end of each year, to 
the extremity of life. From such Tables the probability of the 
continuance of a life, of any proposed age, is known. 


432, Ex.1. Zo find the probability that an individual of a 
given age will live one year. 
Let A be the number, in the Tables, of the given age, B the 


® Some of these Tables will be found at the end of the Section, pp. 299—301.—Ep. 
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number left at the end of the year; then 7 is the probability that 


A the probability that 


he will die in that time (Art. 427). In Dr. Halley’s Tables, out 
of 586 of the age of 22, 579 arrive at the age of 23; hence the 
579 


586’ or 


the individual will live one year; and 





probability that an individual aged 22 will live one year is 








I , or J , or 2 nearly ; and f , or a nearly, is the 
1+ 7 1+ ] 83 586 84 
579 5 
9 al 
82 + i 


probability that he will die in that time. 

433. Ex.'2. To find the probability that an mdividual of 
a given age will live any number of years. 

Let A be the number in the Tables of the given age; B, C, 
D,...X, the number left at the end of 1, 2, 3,...2, years; then 


5 is the probability that the individual will live 1 year; c the 


probability that he will live 2 years; and “ the probability tha 


he will live « years. Also es = aos , are the proba- 





bilities that he will die in 1, 2, 2 years, respectively. 
These conclusions follow immediately from Art. 427. 
434. If two events be independent of each other, the probability that 
they will both happen ts the product of their separate probabilities. 
Suppose one event may happen in a ways, and fail in 6 ways, 
and the other ...............60 ae ne Oise, ; 


Now since any of the a+6 cases may be coincident with any of the 
a,+6,, there will be (a+6)(a,+6,) ways in which the cascs may be com- 
bined, two together, and one from each set, all equally likely to happen. 

And out of these each of the @ cases may be combined with each of the 
a@, cases, and so give axa, cases favourable to the happening of both events. 


Hence the probability that both events will happen is, 
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axa, @ 
(a+)(a, +5 ae * a+b a, +6,’ 
the product of the separate probabilities. 








b 
Cor. 1. IRfwe put m for 1+ ° , and n for 1+ : , the separate chances 
I 


1 1 ‘ 1 
may be denoted by = and 7 and their product by ae 


— Cor. 2. The probability that both do not happen is 
mn —1 cus 
1— —, On For the probability that they both happen, 
together with the probability that they do not both happen, is 
certainty; therefore, if from 1 the probability that they both 
happen be subtracted, the remainder is the probability that they 
do not both happen. 


436. Cor. 3. The probability that they will both fail is 


ao Dien) . For the probability that the first will fail is 
m—1i 





, and the probability that the second will fail is = a 


? 








therefore the probability that they will both fail is x a Lae 


n ? 
ee (m —1)(n — 1) 
mn 


437. Cor. 4. The probability that one will happen and the 
‘other fail is’+"—*. For the probability that the first will 





happen and the second fail is - wee ; and the probability that 


the first will fail and the second happen is ~ 





as eee and the 
n 


m —2 
sum of these, or ie BELA 


and the other fail. 
438. Cor. 5. If there be any number of independent events, 


is the probability that one will happen 


and the probabilities of their happening be =, - -, &c, respec- 


tively, the probability that they will all happen is i For 


r &e. 
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; | 
the probability that the first two will happen is rH, and the 


probability that the first two and third will happen is —— ; and 


the same proof may be extended to any — of events. 


When m=n=r= ce. the probability i 18 5» v being the number 
of events. 


439. Ex.1. Required the probability of throwing an ace and 
then a deuce with one die. 


The chance of throwing an ace is : 


rt and the chance of throwing 


a deuce in the second trial is - therefore the chance of both 
h ee ae 
appening is 7 


440. Ex. 2. If 6 white and 5 black balls be thrown promis- 
cuously into a bag, what is the probability that a person will draw 
out first a white and then a black ball? 


The probability of drawing a white ball first is — (Art. 431), 


and this being done, the probability of drawing a back ball is 

, or z , because there are 5 white and 5 black balls left; there- 
ee 3 

ne 2° ii’ 

Or we may reason thus:—unless the person draw a white ball 

first, the whole is at an end; therefore the probability that he will 


fore the probability required is — 


have a chance of drawing a black ball is in , and when he has this 


1 
chance, the probability of its succeeding is = 0? or 5 ; therefore, the 


probability that both these events will take place is a = 0 ra ° 


441. Ex.3. The same supposition being made as in the last 


example, what is the chance of drawing a white ball and then twe 
black balls? 
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The probability of drawing a white ball and then a black one is 
= (Art. 440); when these two are removed, there are 5 white and 


4 black balls left; and the probability of drawing a black ball, out 
3 4 4 


_ 4 ii : . 
of these, is 53 therefore the probability required is 11%9? % 35° 


442, Kx. 4. Required the probability of throwing an ace, 
with a single die, once at least, in two trials. 


The chance of failing the first time is 2, and the chance of 


: 
failing the next is 5 ; therefore the chance of failing twice together 


Il 


is 72; and the chance of not failing both times is 1— a OF ae. 


36’ 

443, Ex. 5. In how many trials may a person undertake, for 
an even wager, to throw an ace with a single die? 

Let x be the number of trials; then, as in the last Art., the 
chance of failing x times together is (3), and this, by the ques- 


tion, is equal to the chance of happening, or 
5\"_ 1. 
(5) =53 
5 ] 
hence 2xlog co log 53 
or 2xx(log 5 — log 6) = log1 — log 2, 
C= 2 = 5; since log 1=0; 


., © =3°'8, nearly; 


that is, a person might safely undertake to throw the ace in four trials, but 
not less, and then have some probability to spare in his favour. 


444, Ex.6. To find the probability that two indwiduals P 


dQ, whose ages are known, will live a year. 
19 
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Let the probability that P will live a year, determined by Art. 
432, be ~ - and the probability that Q will live a year be - > then 


the probability that they will both be alive at the end of that time 
is = x = », or 
mn’ mn 


445, Ex. 7. To find the probability that one of them, at 
least, will be alive at the end of any number of years. 


The probability that P will die in a year is hia , and the 





probability that Q will die i igo ; therefore the probability that 


they will both die is Aw a 1) ; and the probability that they 
will not both die is 


@—-VY@-1) 9. mtn-) 


i= ) 
Qe 92070 


In the same manner, if be the probability that P will live 


¢ years, and : the probability that @ will live the same time (Art. 


433), the probability that one of them, at Icast, will be alive at the 
end of the time is 


pe ON op 
PY PY 
446. If the ee ie of an event's happening in one trial 
be represented by = rari © (Art. 427), to find the probability of its 
happening once, ek a temes, ke. exactly, in n trials. 


The ack! of its happening in any one particular trial 


being ———., the probability of its failing in all the other n—1 


a a ° 
trials is we (Arts. 427, 438); therefore the probability of its 
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ab” “1 

(a+by" by" , 

and since there are % trials, the probability that it will happen in 

some one of these, and fail in the rest, is 2 times as great, or 
mao" 
(a + by" a + b)"* 

The probability of its happening in any two particular trials, 


happening in one particular trial, and failing in the rest, is ———— 





and failing in all the rest, is ;, and there are 7. = ways 


ab"? 
(a+b) 
in which it may happen twice in 2 trials and fail in all the rest 
(Art. 300); therefore the probability that it will happen twice in » 
M—-1 ae 
nN. ab 
( a + 6)" 
In the same manner, the probability of its happening exactly 
w~—-1l w-—2 ay" 


¥ 


trials is 





geen _ 


three times is cea eae ; and the probability of its hap- 
(a +b)" 


pening exactly ¢ times is 
m—1l nv-2 M—E+) pat 
be me —— ---- wb 





(a +b)" 
447, Cor. 1. The probability of the event’s failing exactly 
¢ times in x trials may be shewn, in the same way, to be 
ny—-l n-—2 9 —EC +1 ize 
a er ee oan ak b 
(a +6)" 
448. Cor. 2. The probability of the event’s happening at 
least ¢ times in 7 trials is 


a+ nab +n. 2 oO PE ivecuss to (x —&+1) terms 


(a +b)" 

For, if it happen every time, or fail only once, twice,...... 

n — t, times, it happens ¢ times; therefore the whole probability of 
its happening, at least ¢ times, is the sum of the probabilities of 
its happening every time, of failing only once, twice,......m—€ 
tines; and the sum of these probabilities is 





19—2 
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at + nat b +n ea ab + ......to (1 —t+1) terms 


2 
(a +b)" 
449, Ex.1. What is the probability of throwing an ace twice 
at least, in three trials, with a single die? 
In this case »=3, {=2, a=1, b=5; and the probability 
143x516 2 


ee og 2tSxd 16 2 
equired is 6x6x6 216 27 


450. Ex. 2. What is the probability that out of five indi- 
viduals, of a given age, three at least will die in a given time? 


Let = be the probability that any one of them will die in the 


given time (Art. 433, and 434, Cor. 1); then we have given the 
probability of an event’s happening in one instance, to find the 
probability of its happening three times, at least, in five instances. 


In this case a=1, b=m—1, n=5, ¢=3; therefore the proba- 
bility required is 
1+ 5(m—1)+10Gn — 1)? 
me " 


II. INVERSE PROBABILITIES. 


451. Axiom. When an event can proceed from one of a system of 
causes, the probabilities of these causes having produced the event are 
proportional to the numbers of ways in which they can severally produce 
the event. 


Cor. Hence the probabilities of the several causes having produced 
the event are proportional to the chances of the event happening on the 
assumption of their being severally existent. 


452. To shew that the probability of the event having proceeded from 
an indindual cause of the system is the chance of the event, which that cause, 
if existent, would give, divided by the sum of the several chances which each, 
uf existent, would give. 


If p,, P» Py» &c. be the probabilities of several causes from which 
an event may proceed ; @,, a, a, &c. the chances of that event happening 
on supposition of these causes severally existing ; we have 


Pi _ Pa Ps _ 


a a 


3 8 


a, 
. P,_ &(p) 
v= 5G): (Art 195%) 


— 
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But as some one of the system of causes is known to be the true 
one, 3(p) is certainty, or 1, 
a 


, P= Sa)" 
a, ee ee © 
So also Pa= Say’ Ps= Fay? &c. 


Ex. An urn contains 3 balls which may be white or black. A 
ball is drawn out and replaced three times, and in each case a white 
ball is drawn. What are the probabilities of the urn containing (1) Three 
white balls, (2) Two white and one black, (3) One white and two black, 
(4) Three black ? 


(1) Supposing the 1" state of the urn, the chance of the event hap- 


3 3 2 : : 
XZ» OF a , that is, certainty. 


: : ; i210 
pening which did happen is a a7 


222 
(2) Supposing the 2™ state, the chance is 3° g%g? OF 5 
3 .111 1 
(3) Supposing the 3" state, the chance is =x=x=, or —. 
3.3 3 27 
: th . 000 
(4) Supposing the 4°" state, the chance is 3%3%g? OF 0. 
. 27 274+8+1 Q7 
. st : 
.. the chance for the 1" state of the urn is a7 ay? OF aE: 
. 8 36 8 
The chance for the 2™ ig — + — aoe 
e Jor the is a7 BF” oY 3 
ord e 1 < S36 < 1 
eee tasr eee cnr ese eer soevees re) 18 a7 ad Q7 ) or 36 e 
,:. 0 . 86 
ee er rr ee er 4" j a7 a7 » or 0. 


The following Proposition involves the nature of both direct and in- 
verse probabilities :— 


453. If a,a,, a, &e. be the chances of an observed event on supposition 
of each of the system of causes being the true one; a,', a,, 2,, &c. the proba- 
bilities of another proposed event on the same separate suppositions ; the 

> (aa) 


chance of this event happening = @ * 


For, as has been seen, @,, a, @, é&c. are proportional to the chances 
given by the observed event of the separate causes existing. Hence the 
number of ways of the first cause existing and the second event happening 
from it is proportional to a.a,’; and the number of ways of that event 
happening from some one of the causes is proportional to X(aa’). But 
since some one of the causes exists, 3(a) is in the same proportion to 
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the number of ways in which one of the causes may exist, and the event 
either happen or fail from it. Hence the chance of the event happening 
3 (aa’) 

(a) 

Ex. 1. An urn contains two balls, but whether white or black, uncer- 


tain—we draw one ball, and find it is white. The ball is then replaced ; 
what is the chance of next drawing a black one? 





Before the drawing takes place the two states or causes may be, (1) 
Two white, and (2) One white and one black. 


2.2 
Now the chance of the observed event under (1) is =, or 1, 


oe | 
9) ae 
shonin naan ccu tae ysteoestenees iiss (2) is 5° 


Again, the chance of the proposed event under (1) is 0, 





ow 
Cece ee ene tee HoH tareee sarees eseeeorerearesensesese® (2) 18 9 ° 
1 1 
1x0+2x5 1 
.. the Chance required = — =, 
1 6 
l+= 


Ex. 2. Taking the case supposed in Ex. Art. 452, what is the chance 
of a white ball coming out at a fourth such drawing ? 


Here before the drawing takes place the states or causes may be, 
(1) Three white, (2) Two white and one black, (3) One white and two 
black. 


Now the chance of the observed event under (1) is 1, 


. 2 
SEHHOTCHSOH ESET EOS EHS EEE HEE HERD e Kes eOH HORE SH ESE HALOS (2) 18 3? 
. 1 
@esnoeseseeveeevsece Coo Fee eee ene sem eseHese eae heosneneces (3) Bo) 
Ix1+ : nose : Pi 
., the Chance required = ie 3 _ 98 _ 49 
(4 8 * 1 108 54 
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Much more might be said on a subject so extensive as the 
doctrine of Chances; the Learner will however find the principal 
grounds of calculation in Articles 425, 427, 434, 446, 448, 452, and 
453; and if he wish for further information, he may consult 
De Moivre’s work on this subject*. It may not be improper to 
caution him against applying principles which, on the first view, 
may appear self-evident; as there is no subject in which he will 
be so likely to mistake as in the calculation of probabilities. A 
single instance will shew the danger of forming a hasty judgment, 
even in the most simple case. The probability of throwing an ace 


with one die is . and smce there is an equal probability of 
throwing an ace in the second trial, it might be supposed that the 
probability of throwing an acc in two trials is =. 


This is not a just conclusion (Art. 442); for, it would follow, 
by the same mode of reasoning, that in six trials a person could 
not fail to throw an ace. The error, which is not casily seen, 
arises from a tacit supposition that there must necessarily be a 
second trial, which is not the case if an ace be thrown in the first. 
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454. To find the Present Value of an annuity of £1, to be 
continued during the life of an individual of a given age, allowing 
compound interest for the money. 

Let R be the amount of £1 in one year; A the number of 
persons in the Tables of the given age; B, C, D, &c. the number 


left at the end of 1, 2, 3, &c. years; then 7 is the value of the 


life for one year, | a &e. its value for 2, 3, &c. years respec- 
tively ; and the scries must be continued to the end of the Tables. 
Now the Present Value of £1, to be paid at the end of one year, is 


p (Art. 408); but it is only to be paid on condition that the 


® The more modern writers on this subject are Laplace, Galloway, and De Morgan.—Ep. 
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460. Cor. If the annuity be M£, the Present Value is M 
times as great as in the former case, or 


Me(pt jet pt &). 


461. These are the mathematical principles on which the 
values of annuities for lives are calculated, and the reasoning 
may easily be applied to every proposed case. But, in practice. 
these calculations, as they require the combination of every year 
of each life with the corresponding years of every other life 
concerned in the question, will be found extremely laborious, 
and other methods must be adopted when expedition is required. 
Writers on this subject are De Moivre, Maséres, Simpson, Price, 
Morgan, and Waring. 

Other writers on the subject are Milne, Baily, and De Morgan, of which 
the last mentioned is now most accessible. 


462. To find the Present Value of the next presentation to a Living. 


Let 7£ be the average annual net income of the living ; c£ the cost 
of a curate, that is, the money value of the work tc bo dene; and a£ the 
unavoidable expenses of the admission of a new incumbent. Then the 
Present Value of the next presentation will obviously be the present value 
of an annuity of (7—c)£, to commence at the death of the present incum- 
bent, and to continue during a life then 24 years of age, deducting the 
present value of a£ payable on admission. 


Let n be the number of years which the Tables give to the present 
incumbent, » the number for a person 24 years of age; then the Present 
Value required will be that of an annuity of (i—c)£ to commence at the 
expiration of 7 years, and to continue p years, deducting the Present 
Value of a£ to be paid after » years*, 

_ t—c f se peep a 
| uv" — Le \ ak : 

Cor. The Present Value of an <Advowson, or perpetual nomination 
to a living, will be that of an Annuity of (c—c)£ commencing after 
years, and continuing for ever, deducting the present value of a£, to be 
paid at the end of 2 years, and also of the same sum to be paid at intervals 
of » years for ever afterwards, 

w—C ee ae nae rey ae, AS 
Rai hah" —ah-*t?—aRotF—....., in inf, 
a-c 1 

"alt", ——__, 

R-1 ee OS 

* Of course this is on the supposition, that the laws, which permit such traffic in spi- 
ritual cures, remain in foroe, and that the values of 7, c, and a remain unaltered, for 
n+p years at least, 





— 
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TABLE I. 


For determining the Probabilities of the Duration of Life, from Obser- 
vations on the Bills of Mortality of BresLaw, made in the years 
1687...1691, by Dr. Halley. 













































Ago. arma] Des. | ago, [Rano Des aga Ranma] De 
—|—-— vou 

1 |1000 | 145 31 | 523 | 8 | 61 | 232 | 10 
2) 855 | 57 32) 515 8 | 62. 222 | 10 
31798 | 38 i 33! 507 | 8 | 63° 2121 10 
4| 760 | 28 | 34! 499] 9 | 64 202 | 10 
5 | 732] a2 | 83: $00 | 9 65 192 | 10 
6 | 710 18 ; 36 | 481 | 9 ». 66) 182 |} 10 
71 692} 12 |, 87; 472 | 9 | 67 | 172 | 10 
8 | Gso} 10 | 38 | 463 | 9 | 68 | 162 | 10 
9 | 670 9) | 39 | ASA g | 69 | 152 10 
10 | 661} 8 | 40 | 445 | g j 70) 142) 1 
11 | 653) 7 | 41] 486} g 71 | ist] 
12 | 646] 6 | 42 | 427 | 10 3 72 | 120) I 
13 | 640 G6 | 43 | 417 | 10 | 73 / 109 | 11 
14 | 634 6 | 44 | 407 | 10 74 | 98 | 10 
15 | 628 6 | 45 | 397 | 10 | 75 | 88 | 10 
16 | 622 6 4060 | 387 10 |} 76 | 78 | 10 
171} 616 | 6 10 | 77 | 68 | 10 
18 | 610 6 10 | 78 58 9 
19 | 604 6 11 | 79 4.9 8 
20 | 598 6 7 
21 | 592 6 6 
22 | 586 7 5 
23 | 579 6 4: 
24 | 573 6 4 
25 | 567 " 4 
26 | 560 7 3 
27 | 553 "7 3 
28 | 546 7 2 
29 | 539 8 2 
30 | 531 8 1 
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TABLE II. 


For determining the Probabilities of Life at NortTHampTon, as deduced by 
Dr. Price from the mortality of that town in the years 1741...1780. 


ee Persons| Decr, 
8° | living. | of Life. 


ee ne ee 





| 
Persons| Decr. A Persons| Decr. 
Age. | living. | of Life. || “8* | living. | of Life. | 


0 11149 | 300 || 31 | 428 7 62 | 187 8 
1 | 849 | 127 || 82 | 421 7 63 | 179 8 
2 | 722 50 || 33 | 414 7 64 | 171 8 
3 | 672 26 || 34 | 407 7 : 65 | 163 8 
4 | 646 21 35 | 400 7 | 66 | 155 8 
5 | 625 16 || 36 | 393 7 67 | 147 8 
6 | 609 13 | 37 | 386 7 | 68 | 139 8 
7 | 596 | 10 | 38 | 379] 7 || 69 | 131 8 
8 | 586 g || 39 | 372 7 | 70 | 193 8 
9 | 577 7 | 40 | 365 8 : 71 | 115 8 
10 | 570 6 || 41 | 357 8 } 72 | 107 8 
11 | 564 6 42 | 349 8 73 O9 8 
12 | 558 5 43 | 341 8 74 gl 8 
13 | 553 5 || 44 | 333 8 75 83 8 
14 | 548 5 || 45 | $25 8 76 75 8 
15 | 543 5 || 46 | 317 8 v7 67 7 
16 | 538 5 || 47 | 309 8 78 60 7 
17 | 533 5 || 48 | 301 8 79 53 7 
18 | 528 6 49 | 293 9 80 46 7 
19 | 522 7 || 50 | 284 9 §1 39 7 
20 | 515 8 51 | 275 8 82 32 6 
21 | 507 8 || 52 | 267 8 83 26 5 
22 | 499 8 || 53 | 259 8 84 21 A 
23 {| 491 8 54 | 95] 8 85 17 4. 
24 | 483 8 55 | 243 8 86 13 3 
25 | 475 gs || 56 | 935 8 87 10 Q 
26 | 467 8 57 | 997 8 88 8 2 
27 459 8 58 | 219 8 89 6 2 
28 451 8 59 | Q]1 8 90 A Q 
29 | 443 8 60 | 203 8 91 2 1 
30 | 435 7 61 | 195 8 92 1 1 


The preceding Tables require but little explanation. The former com- 
mences by stating that out of 1000 persons who were born at the same time 
and attain the age of 1 year, 145 die before they attain the age of 2 years. 
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Consequently at 2 years of age there are left 855 out of 1000. Of these 57 
die between 2 and 3 years of age; andsoon. Thus, of 1000 persons who 
attain the age of one year, the Table indicates that 346 live to be 50 years 
of age; de. 

The latter Table commences a year earlier by taking 1149 persons 
born together, that is, at the age 0; and then proceeds in the same manner 
as the former. Thus, we have given by this Table, that after 50 years, 
out of 1149 persons born together, 284 are then alive, and that of these 
9 die before attaining the age of 51; and so on. 

It has been objected to both the preceding Tables, although the latter 
is very generally used by the Assurance offices, that they make no distinc- 
tion between male and female life, and yet that a very material distinction 
can be proved to exist. 


TABLE IIL 


Shewing the Expectation of Life, as deduced by Professor De Morgan 
from the Statistical Returns of the whole of Brexarum made by 
M. Quetelet and Smits. 


Town. Both, | Country. 


Males. | Females. |} Both. |} Males. | Females. 

















29:2 | 33-3 || 32-2 || $20 | 32-9 0 
45-0 | 47-1 || 45-7 || 46-1 | 44-8 5 
42:9 | 45-0 || 43-9 |] 44e4 | 42-9 10 
39:0 | 41:3 |! 40°5 | 41-2 | 40-0 15 
354 | 38-0 | 87-3 || 38:1 | 37-0 | 20 


331 | 35-0 | 347 '| 35-7 | 342 | 25 
30°4 | 32-1 || 32-0 | 83:0 | 31:5 | 30 
27°5 | 29-2 | 289 | 29-7 | 28-7 | 35 
244 | 26-5 | 258 | 26-0 | 25:9 | 40 


21°5 23°3 
18°3 20°1 


2] a ae Oo 23°R 45 


195 | 191 | 200 50 


15°5 | 1771 || 104 : 16:2 | 16:9 55 
12:8 | 140 || 134 i} 133 | 13-7 60 
10-4 | 11:2 || 10°8 || 10°6 | 10°9 65 
8:2 86 8°4 8:2 8°5 70 
6°3 6°6 6:4 6°3 6°5 "5 
4°8 51 5:0 5-0 51 80 
3°7 40 3°8 3:8 3°8 85 
2°9 3:0 31 3:1 3:2 90 
1°8 2-0 Q'1 2:2 1:9 95 


0:0 0°5 1°3 0'5 0°5 100 
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The extent of the error which arises from not distinguishing between 
the sexes may be seen in Table III. constructed by Professor De Morgan 
from the statistical returns of the whole of Belgiwm for three successive 
years, as given by M. Quetelet and Smits, in the Recherches sur la 
Reproduction, éc. Brussels, 1832. This Table is calculated to shew the 
“expectation of life,” that is, the average number of years remaining to 
any individual, at intervals of five years, from the age of 0 to 100. It 
distinguishes not only between male and female, but between town life 
and rural life; and the middle column gives the general average for the 
whole kingdom, male and female, town and country. 


DISCUSSION AND INTERPRETATION OF 
ANOMALOUS RESULTS. 


463. Negative Results. It often happens, that the result of our 
operations for the solution of a proposed question or problem appears in 
a negative form, although strictly speaking, there can be uo such thing 
existent as an essentially negative quantity. But it will always be found, 
when such a result occurs, that there is something in the nature of the 
question which will either dispose of, or supply a meaning to, the negative 
result. Thus, to take a simple example; suppose a man wishes to ascer- 
tain the amount of his property—he puts down what he has, together with 
what is due to him, as positive, and all his debts with a negative sign. If 
then he finds that by taking the sum of both positive and negative quanti- 
ties, the result is negative, its meaning will be sufticiently obvious, viz. that 
his property is so much less than nothing, that is, he is so much in debt. 
See Scholium, p. 44; and Art. 214. 


Also, see Art. 282. Ex. 4. In this and like cases it is true that two 
solutions may be found for the equation, that is, two values of 2; but when 
either of those values is fractional or negative, it is clearly inadmissible as 
a solution of the question proposed. 


It may be observed also here generally, that when in solving a problem, 
expressed algebraically, we find it necessary to extract the square root of 
a quantity, the double sign +, (that is, + or —), need not to be prefixed to 
the root, at least for the object before us, if we have sufficient data before- 
hand for determining which sign the problem requires. Is it to be won- 
dered at, that we produce an anomalous and unintelligible result, if we 
wilfully make a quantity negative which we know to be positive, or vice 
versd # 


Oftentimes, however, the negative solution, whether it results from 
carelessness or necessity, will satisfy another problem cognate with the 
proposed one, which may be determined by substituting the negative 
quantity for the positive in that step of the process which most clearly 
expresses the conditions of the question ; and then interpreting the result- 
ing equation with the assistance of the given problem. This has been 
done in the cases above referred to. 


OF ANOMALOUS RESULTS. 303 


464. Interminable Quotients. Strictly speaking a Quotient can only 
xxist when after the division by which it is determined there is no 
Remainder ; but the term is applied to those cases also where a remainder 
‘s left which cannot be got rid of. Thus we say generally, that the 


yuotient of 1+1—2 is 1+a+a*+27+......; whereas the true quotient is 


r 














Jp ae 
L+et+artar+...... +a0 ae Thus, whatever be the value of a, 
1 2 3 r—1 ac” 
—— 14-0404 2°4...... +20 + , 
1-x 1-2 
= ; 2 : a 
ao l+at = oF 1+¢+a7+ ; and so on. 


N.B. By taking the Remainder into account no unintelligible result 
can arise from substituting any particular value for 2. 


Cor. 1. If x<1, then the Hemainder may be neglected, if a sufficient 
number of terms of the serics are taken. (Art. 290, Cor. 2.) 


1 es os . ‘ 
If «=1, then qaieletel +&e. in inf. =an infinitely great number. 





i) s 1 e e e 
Cor. 2. If x be negative, we have ; =l-x+2°—a°+ke. in inf; in 


. 
let oe 1 
which if we put 1 for a, we get = -1—-1+1~—1+d&c.=0, or 1, according as 


an even or an odd number of terms is taken; both of which results are 
obviously impossible. 


Now, taking the Lemainder into account, we have 





\rtl 
2 ee er ee es 9 
Js 1+2 
i terse = it ougat 
anc D SS Ee Sk ee tenes 3 = 3? as 10 OUgALL. 


Again, as it was shewn in Art. 328, 


: ea | ae rt 
1420439" 4 rere ig ee ’ 
(1-2) (1-2) 


without which fractional Remainder no arithmetical equality subsists be- 





‘ 1 
tween the series and (ia 
equality subsists, for purposes of calculation, betwixt any infinite series 
without the “2emainder”, and the primitive quantity from which it was 
derived, unless the series is convergent, so that we can make the Remainder 
after 7 terms, by increasing 1, as small as we please. 


And it may be observed generally, that no 


465. To explain generally the results which assume the forms ax0, 
0 a 0 
a! a”, 0°, 0’ 0? [o ° 
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(1). Since axd signifies a@ taken 6 times, it is clear that, if 0 is to 
follow the same rule as other multipliers, axO signifies a taken O times, 
and is therefore equal to 0. 


: b ; ; . ; 0 
(2). Since ; expresses the number of times a@ is contained in 8, ; 
will signify the number of times a is contained in 0, that is, 0 times, or 
: = 0. 
a 


(3). By the general Rule of Indices, a"xa"=a"*", and a"™+a"=a™™", 
Now in the first of these let m=0, then a°.a"=a", if the same rule holds 
when one of the indices is 0; therefore a’, as far as regards the rule 
for multiplication of powers, is equivalent to 1, or a’=1. 

Also, since — a"~", 1=a", if the rule for division of powers holds 
when the powers are equal; therefore it also accords with the general 
rule for division that a°= 1. 

Hence a’, 6°, c’, &c. are separately equal to 1, if 0 be admitted as an 
index subject to the same rule as other indices. 

(4). Since it has been already explained, that any quantity raised 
to a power represented by 0 may be safely expressed by 1, it follows that 
(a—b)’=1, whatever a and b may be. If then a=), we have 0°=1. 


(5). When an algebraical quantity is made to assume the form =, it 


is said to be infinitely great, and its value is expressed by the sym- 
bol o. All that is meant is, that if the denominator be made less 
than any assignable or appreciable quantity the fraction becomes greater 
than any assignable quantity. This is easily shewn by taking any fraction, 


as 5 which =10a: for if the denominator be successively diminished 


one-tenth, we obtain the series of quantities 100a, 1000a, 10000a, &c., 
proving that as the denominator of the fraction is diminished, the value of 
the fraction is increased, and without limit. 

(6). Suppose that an expression involving x assumes the form > 
when some particular value (a) is substituted for x, then it is clear that the 
expression is capable of being reduced to the form a » Where p 


and g have no factor x—a@ in them; and by dividing numerator and deno- 
minator by their highest common factor, the value of the fraction may be 
found when «=a. (See Art. 387.) 


Thus it appears that a quantity which assumes the form may have a 
determinate value. And, conversely, since p is equal to p. —— , what- 


ever be the values of ~ and a; if v=a, p= 5 , that is, any quantity may be 
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made to assume the form 4 But this is, in fact, multiplying and dividing 


by 0, on the supposition that the rules which apply to finite quantities 
apply also to 0 as a multiplier. 

Tt may be said, generally, that to speak of absolute nothing as the 
subject of mathematical calculation is absurd; and that it can only become 
so when it is taken to represent some finite quantity in that state when by 
indefinite diminution it has become less than any appreciable quantity. 
The mathematical symbol 0 has, then, always reference to some other 
quantity from which it is derived; and it is this primitive quantity which 
must be the subject of our investigations when by becoming 0 it produces 
an anomalous result that requires to be explained. 

That mistakes will constantly arise from considering O as an absolute 
quantity is easily seen: Thus, it has been shewn that a’=1 = 6°, therefore 
we might say, if 0 is a quantity, that a=); or, since 2°=4°, that 2=4, 
both of which conclusions are manifestly wrong. 

Again, if c—1=0, then 

x(e—1)=a2x0=0, also w=1, and .. a=1, or 2°—1=0; 
.*, 2(@—1)=0, and (x+1)(a—1)=0, 
. £=2+1, 
or 1=0, which is absurd. 
This amounts to saying that, because ax0 = 0, and bx0=0, therefore a=), 
which is obviously incorrect. 


(7) By definition [2 = n(n—1)(n—2)...3.2.1=n.]n—1, for all positive 
integral values of n; suppose, then, n=1, we have [1=1x|0. But [1=1; 
therefore the only consistent value we can give to [0 is 1. And it is to be 
observed, that, with this conventional meaning of |0, the expression for 

n : 
,C, in Art. 303, when r=”, becomes is or 1, as it ought. ‘In like 
manner the general term in the Binomial and Multinomial Theorems will 
thus include the first and /as¢ terms, as well as all the rest. 


466. Gwen ax+b=cx+d, and .. x= — to explain the result 
(1) when a=c; and (2) when a=c, and b=d. 


(1) When a=c, x= or iia In this case the proposed equation 


becomes ax+6=ax+d, which can only hold true on the supposition of a 
being such, that aa is not affected to any appreciable amount whichsoever 
of the two different quantities 6 or d be added to it, that 1s, 2 must be 


immeasurably great, agreeing with the result already tound. 
(2) When a=c, and b=d, aon a8. In this case the original 
equation becomes ax+6= ax+b, an identity which is clearly satisfied by 


a—-@ 


‘ 0. ‘ 
any value whatever of x; and this is the meaning of 5 in this case. 


20 
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467. Given ax+by=c pies <a Renbe' _ac’—ae | 
and ax+b’y=c'$’ “ab—ab? 7 ~ab’—ab’ 
explain the results when a’ = ma, b’= mb, c= me. 
: 0 
Here tom=5 =, or wb =ab’, ac =a'e, Ve=be; .°. wae, and Y=>: 
ee gO Oe a 
From the original equation we have ax+by=c=— =—a+— y= an+by, 


an identity which is satisfied by any values whatever of x and y; agree- 
ing with the results before obtained. 


468. Given ax*+bx+c=0, and .. ee Cd 3 explain this 
result when a= 0. 


When a=0, one value of « becomes >) the other = or ©, From 


8 ; ee 
the original equation, putting 5 for x, we have 


a+by+cy’=0, 
and if a=0, by+cy*=0, or y(b+cy)=0, 
.. y=0, or b+cy=0, 


1 c 
—= 0, or 6+-=0, 
2 x 
Cc ® ° 
B= OO; or Z=—-, which is the value 


of in this case, as may be easily shewn. Thus 


—b+,/b*—4a0 ac 
20 





2c Cc 
= ee = = = — =, when a= 0. 
2a(-b—,/b*—4ac) -b-Jb¥—4ac 6’ 
469. A and B are travelling along the same road, and in the same 
direction, at a uniform pace of a miles and 6 miles per hour respectively. 
Given that at a known time B is d miles before A, find the time when 


they are together; and explain the result (1) when a=6, and (2) when 
a<b. 


Let « be the number of hours from the known time to the time when 
they are together. Then in that time 4 travels az miles, and B travels 
ba miles, and by the supposition 

ax — d= ba, 
d 


. £2 


a—b° 


(1) Let a=, then x= c= co ; that is, d can never overtake B; which 


is also evident from the circumstances; because, if 4 and B are once « 
miles apart and travel in the same direction at the same pace, they mus; 
always ‘be d miles apart, and can never come together. | 
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(2) Let a<6, then x is negative, which signifies that the time of 
their being together is past. For as 4 travels more slowly than B, it is 
evident they cannot at any future time come together, because the farther 
they go the farther they are apart. But as by looking forward in time the 
distance between them keeps increasing, so by looking backward (sup- 
posing the journey continuous in that direction) that distance continually 


diminishes, and =a hours ago it was 0, that is, A and B were then 
together. 


MAXIMA AND MINIMA. 


470. There is a class of problems which require for their solution 
to determine the greatest or smallest values which an algebraical expres- 
sion will admit of by the variation of some quantity or quantities contained 
in it. These problems are called Maxima and Minima Problems. Thus, 


Prop. 1. Required to divide a given magnitude, 2a, into two such 
parts that the product of the two parts may be the greatest possible. 


Let a+ be one part, 
then a—« is the other. 
The product is a’—2x’. 
Let y be the greatest value required, 
then y=a?—2", 
and 2 = + Jay. 


Now, that «x may have a real value, y cannot be greater than a*, but 
may be equal to a’, which is therefore its greatest value. Hence, in that 
case, «= 0, and the two parts of 2a required are equal to each other. 

py pnt b? 
Pros. 2. Required the minimum of iat a , when a>b. 


arn? +b 
Let (@_O\x =Y, then 
aa* +b? = (a —b")ye, 


OP) gg CBN CRD) nO 


a 4 Aas‘ a? 

a’—O 1 aaa ae 

alee Ye xl (a'—6') yf —4ab". 
Now, that ~ may have a real value, (a’—*)*y* must not be less than 
4a°b*, but it may be equal to it, or y= = 5a which is therefore its 


‘vinimum, or least value. 





20—2 
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ee A a’—b* 2ab d 
Hence also, in this case, ar a ere 
471. If the quantity under the radical sign remain positive what- 
ever value be given to y, then the proposed quantity will admit of neither 
& maximum nor a minimum. 


Ave? + 4a —3 : 
i i ——_——_— admits of either a 
Ex. Required to determine whether 6(2n+i) admits 3 
macimum or a minimum. 
Age* + 42-3 
aise mS) a os 
a 6(2%+ 1) oe 
4a;°~4(3y—1)x = 6y + 3, 
_ By-1 1 pa 
and a a 3 Oy? +4. 


Now, whatever value may be given to y, the quantity under the root 
will always be positive; therefore the proposed expression docs not admit 
of any maximum or minimum. 


472. If the quantity under the root be of the form my*+ny+p, then 
by solving the equation my’+ny+p=0, we can find the greatest or least 


value of y which will permit ,/my?+ny+p to be real, and therefore the 
required maximum or minimum. 


Ex. 1. Let a and 6 be two quantities of which a>b; required the 


greatest value of oe) . Ans, Maximum = ey). ; and a= iat ; 
x Aab a~—b 


Ex. 2. Required the smallest value of fovea) : 


Ans, Minimum=(Jfa+/b)?; and x= Jab. 


472*. Sometimes the introduction of another symbol may be dispensed 
with: thus, to find the minimum value of x’+ px+q, we see that it may be 


P\ 2 p\’ 
written as (2+ 4 +9-"7> and therefore it has its least value when (2+ r) 


is the smallest possible. But this is when (x+2) = 0, 2.€. when x ee 


and then the given expression becomes q— c, which is consequently the 
minimum sought. 

Problems of this kind, however, are usually solved by the +" of the 
Differential Calculus, although ordinary Algebra is mostly sufficien. dr the 
purpose. See a remarkably ingenious treatise on the subject by Ramchun- 
dra, late Teacher of Science at Delhi College*. 


* Maxima and Minima by Ramchundra, late Teacher of Science at Delhi College, 
translated into English, with a Preface by Professor De Morgan, 8yo. London, 1859. 
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APPLICATION OF ALGEBRA TO GEOMETRY. 


473. The signs made use of in algebraical calculations being 
general, the conclusions obtained by their assistance may, with 
great ease and convenience, be transferred from abstract mag- 
nifudes to every class of particular quantities; thus, the relations 
of lines, surfaces, or solids, may generally be deduced from the 
principles of Algebra, and many properties of these quantities 
discovered, which could not have been derived from principles 
purely geometrical. 


474. Simple algebraical quantities may be represented by 
lines. 

Any line, AB, may be taken at pleasure to represent one 
quantity a; but is we have a second quantity, 6b, to represent, 
we must take a line which has to the former line the same ratio 
that b has to a. 


Instead of saying AB represents a, we may say AB =a, sup- 
posing AB to contain as many linear units as a contains numeral 
ones. 


475. When a series of algebraical quantities 1s to be repre- 
sented on one line, anc rach of them measured from the same 
point, the positive quantities being represented by lines taken in 
one direction, the negative quantities must be represented by lines 
taken in the opposite direction. 

Let a be the greatest of these quantities, then a —x may, by 
the variation of x, become equal to each of them in succession. 
Let AB be the given line, and A the point from which the 
quantities are to be measured; take AB equal to a; and since 
a—cx must be measured from A, 


ES 


BD must be taken in the contrary direction equal to a, then 
AD=a-—<2x; and that a@—«x may successively coincide with each 
quantity in the series, beginning with the greatest positive quan- 
tity, « must increase; therefore BD, which is equal to 2, must 
increase; and when x is greater than a, BD is greater than AB, 
and AD’, which represents the negative quantity a — x, lies in the 
opposite direction from A. a, 
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Cor. 1. If the algebraical value of a line be found to be 
negative, the line must be measured in a direction opposite to 
that which, in the investigation, we supposed to be positive. 


Cor. 2. If quantities be measured upon a line from its inter- 
section with another, the positive quantities being taken in one 
direction, the negative quantities must be taken in the other. 


476. If a fourth proportional to lines representing p, q, 7, be 
taken, it will represent D: and if p=1, it will represent g7;_if 
also g and 7 be equal, it will represent q’. 


477. If a mean proportional between lines representing@ and 
6 be taken, it will represent Vab, which, when a=1, beco1zes V6, 


Hence it appears that any possible algebraical quanties may 
be represented by lines; and conversely, lines may be e»ressed 
algebraically; and if the relations of the algebraical «antities 
be known, the relations of the lines are known. 


478, The area of a rectangular parallelogram may be measil by the 
product of the two numbers which measure two adjacent sides. 


Let the sides AB, AC of the rectangular parallelogram AD be mea- 
sured by the lineal quantities a, 6, respectively ; then ax6 will express 
the number of superficial units in the area, that is, the number of squares 
it contains, each of which is described upon a lineal unit. For instance, 
if the lineal unit be a foot, of which AB contains a, and AC contains 
b, the parallelogram 4D contains axb square feet. 


For, Ist, if 4B, AC’ be divided into lineal units, and straight lines be 
drawn through the points of division parallel to the sides, the whole figure 
is made up of squares, which are equal to each other, and to the square 
upon the lineal unit; and the number of them is evidently a taken 6 
times, or ax 6. 


2ndly. If AB and AC do not contain the lineal unit an exact num- 
ber of times, that is, if @ and 6 be fractional, let a=at=, and b= B+. 
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Then take another lineal unit which is —— th part of the former; and 


by what has been shewn the square described upon the larger unit con- 
tains mnxmn of that described upon the smaller. Again, the sides AB, 
AC’ respectively contain mna+pn, mnB+vm lineal units of the smaller 
kind, and therefore, by the first case, the whole figure contains (mna+n)x 
(mnB+vm) square units of the smaller kind; that is, the area 


=mint{a+!} {a+=} of the smaller units, 
m n 


(as #)(pat oT 
= (a+) (2+z) of the larger units, 
=ab, as before. 


3dly. If the sides AB, AC be incommensurable with the lineal unit, 
a unit may be found which is commensurable with certain lines that ap- 
proach as near as we please to AB, and AC, and therefore the product of 
such lines will represent the area of a rectangle differing from the rectangle 
AD by a quantity less than any that can be assigned, that is, we may, in 
this case also, without error express AD by ABxAC. (See Art. 260.) 


479. Cor. 1. Since, by Huclid, Book 1, Prop. 35, the area of an 
oblique-angled parallelogram is equal to that of the rectangular parallelo- 
gram upon the same base and between the same parallels, therefore 


area of any parallelogram = base x altitude. 


480. Cor. 2. Also, since by Huclid, Book 1. Prop. 41, the area of 
a triangle is half that of the parallelogram upon the same base and between 
the same parallels, therefore . 


area of any triangle = 5 base x altitude. 


481, Cor. 3. Since any rectilineal figure may be divided into tri- 
angles, its area may be found by taking the sum of all the triangles. 


482. The solid content, or volume, of a rectangular parallelopiped may 
be measured by the product of the three numbers which measure ts length, 
breadth, and height. 

Let the base of the parallelopiped be divided into its component 
squares, as in the preceding Proposition, and through each of the parallels 
suppose planes drawn at right angles to the base; and let the same thing 
be done with one of the faces adjacent to the base. Then it is evident, 
that the whole figure is divided into a certain number of equal cubes, each 
cube having for its face one of the squares described upon the lineal unit; 

that is, if the lineal unit be a foot, each of these cubes will have its 
length, breadth, and height equal to a foot, and is called a cubic foot). 
Now the nwmber of these cubes is manifestly equal to the number of 
uares in the base taken as many times as there are lineal units in the 
height; therefore 
content, or volume = basexheight, 
=lengthxbreadthxheight. (Art. 478.) 
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Cor. Any three of these quantities being given, the fourth may be 
found. Thus, if C be the content, / the length, 6 the breadth, and 4 the 
height, we have 
Ope. pee 
bh? oh’? 

The following Examples will sufficiently illustrate the preceding 
Theory, for our present purpose :— 


t= 


Ex. 1. Jf a straight line be divided into any two parts, the squares 
of the whole line, and of one of the parts, are equal to twice the rectangle 
contained by the whole and that part, together with the square of the other 
part, (Evucuip, Book u. Prop. 7.) 


Let @ and b represent the two parts into which the given line is 
divided; then a+0 is the whole line, 


and (a+b)’+a’= the squares of the whole line, and of one of the parts; 
= a°+2ab+b?+ a’, 
= 2a°+2ab+6?, 
= 2(a+b)a+b’, 


= twice the rectangle d&c., together with the square of 
the other part. Q.E.D. 


Ex. 2. To find the radius of a circle inscribed in a given triangle. 


See Euclid’s diagram, Book rv. Prop. 4; let 7 be the radius of the 
inscribed circle, and a, 6, c, the sides of the triangle respectively opposite 
to the angles A, B,C. Then (Art. 480) 


sr at sf basr, c= whole area of the triangle, 


or ar (a+b+e) = 5 xthe perpend’ (p) upon a from the opposite angle ; 


and .*. OS hag ee 


To find p, let the segments into which @ is divided by it be # and 
a—x; then (Evciip, Book 1. Prop. 47) 
c’—2* = p* = b°—(a—2)’, 
c* = b*—a*+2ax; 








,  at+e—b 
ee B= 2a 3: 
2, 52 2\2 2 3 8 2\2 
2s (ate PY = —(a’+c*—b*) 
and p*=c" eae a aan raraa 


_ (a+b+0e)(a+c—b)(a+b—c)(b+e—a) | 
- 4a? : 
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“p= 5,N arbor o\lare—b\arb—clo+re—a), 


and rs (a+c—b(a+b—c)(b+c—a) 


at+b+c 


Ex. 3. To find the area of the square inscribed in a given circle; and 
also of the square circumscribed about a given circle. 
(1) Let 7 be the radius of the circle; then (see Evciip, Book tv. 
Prop. 6 
+= AD, 
or 27r°= inscribed square. 


(2) Again, 2°+7°+7°+7°, or 47°= circumscribed square, 
= twice the inscribed square. 


Ex. 4. Zo find the area of the equilateral and equiangular hexagon 
inscribed in a given circle. 

Let r be the radius of the given circle, then (Evucirp, Book tv. 
Prop. 15) also r=the side of the inscribed hexagon; and the area of 
the hexagon =the sum of the areas of the six equal equilateral triangles 
of which it is composed, 


1 7. rT 3f3 
~ 6dr. / og 


Ex. 5. The depth of water in a cistern (whose form is a rectangular 
parallelopiped) is h feet, and the base contains a square feet. Find (1) the 
number of cubic feet of water; and (2) the depth of the same quantity 
of water in another cistern whose base contains b square inches. 


(1) The quantity of water = base x depth = ah cubic feet. 


quantity of water (in cubic feet) 


» ond ay ire Pa acted eset estate - 
(2) The depth for 2™° cistern = base (in square feet) 





3 


56 144ah 
= ah~ 144 = ae a feet. 


It is not necessary here to multiply Examples, because the subject is 
now of sufficient importance to form a separate treatise, to which, in the 
regular course of reading, the student's attention will be hereafter 


directed. 


APPENDIX. 


EQUATIONS. 


In the infinite variety of Equations which ingenious persons may put 
together, it is not to be supposed that any general Rules can be laid down 
for every operation necessary to their solution. Indeed the best method 
of solution is frequently that which lies under the least obligation to 
general Rules; as may be seen at once by comparing Exs. 1, 2, and 3 
below with Art. 194. Numberless are the artifices by which algebraic 
calculation may be abridged, and their successful application can be learnt 
by practice only. There are, however, peculiar artifices of more frequent 
occurrence than others, which shall be exhibited in the following Examples. 


4a-17 33-220 ~~ 6 a’ 
Ex. 1 at a we 2(1- 8) find 4 


5s Me Oe 


4¢—-17 10%-13 — 8x—30 5x2— 


4 
Ex. 2. "og Oe g © OgeT am Ee. find x. 
A(e—4)—-1 | 5(2a—3)4+2 _ 4(2a—7)—2 , S(e-1) +1 
we 4 24-3 Qu—7 w~-1 
4— W{t5+5 a 4 — ttm, 
2 1 1 2 
22-3 “2-4 “w—-l 2e-7’ 
—5 —5 


Qa*—1le+12° 2a*°—-9n+7’ 
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203° — Oat] = Qa*—~L194 12, 
2% = 5, 
5 
se H 44 een 9 = 24. 
3x 81a°—9 3 2¢7-1 57~ 3x 
(B00 ee Bg SE pear aa 
Ex 2 (3%—1)(#+83) sed 2 24+3 3 find w, 
3% 9(3"+1) - 3x°-2% 57 3a 
2 ges. peg Ge to 
transpos®. and) 2’—4—97~3 _ 
divids, by 3 cag e—94, 
a" —9%—34 = x6), %—284, 
24.0 = 25; 
25 
Ex, 4. 5g Va" 398+ STE JFL Q0GT ET) = fe ae find x. 
19 xe+17? 


————_——__ a9 L+99 ie eta! 
x + 39x4+374 — ——— = ,/z? 
J x? +39%+37 ac rJa?+20n+51. 


Squaring, and observing that x "+ 390+374 = (%-+22)(2+17), 


sai +22 
20° + 802+ 87419 (e+ 22) + aay = 2° +200+51, 


361 2422 

“E geai7 = 51+(19-17)x22 = 96, 
"+22 4 20 
%+17 ~ 361*9° = jg: 


1 ? 
2% = 4x39, 
. @ = 2x39 = 78, 
Ex, 5, Stet Ranta b°; find x, 
at+x—,/2an+2° 
A+x b°+1 
By Art. 195, J2acta! O—1? 


a? + Q2an+2° a" re (ay : 


Art, 195, 22489 _ 39 








Qaa+a®  2anra  ~ \BFm1 
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a a) se 4.b* 
saeva™ (Fy 7 (6’~-1)”’ 
Qax+ 2 _ (- 1)? 

a’* ARF? 
aif) = ye 

a 4b° ~ 46% ? 

atx 6°+1 


—— a 
= 


a Qh ’ 
2 Us1—2  b-1)F 


a 25 2 °~=—O? 
a 
a = 5) (b-1)". 


Ex. 6. ——— va =); find a. 


Q2axn—2" 
1+ xf en b, 
a~—-Xx 





9ax~x* s 
a? —2ax+2" Sete 


aN ._ 4s 
(< -1= (6-1), 


(%,) =1+0-1)5 
#2 Jis@=iy, 
G2 1 
7 a (b— ‘es ; 
Tis (ba1) 0 1? 


v 
a 


Jise-y 
243 + 324,/3 — > 
Ex. 7. a = (4,/x—./3)*; find x. 


81,/3.(./3+4/2) | Hijo 5 


cr a rn ee 


(4n/a0+4/8)(4,/2—,/3) 
a = (4y/—/3)", 
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(4,/z—,/3)'= 81,/3, 

4foc—,/ 3= 3,/ 3, 
A/ec = 4/3, 
. w= ZB. 

Ex, 8. Ja+x2+ Ja-2 = 6; find a. 
(Ja+a+/a—2x)* = 2a+3 Jaa! (Ja+a+ Ja—zx), 
and Jata + Ja-% by the supposition is equal to 5; 
.. cubing both sides of the proposed equation, 
2a + 3¢/a*—2*.b = b, 
3b, Jat a" = b°-2a, 


6? 2a 
8)'9 Pier ee 
Ja “=3 30° 


e -.is (5 a) 
Co Ne ay hy 
J o 
2 9a\* 
2 2 eee oe 
peek G st) 
os — a (5 at) 
ee 3 3b/° 


Ex.9 «-1 oe find x. 


Ja 
2 = 
“—-l= Fa V2) 





+, dividing by /e+1, /a-1= Re 


* Jat+1 =0, or /o=—l,and ..a=1. (Art. 208.) 
Also Ce a 2, 
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Ex. 10. «°— 38x = 2; find a. 
Uw —e = 2U4+2, 
o(a"—1) = 2(2+1), 
. e+1=0, or e=-1,. (Art. 208.) 


Also x(a—-1) = 2, or 2’—x = Q, 





Ex. 12, (c+a+,/2°+2a%+6%)?+(e+a—,/a?+2a0+b") = 14(a-+a)*. 
Observing that (4+.2B)°+(A—B)’ = 24°+64B", we have 
2(00-+ a)? + 6(ae+ a) (20° + 200+") = 14(a+a)*; 

.w+a=0, or c=—a, (Art. 208.).......c000 (1). 

Also 6(a’+2au+6*) = 12(a+a)", 
0° + Qace+G* = 22° + 400+ 2a", 
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xv°+2axn+a° = b?—a’, 


L+a= a: ,/b* -a'; 
= + /b¥—a—a........, (11). 


+] 
Ex. 13. (1+2%+2*)' = ——.(1 +2" +0"); find a. 


Leesa? = 2 1+2°+2* 
~ a—-1' l+at¢a®’ 
_@+1 14+2+2°-2(1—2°) 


~ @—1° 1+x2+2" 2 


a+l1 —— 
= Par. —x.1 —2x); 


_ 14%4+2" atl 








Ex. 14, (A 41) (241) =“ —@; find x. 
+ H 6) © «x 


b(a—b+x)(a—2b+2) = wa—ax’, 
b(a—b)(a— 2b) +b(2a—3b)x+ ba" = a*x— ase", 
(a+b)ax’—(a’?—2ab + 3b*)x+b(a—b)(a—26) = 0, 
(a+6)x*—{(a—b)(a—26) +b(a+b)}a+b(a—b)(a—26) = 0, 
x {(a+b)c—(a—b)(a—2b)}—b{(a+b)a—(a—b)(a—26)} = 0, 
(a+b)a—(a—b)(a—2b) = 0, (Art. 208) 


. ex o~(a-2) sdieidot ve sceuiiawt (1). 
Al80 © =D... cceesecev ene oe ee (11). 


v. 
‘et+a\t a—b 
\x+b/ ~— 2Xate) 
od a a 
e+b- = ete 4(a-+c)*’ 


Ex, 15. =1; find x. 
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C+ a-b_ a = (a—b)* 

ato?” w+” 4(x+e)’ 

er ane ve a~b 

a+b mte’ (a+b)(m+e)  4(ete)r? 
c—b a—b 


a+b 4(a+c)’ 
{a—b—4(c—b)}x = 4c(c—b)—b(a—5); 
__ 4¢(c—6)— b(a—b) 
a+3b-4¢ ~ 


e+ Qe4+a+c\" 
Ex. 16. -—- =(|——;—} 5 finda. 
e+ Q22+b+¢ 


b 
a—b a—b \? 
' +346 = (+5) : 
2(a—b) (a—b)’ 
2Qa+b+e (2e+b+c)"’ 


en ek Save ec Ie 
x+b Qa+b+ce (2u+b+c)*’ 
c—b a—b 


a+b 2a+b+0° 
2Qcn—2ba—b? +c? = ax—bat+ab—b’, 
(a+b—2c)x = c’—ab; 


c*?—ab 
a+b—2¢° 


Ex.17. </(1+2)*—9/(1—2)* = 3/1—2*; find x. 


Converting the roots into fractional indices, the equation is 


._ c= 


(1 +2)"—(1- 2) = = (1- _ 2!) = = ( +a)"(1 _ 2) 
Dividing by (1- 2 (= ic : - 
eee) anaes 


wr 
(a ne ant, 


1—2 2 2 





1 +e 1%,/5 


1~ is 
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Lem _ (12/5), 


1-—z ed 
way 2" ase 198.) 
~ (14,/5)" +2" 
1+2% 
Ex. 18. (1+a)" =; find z. 


L+a* = a(1+2)%, 
= a(1 + 40+ Gar? + 40 + ar"), 
(1—a)(1+2*) = 4a(x+2°) + 6az%, 


dividing by x’, (1 — =) = a(x _ 
a (2 Ve 
vss ae hac OOS aoe 
ae 
( *) 4a ( *) = 6a 2+ 40 
eee emeetrilen aee 4+2= : 
x/ l1-a x la l—a 

( ~) 4a ( -) ( 2a ) a8 2+4a | Aa* _ 201 +a) 


zx/ 1l-—a x 1—a *Gaay ~ (I= a)*’ 


] LIS, 
*. ri a 
1 2a,/2(1+a) 


t+-= 
x l-—a 








8 


= 2p, suppose ; 
. v'—2Qne = —-1, 
a —Qnx+ p= p*—1, 
w—p = ,/p*—1; 
= p+,/p*—1. 
Ex. 19. 2+a+3, abe =; find a. 
Assume Jat fa = Jy, 
then cubing these equals, x+a+3,/aa. (J/z+/a) =; 
* £2+a+3 faye =¥. 
Now, comparing this with the original equation, it appears that y = 6; 
dara = Jb, 
ln = /o—.Ja, 
os (b—WJa)’. 
21 
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822 
Ex. 20. «°—1=0; find all the values of x. 


e°—1 = (w—1)(a"+2+1) = 0, 
*. g-1=0, orxvx=1 


Also 2°+x+1=0, 


1 ] 
: -2--l=-- 
w+ E+ F ri 1 71 
1 Hs 
aL ba (11) 


x*+1 = 0; find all the values of a. 


Ex, 21. 
Dividing by 2’, e+ = 0, 


a. 
+ 
t 
+ 
Se 
i 
so 


8 
+ 

i 

tt 
— 

x] 


| 
dO | 


3, 
4 
ay 
mie & sie 
i 
I 


w= / 2.04 


re 


YO] et 





8 
| 
mal 
= 
wi 


ees 
. 2s —— YL ae ; 


In a similar manner to that of the last two Examples may the roots 
O, and like equations, be easily found. 


of 2°—-1=0, 2°+1=0, 2°+1= 
Ex. 22. («—a)/x—(x+a),/b = b(fa—,/b); find x. 
tfa—ar/a—aJo—a/b = b(,/e—./6), 
a(fac+/b) = (a—b)(fa—/b) = (f2+/6)(fa—./0)' 
» fa+/b6=0, Jaa—Jd, and = Bb... cee (1). 


Also Ju—/b = Ja, 
Ja=z Jat+Jb; .e= (a+ /6)* siiawalneiian (TE) 


EQUATIONS. 


Ex. 23, a+x+,/2ac+2" = Jax—a'+,/2a*—ax—a'; find w 
a+2—Jan—a* = ,/2a*—ax—-x*—,/2ax+a%, 
= /2a+a{Ja—a— Ja}, 
a" +3a0—-2U(a+2)fac—a = (2a+2){a—2,fax—x"\, 
2a,/ ax—a* = a?—2an, 
2fax—x' = a—Qx, 
Aac—4a° = a? ~ 400+ 42", 


82°— 8a = —a’, 


a 1 ;- 


Ex, 24. a+(b+,/x),/a = (b-,/x),/2a+«; find x. 
a+2+/2ax+0 = b(/2a+x—-,/x), 
(a+2+/2a0+2:*) = b°(2a+20—2,/2an+2°), 
= ih shat pv 
(a+2+,/2ax+ x") 20° fa+x |°—2aa+a:*} 
= ae 
atx+/2ax+a = »/ 20°, 
2an+a® = ab 4ab—2,/20°b'(at+x)+a"+2an+2%, 


a’ a a 


é fil ef rae 
; apt 
Ex. 25. ee = a+6; find x 


1-2+J1+a0 


Qari +at = (a+b)(1 —2)+(a+b)/1 +2", 





21—2 
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(a—b),/1+2° = (a+b)(1—2), 


t-z a—b 


Ji+at a+b" 


l+a*— 20 a— —\, 








1+2° a+b 
Qe _ |. (a—b) _ 
l+a°  ~ (a+b)? = i 


(1+a)’ _ (a+6)’+4ab _ (a—b)*+8ab 
(1-2) (a+by—4ab~ = (a-by” 


1+a 28 8ab 
l-a (a—b)’’ 


Ww a Aaa a (aay jaa. 





aan =F = 8ab : * Gb 


Ex. 26. ooNE Ee wom fo — a" {a +a0—,/2*—ax —ax\; find x. 





Squaring, on Fie = Va —a*, 2a{e—/x*—a" 


i bale = 20,/a*— a’, 


+ nfa?—at 


a el EEN 


2a — a? —2a,/x*—a? = 2a°a,/x*—a*, 
2° — a? = 2x(a?+1)/a*—a’, 


4c — 40%" +a*t = 4a‘c* + 8a%* + 42*— 40°’ — 8a‘a*—4a%x*, 








* at = 4a‘e* + 8a'x*—4a°s*— 8a*a* 
a® = A(a’+2)a*—4a"(a" +2)", 


2 
_ a 
o*—arg* = 


4(a?+2)’ 


aé’ ld’ a*+2a°+1 
9 
az? +— 473° 48 


S47 
2° Jat+2)’ 


3 
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*2a,/ a*- +2+2a? + 20+2 
Jae +2 
(ase faFe2) 
Jae” 


we {ages » Jara}. 
Ex. 27, 2-2,/24+2 =14+42°—32+2; find a. 


e—~1-2,/a+2 = (a®-20+1)t. (a +2)F, 
seats aes. 
—l— e+? = 042. {/e—1+ e+}; 
‘ Ja—-1+i/x+2 =0; and f/x-1-Ja+2 = /242; 
or Ja—-l = ~A/e+2; and Jul = 2,/x+2, 


a 
4° 
_& 

=7: 


* Cet 











te 20+1 = 2+2, a —2e+1 = 16%+32, 
3\*% 18 ! 2 
x s2+(5 =, | x'~180+81 = 112, 
ne anion = ek . 
e 3 +13 w—9 4/75 
2 2 ? = 4 4 ee Oe4,/7... (0). 
3/13 
oa J veg) | 
2 Ag+ 3 
Ex. 28. aut 1+ taf 400+ 3 =a; find a. 
2x74 3+0,/4x°+ 3 
Qett1+a/sa+3 _ 2 
a === = l~a, 


~ 95+ 3+ atq/ 4008+ 3 ~ 297+ 340) decés 8 
uae See 2 
24°+ 3 +o) 400+ 3 — ix’ 


— 


————— 2 sa—1 
at, 400" + 3 = aq 73 8" = as — 23", 


3a-1\?_, 3a~-1 
Age + 8a" = C—) a Acc’ 


12a—4 ‘ a=) 
( 1l—a@ +8) = GS : 





Sa-—1 
pee BE ]=a)(Qa-1) 


5 
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(a*~1)a +a*x—2,/2a*—1 


arcs (a*~1)a+a%x+2,/207-1 


= (1—a"\(a+m)'"—2an; find x. 


Multiplying the numerator and denominator of the fraction by the 
denominator, the numerator becomes 


{(a?—1)a+a°x\?—x*(2a"-1), 
or (a°—1)*a*+ 2a°a(a7—1) +.a*a"—2ar*+ 2", 
or (a*—1)*a?+2a°x(a’—1)+2*(a*-1)’, 
or (a*—1){a*(a*—1) + 2a°e+a0"(a"—1)}, 
or (a’—1){a*+ 2a%x+ a*s*—a"—20"}, 
or (a°—1){a?(a+x)*—(a*+2°)}. 
Also (1—a’)(a+a)’—2ax = (a+x)*—2ax-—a7(a+2)*, 
= a'+2"—a"(at+ex)’, 
= —{a*(a+x)*—(a*+a")}. 
ad 
(denom".)? 


e ome z 
. denom’. = +,/1—a’, 


Hence —1; 


or (a°—l)a+a%a+a,/207-1 = +,/1—a’*, 
(a?+,/2a*—1)a = +,/1—a’". eaJina}; 
—. 1+a,/1-a’ 

. c= &,/1—a', aes 
1—ax+,/1+07—a,/1+2° 
1—an+ J/1+a— ata] 1+a? 

1—ax+,/1+a*—a,f/1+ 2° = a(1—ax)+a,/1+2*-ax,/1+a", 
(aa—1)(a—1)+ (ax+1)/1+a7 = 2a,/1 +27, 
(a°x°—2ax +1)(a—1)°+2(a—1),/1+47. (a*x*—1) 

+(a%e'+ 2a%+1)(1+4") = 40°44 4a%2%, 
2(aec*+1)(1+a")—2a(aa—1)*+2(a—1),/1+0%. (a%a*-1) = 4a%+ dan’, 
(aa*4+-1)(1+-a")—a(aa—1)*+ (a—1),/1+0*(a%x*—-1) = 20°+ 2a%e", 
a*a?+1+a*x?+a°—a(ae—1)*+ (a—1)/1+a%(a%x*-1) = 20+ 2a%n", 

aeq"(a*—-1) —(a?—1) —a(ax—1)*+ (a—1),/1+a*(a%x*-1) = 0, 

(a*—-1) (a*a?-1)—a(aa—1)*+(a—1),/ 140%. (a'a*-1) = 0; 


Ex. 30. =a; find a. 


. I 
» A—1 = 0, or ce ee i eoetesve (I). 
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Also (a*-1)(am+1)—a(aa—-1)+(a—1),/1+a%(aae+1) = 0, 

or {a'-1+(a—1),/1+a*-a}aa = —{a’-1+(a—1),/1+0*+a}, 

_ a?+a—1+(a-1),/1+a" 


a?—a—1+(a—1)/1+a*’ 


20 
a’—a—1+(a—1)/1+a*’ 


ag 2afa’—a—1—(a—1),/1+40%} 


(a’—a—1)’"—(a—1)*(a*+1) ’ 
Per 2a}a°—a—1—(a— 1)/1+a"} 


1+ 


a(4—3a) , 
; ; 7 (a—1—,/1+ a*)*— 3a 
. by reduction, 2 = gg egy a eA OEE, (11). 


Ex. 31. 2a,/1—2' = a(1+2*); find 2. 
Squaring, 4a°—4a° = a?+2a7a*+a%x*, 
Age? 


: : + 2+" 
a2? a’ a 3 


+ -He-3)-03) 


dividing by a’x*, 


1\*° 4 1 Q2\? 4 
(3) = bits sa’ 





1 

xc a =25/i- —a* ’ 
1 

xe” 3 = Fe, fima 1—q*} = 26", suppose ; then 
oo*— 2b%a:* = 


oo — 26°77 + bf = 1454, 
oo? = te, /1+5; 


owe ee /146". 
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But = —5{1e/1-a}} 
1454 m 1+ = {2-4 #2,/1—a'} = “(1-1-0 
wal Wis Jina Jain Ji-a}, 
or, by reduction, « = a= {( I+a*—-1)(,/1—a?+1)}3, 


A 
. 2 — 


| find x 
2(2-5)+4/ 5) 
3 x( 3 
Grr 4 1 = 8 
se a4 _ (55) -2(2 5) r/o -5)} wom: 


4. a2 a =) 2 pane 2 Ses 





ae | , Se /4\* 16 52 
s)*9 or a+ (sea tee es, 
| baie 
w-te ee; ! _4 #2J13 
3 3 : | 3 = 3 P 
4S 1 422,/13 
a 3, Or ret | ; 3 ; 
(n—1)(a*+a7a"+a*) _ 1\.7 az : 
a (n+1)(a*—a?x*+20*) = (2- a) (=) 3 find a. 





a+ aos" + a4 (“5 = Qn—1 n+l 


Gudea ae) ‘nal? 
14% 

a" a® /a =) IMN-1 N+] 

opens, .( — — — | SZ ———— . =. 
a x \an a nm n—-!l 


——]+— 


ao" a’ 
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3 
For +2 write z, then 


(n°—n)(2?—z-2) = (2n’+n—-—1)(z-1), 
(n*?—n)z*—(3n*?—1)2z+3n—1 = 0, 





from which we find z= a or Ss 
n—1 n 








22+3\% (2e-3\4_ 8 4x" +9 
Eee « y+ (S55) = 13° 4a°—9? 


cubing, (8) (A SYa Bets 22-55, 8 ste 








+ — 
13) \4a"—9/ ~ 22—3 ” 2n43°* 13" 4e*—9? 
; QA 
2(4ac* + 9) + 13 (427 +9) 
= SCR Ee 
47°-Q . 
_ 50 430° +9 
~ 13° 47-9’ 
jt ais (13)? _ 25x(13)° 
(jG 9/ ge oF 


420° +9 — 9x13 _ 65 
4x°—-9 2 ~ 16? 


4° 81 
9 49 
So ae 
3 7 as 
at 3 
ee a8 
eeaygeele 


3_ 5? 9 14+2° 
Ex. 35, ata*—b*—2x(a—cx) , / — at Ca +5 +—— [oat (a—on)" = 0, 


a*os'(1 — 22") —b°(1 —22") + (a— cx) (1 4-0") — 22x(a—cx),/ (a? —0°)(1 07°) + (a—car)* ae 0, 


330 EQUATIONS. 
(a? —b*\(1 —22*) — (a® —a*22)(1 — 2") + (a— cx)" + (a—car)*an" 
—2x(a—cx),/ (a*—6")(1 —2")+(a—cx)’ x 0, 


(at—09)(1—at) + (a~cx)*—20(a—o0),/(aP—B(T =e") + (aa 
+2'(a~—cx)* = a*(1—2")*, 


(a*—b*)(1 —2°) +(a—cox *—2(a—cx) = +a(1—2"), 
(a?—8')(1—2°) + (a—cax)” = a"(a—cxr)"+a*(1 2°)" Qaaa—cx)(1—a'), 
(a?—b°)(1—x*) + (a—cx)"(1—a") = a7(1 —20")?e 2aee(a—cx)(1—2"), 

a*—b°+(a—ca)* = a*(1—2") + 2ax(a—cx), 
(a—cx)* 2ax(a—cx)+a%a* = Db’, 
a—cxeax = +b, 
(cta)ce = arb; 
Ex. 36. (1-2) a(1+4)-2 = Jx+1+,/3e—1; find x 
(1-2) a(1+2)-2—Ji+e = /3e~1, 

(-atfa(1 + -)-2}-2(1-a) JT. re a1 + =) —~2+1+x% = 3x-1, 
(1-2)'{a(1 + =) -2}-2(1 ~2)/1 +a. J o(1+3)-24 2(1—a) = 0, 


1+ —— / ] 
1-2° __— 1 


a—(a—2)x"—-2,/1+2.fax+(a—2)x = 0, 
ast+ (a—2)s°+2,/1+2.fax+(a—2)0" = a+ac = a(1+2), 
ase+(a—2)°+2,/1+0../a0+(a—2)a* + +a = (a+1)(1+2), 
Jas +(a—2)a+ Ji +0 = +Ja+1 Ji +a, 
Jaa @ (wari -1 Tre 
ast +-(a—~2)0* = (&/a+1—1)?+a0+2(1efa+1)z, 
(a—2)a°+2 (eu Ja+1—1)c w{eJa+1~1), 


~ CS 





Ex. 37. uw—y = 8, 
s—y* = 14560 


Assume 2= rae (Art. 218), 
and y= 2z—v, 


\ > find a and y. 
3 


then x2w-y=2v=8; » vss 
Also 2°+4' = (2+4)? + (2-4)? = 227+ 32, 
and 2°—y* = (z+4)?—(z—4)? = 162, 
. (a +y*)(a?—y") = af—y* = (2294+ 32)16z = 14560; 
2. P4162 = 455, 
2* +162" = 4552 = 65x72, 


z+ 652"+ (S) = 492"+ 6572+ (7) ; 


2,95 _., 65 
~ 2. d 2 ? 
ws 72; 
i Se 7. 
Hence w2=2+4= ig | 
and y=2-4= 3, 
Ex. 38. a (bemey)y= yay Gey). os a coiand y. 
xy(ay+bxs—xy) = abe(x+y—c)...(2) 
From (1) ea+ay) = xy(e+y) 
c(ba+ay— xy) = xy(xe+y—e) oseces (3)3 
_ PY aividing (2) by (8), 
cay 
or (xy)? = abc", 


or ay = c.,/ad ; 
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‘and from (1), = a coer eS 
__ s/ab—a a _ Va.(./b— —,/a) 


—— — JoSb— Sa)’ 
53 


a we? = c,fab. me = ac, 
~~ es Jac 
and y= «et 
Ex. 39. e+y(ry—1)=0...(1 
9 eae = a ; find x and y. 
From (1), 2*+2*y’—xy = 0, 
from (2), yt—x*y?— ay = 0; 
gi—y*+Qz%y" = 0, 
at + 2a%y? +y* = 2y%, 





a? ae 
oF = /2—1, cere 7a yaya (a) 
2 a 
*e y = /2-1 
a _¥y¥ 1l-«ax 
Again from (1), and (2), pn aay 

4 

So = ak = —2,/2, from (a) 





1 
ue a% ~ Ja. f2—1) 
Ex. 40. wy = a(x+y)...(1) 


Oe we Hens) h find x, y, 2 
yz = c(y+z2)..-(3) 


; 
4 
? 
¥ 
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e+ 1 

From (1), ee 

xy a 

1 1 1 

or-+-= -., 

x ¥ a 

1 1 1 

From (2), -+—-=-; 

rom) x 2 b’ 
11 1 J] 
yz ab 

1 1 

From (3), ee 

y 2 C 

oe 
"y ac 6b? 

2 book 
ao a 

o. - .cfo 

also —-=—+---; 
on a be? 


_ __ 2abe 
© = ac+be—ab’ 
-_ 2abe 
Y = ab+be—a0’ 
es 2abe _ 
~ abtac—be’ 
Ex. 41. a(a+y+2) =", y(e+yt2) = 0’, 2(e+y+z2) =’; find a, y, z. 
Adding all together, (v+y+e\(a+y+z) = a'+b? +c’; 
. oty+e = fat sc; 
a’ 
.. from (1), «= +—-—————. , 
Uh) S=* pad 
2 


b 
eae 2g Yust——— 
ad Jat+b +c’ 


Ex. 42. alyt+z)'=1+a°; nty = S42; and yom oes find x, ¥, 2. 


From (1) (y+2)'=2**; 


1+a° l+a® 3 
. (y-2) = Ay = 


4 


334 EQUATIONS. 


But from (2), y-z = =5-2, 
: l+a 83 3 . 9 3. 
s SiG) ge a 


1l+a 
ae -—) x —324+3, 


lta’ = x°— 32° + 32, 
a = 2° —32°+ 32-1, 
a=x-l1, 
. c=gt+l. 


Hence from (1), (a+1)y+z)’ = 1+a", 
(y+)? =a —a+l, 


. yr2 = = fa?—at+1 = +,/(a—1)' +a, 
1 
also y-z = a? 


 Qy = 5—aes(a=1) Fa, 


(ots) = 2, a(v+y)=e5 find a, y,« 
LY + LZ = a, 


Ex. 43. a(yt+z)=a, y 


xy t+yz = b, 
LEYS =C; 
". Qeytuztyz = ath; 
2LY = a+b—c. 
Similarly 2yz=b+c—a, 
and 2xz=a+c—b; 


, Rey. 20z _ 59 _ (atb-c). asa ECL 

Raty 2Ye os (atb—c).(b+e—a) 
Ope ay" = at+e—b 

2yz.20% 5 ¢_ (b+c-a). plete 2). 
Pe — atb—-e 


2ay 
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S aes (a+b—c).(a+e—6) 
(EN Qb+e-a)’ 


yaa, Ge lorO=0) 





Qdat+e—b) 
Bee eee eas . 
/ 2(a+b—c) 
Sa 44, sytn(xet+y) =a, nzt+n(zt+z)=b, yet+n(yt+2) =e; find a, y, 
and z. 


From (1), («a+n)(y+n) =at+n’, 
ee (2), (at+n)(z+n) = b+n’, 


subees (3), (yt+n)(s+n) =c+n’. 


Multiply the 1* and 2" together, and divide by the 8", of these 
equations, then 


(x+n)(y+n\z+2) 2 (a+n")\(b+n°) 
(ytn(ztn) ’ ea (c+n*)  ” 
ean ae, /ernyorn'y 
c+n} : 


Pe eee [(a+n*\(b+n*) 
7 c+ 


Multiply the 1* and 3™ together, and divide by the 2™; then we have 


(a+2°)(c+ 2”) 
tne, [A 
Y b+n® 
(a+2°)(c+n*) 
=—1+ 
i a b+2° 








Multiply the 2™‘ and 3" together, and divide by the 1"; then 


re ae (b+n'\(c+") 


at+n 


and exuna , /Orwnetn’) 
a+r : 


Ex. 45. wy=r, and a*y*=s; find # and y. 


Raising the first equation to the d® power, and the second to the 
b* power, 


836. EQUATIONS. 


gettyPt me 
and a4 = 3°; 
ott PE 
' ep? Yr x =; 


a 1 
Similarly y= (=). 


Ex. 46. a* = y*, and vy" = x*; find # and y. 
Bl ase 
From first equation, x«** = y, 


ssiyeete second ......... ox 2 
Ch a 
— w+ a 
te = ty, or oa ee 


(x+y) = 407, or x+y = 2a; 
“22 y", “ oe = y**; 


 P+y = 2a. 


From which it is found, that y = <{-1+,/8a+1}; and then 
c= 5{40+1—,/8a+1}. 


wx. 47, MPA Ver9+3 
NES 


and 2(y+1)' = 36 (y+). n(2) 


From (1), multiplying the Numerator and Denominator of the first 
fraction by ,/y*+1—1, of the second by /x+9—3, then multiplying the 
resulting equation by (1), 


; find « and y. 


ieee ase 
Jy+it+1_ J/x+9+3 VQ 


Jf+i-1 Jzt+9-3 


*e yes 
or Oy’ = &. 


: 9 
4 0] 
41-1 
9 
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From (2), 9y*(y*+2y+1) = 36y°+64, 


9y7(y*—2y+1) = 64, 
3y(y—1) = +8, 


Y -Y Fo 
‘ 1 1,8 35 29 
Yoga 3 Ta? F 79? 
1 1 
Y—--— = *5,/105 
Y 2 6 3 


.“Yy= 7{8+4/i05}. 


And «= 97’ = (19 +./108}. 


Ex. 48. 22+,/a% =f=s{ J "+ we =n] 


find x and y. 
= (“203 (252) o | 


r+4 
Assume =" =v, and —“* 








a 
5 = 
then 2a = 2(v+w), 


also a°—y’? = 4uw, and y= v—w; 


*. by substitution in the first —" 


2(v+-w)+2,/ow = —— * {obs} 
or V+wt+,/ow aay > 


‘ vt—wi as 7. 
But v! +07 = 9, from the second equation ; 
207 a 16, or v=4, 
and 2w! = 2, or wel; 
“ 2m 5, and y= 3. 


By finding all the values of v and w which satisfy the equations 
v'—64 = 0, w'—1 = 0, by the method employed in Ex. 20, other values of 


2 and y may be determined. 


22 


338 EQUATIONS. 





| y 2 yose-1_ _ Jarl 
elit a0 8° 2 Jafa1 x 


; find x and y. 
1 
and v= yx—l 


From 2nd equation y‘—4xy’ = —4, 
y—4. 4° +407 = 4a°—4, 


y*— 20 = £2,/x*—1, 


y® = 2n2,/x*—1; 
and .. y=+(/at+1#,/a—1)...... (i). 
Substituting for y in the first equation, and taking the upper signs 


in (I), 
Ja+1 fa-1 2 J+ var 








On 22 3 WW 


3,/a-1 = /x+1, 
9x—-9 = x+1, 
8x = 10; 
10 


= e= —= i, 


8 
And y= Ja+14+/J/a-1 = 2. 


By taking the lower signs in (1) other values of x and y may be 
obtained. 


Ex. 50, ey — 4 me 4 gos wo (1 
y d roe had nt 


and 2i-3 = cdy§(at—yt)...(2) 
From (1), ¥ +2) = 4yat+4, 
y(at+2y+%) = ay? + Ayeh+4; 
i vi(w+¥) = st (aby +2), 


Taking the +sign, xy4—aty = 2%, 


EQUATIONS. 
or aty*(et—y?) = 2, 
. by (2), zt-3 = 2%, 
Qach ty = 10... cecce eee (3). 
Also from (2), Sady4(at—y?) = 34-9, 
= xt—yt+1, by (3); 
. t—yh— 3abyh(cb_yt) = -1; 


extract cube root, zi—y?=—-1; 


Substituting in (3), 2a7+a541+324(2t+1) = 10, 
$284 324+3a% = Q, 
att otot = 3; 
(at 1)+(”—1)+(a#—1) = 0, 
or (a—1)(o2+ 200% +3) = 0; 
tle 0, and x= ot 
substituting in (4), y= 14+1=2; .. y=. 
Also 2+2ut=~—3; 
*, 2+ 20841 = (vt+1)*=—2, which is impossible; 
. c= 1, y=4, are the required values. 
Ex. 51. a({1—ay)= wt F Aude aud. 
and ,/2(1—ay) = y—z........(2) 
From (2), ot—aly = y—a ; 
_ attor 
1+ ? 
oot +90" -2 —x 
l+at l+ai’ 
oo + Sart +o" 
14+2¢t+0°” 
_ 1—2—2° +2" eS (1—2)*(1 +2) 
(re er 


1—-xy = 1— 


and 1—y* = 1— 


22—2 


‘B40 EQUATIONS. 


Substituting in (1), @ = 


“L408 — 0 a8 Jie; 


a(l+2)=2,/1+2; also l—2x=0, or c= 1 


2=a.j1+2x; also l+e¢=0, or wm —li. (ii). 
v= a’+a’a, 
a‘ 4 
x*—~arat z= Ztes 
axa far+’ - oe 
2 
Also y =1, or —1, or eaieedel aa a 


...(iv). 


© Ne +1+aJa'+4)P—1-20 


Ex. 52. y= way be) and 2° =ax—by; find « and y. 


4 
From first equation, 4 = ay—ba, 


and by second equation, 2° = ax—by; 





_ of _ ay—be an? 
ot ax —by ne 
- 2 
Assume © = t, then 7’ eo) 
x a— bt 
. at'—bt’ = at—), 
or at(t?—1)—b(t°—1) = 0, 
at(?+t+1)—b(+0+e+¢+1) = 0; 
$821 0; OF ES soadicaeaeesanans (1). 


Also bits (6—a)t'+(b—a)et+(0—a)e+ = 0), 
o(#+5)-(a-b) 1+7)—(a-0) 0) 
b(t i)- (a—b) (t+ i)-(a+2) = 0, 

(145) -S"(t4 7) = 


® pel Bee e a—b)? ar 
an ee’) 4" Bl” 


a—be/a*+2ab+ 56° 
aa Seance =m, suppose ; 


EQUATIONS. $4f. 


Then ?—mit = conn 


Tf from (1) ¢=1, them = Yy = A—D...c..cssscesecesseesseeeee eee ens (i). 
If i= =* jo e=a—li= a2 (m+ /m'—4), adaieeaetacs (ii). 
and y=tx= 1 (a—5(mea/m—4) fm, NH SN cao chsasierwne Maes: (iii). ° 


where m = ay (abel a?+ Bab + 50%. 


Ex. 53. a’ +y? = xy(“t+y)*..... (1) 
and y*/x = (a+y)t....... (2) 
From (1), dividing by 2+y, 


\ find x and y. 


x —ary tary? —ay +y* = ay (x? + Qay + y’), 
= xy + Quy? +ay’, 


att — 22° y— xy? —2ay*?+y* = 0; 


@ 4 ® 1 9 yy 0 
dividing by a*y’, fog re Tal 
2 2 
“44 _o mare 4 =], 
yo xe yY 2 


Gis 
+ 
SS 
Six 
; to 
. = 
aN 
S18 
a 
Sis 
‘a 
pamal, 
It 
oo 


e 18 


ve 


y - 
But from (2), xy*= (a+y)’, 


Sli ye (+1) 97 = (4) 'y 2 


iS 


——s 
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aighes (S=J5P _ 50%20,/5 — 50# 105 
_oe 8a, / 5 ~~ 


e's y == ; A / ous 5, 
[50+20,/5 5 
and “= pieiai tefl, Mela ge 
Sx,/5 2 


Ex. 54 (a!+1)y = (y’+1)a?...(1))_ 
and (y'+1)x = 9(2+ nent ane B ene 


From (1), (#+5)y = y+, 


+oa(ers =) 9/3. 
And «*. a = (+2) V5, by (3); 


dividing by 2+=, w+ = 0, i.e, a'=—1, which is impossible 


i 


Also lta = 3, 
42+ = B48, 
ee ates Ji/3+3. 
Similarly «= = V/8-1; 


- EQUATIONS, 


. os sWa+8+N]3—1}. 


And yrs we (2+ =), 
= 3.11843; 
from which y = 5{/3.V,J3+3(,J9-1)} 
Ex. 55. y+8n/y{/a+ba—/y}./a+be = 2a...(1) 


eos ; find x and y. 
and y- Sify JOP og Janta eae ot a 
Jy- r/a+ ba w 


From (1), y— 3y3(a+ bx) + 3y%(a+-ba)3— (a+b) = a—bz ; 
*, extracting the cube root, 
Jy—Ja+ba = Ne (3), 
or Jy = Ja+bat Ja—ba; 
7s clea ties ante o*/a=ta), 
2 —— o 


Substituting (3) and (4) in (2), 
poe = 20.cfanbe, 
Ta —be = 40../4—-O2X, 


t,t 
(a—bx)* *=1, 
a—be=1; 


a-—l 
ca cC=->—.,. 


b 
And y = {2/2a-14+1}". 


Ex. 56. (2+ 4ay—3a:°)* = 2—4a*y*+ 3ac*......(1) 
ao? _ guy | 2uy+1 (2) ; find # and y. 
x" 


and byt - paeene 
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From (1), 4+ 16ay+16a*y*—12s*= 240° + Oat m= 2—400*y"+ 3x", 

or 2+16xy+202°y?—12x°—242°y + 6a* = 0, 
aeesene *Ga°— 12a°y + 3a‘ = 0, 


1 


se'— 42 My + Acct? oe a s Y 20h Ray — 22 ae 


p 20:4 2ary" games aay 2 
(2° 2ary)*— 2(a*— 2ay) +1 = sar er ey 


2 
= 5 (wiy*+ 2ay+)) 5 


Q 
o @—Qay—-l= J 2 ey) peareates (3), 


Again, from (2), 10y*+—— re Oxy + at ca 


3 











Ox _ 10a*y” 4xry 2 
96 eg gg 
Bx\3 2a0*y" 42 2 
or — 4a + 4 
(= > = ay" = 3° 73°73? 
32° 2 
re [ ~eay = 3 (ty +1) sheebial axe ace aus (4); 
8x 3 
. Feary = = x'—2ey—1, from (3), 
Sx° = 4° 4, 
. eo 2, 


Substituting in (4), 3-—4y = (2y+1) 


2 
i i 
fa 





3 5 
*. 2y = a7 ~3/ 23 
2+,/2 
] = 
y= 1-7/6. 
Ex. 57. Jf 2A aTyi=1 =3,/2...(1) 
ah 2+ By" 2ary/t y ; find a and y. 
and 327+ 42xy+16y* = 4,/xy(5a+11y)...(2) 


EQUATIONS. 345 


From (2), 3a°—20aby*+ 422y—44a%y!+16y? = 0, 


dividing by xy, 37-20 J 24244, /¥ +164 = 0 


44 16 


Let = ¢, then — + =0, 


. 8t°—200°+ 420°—-44¢4+ 16 = 0, 
aie °— (3t—2) 607+ (3t-2)10¢—(3¢—-2)8 = 0, 
or (3t—2)(t°—6t?+10¢—8) = 0; 
3i—-2 = 0, or #—6+10¢—8 = 0, 
ie. (¢—4).(?—2¢+2) = 0, 


.t= 


Os} 2 


; or t—-4 = 0, fe P—2t4+2 =0, 
ie, =4, ‘ie, (¢—1)?=1, which is impossible. 


Therefore, taking the first value of ¢, and substituting in (1) 


= ce 


——_—__—_— = 8; 
2, 243 s vi x ‘ 
16 


” 
ee we tuta e al = — 1, 


Extracting the cube root, ea — Dark = — 


7 


ee ie 
- L— a RL 64’ 
Paor le : 
ct = 3 = 2, or 7» 


9 


1 
. oma, or 75 

9 2 
and y = 52% =9, OF ea: 


Taking the second value of ¢, other values of # and y remain to be 
determined. 


Ex. 58. {Fe +c)*+ (b*+c¢")cx \ x af “(6 —c)*+(b'+6°)*e? 
a {F (6~c)*—(0°+ cen) x af <( +c)*+ (b°+c*)*x"; find a. 
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Let b+c =m, and 6—c =n, so that B'+c? = s(n, 


m'ab+ (m'+n')es Jo ‘a? +(m'*+n") x 


then niab—(mi+n )cx —(mP+ni)cw n'a’+(m*+n*)*a niai+(mi+n*\a:"? 


dis = 2m*(m* +-n°)aboz + (m? +n ")ictae 2/2 _ mais (m3+ nty 3 
‘ab 2ni(mitn aba + (mtn ice — nia (mi+ni) a” 


(m*—n*)a*b?+ 2(m?+n*)*abe (m*—n‘)a? 
*a*b*— 2n*(m7+ 2°)abca + (m*+n2 7g Oa? nats (m*+n*)*3*” 
(m*—n*\ab?+ 2(m?+n*)bex (m?—n*)a 


n‘a°b'—2ni(m'+n'jabox+(mi+n?cat nats (mana 
(m?—n*yn‘a°b?+ (m*—n*\n?+n*)ab"a*+ 2(m* +n°\n'a°bex + 2(m*+ n”)*bex 
= (m'—n')n‘a°b?— 2(m‘*—n‘)n?a*bcx + (m*—n')(m?+n*)ac?x"*, 
(m‘—n*\ab*a+ 2n‘a’be + 2(m?*+n°’)"beas’ = (m*—n*)ac*a —2(m? - 
2(m*+n°)*bex"+(m*—n‘)a(b°—c*)\e + 2m*n?a*be = 
Bs ale Fa er 


(m?+n*)%a:*+ 2(m?+n*)mnan+min'a? x 0, ; 
(m?+n*)c+mna = 0, and bc = qn'- n*) ; 


3+20°—4at 
Bx, 59, SEER A yt —29").. ae ’ ee eiae 
and (2x"—1)(2y*—1) = 3......... (2) 


Write w for a then from (2), 4av—2(u+v) = 2, 
and v for ¥*J’ or 2uyv—(W+v) = Lenses. (a). 


From (1), 4u'—2u-—3 = v(2v—1)(uw—1), 
= o(2uv—u—2v+1), 
= 0(2—v), by (a), 
ms Qy—v"; 
*, 4u'-3 = 2(utv)—v’, - 


= 44—2~v*, by (a), 
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4u7~4uv+v" = 1, 


2u—-ve=+1, 


Taking the upper sign, and substituting in (a), 
4u?—2u—u—2u+1=1, 


or 4u?= 5u, ue ; 9 OF Ov .sc05 (i). 


Taking the lower sign, and substituting in (a), 
4u?+2u—u—2u—1=1, 


4u7—Y = 2, 
Py. 21 33 
4u? — ~)=—,4+2= — 
" u+(Z) 16° ~~ 16? 
1 /33 12,/33 o 
au 7 = ae ae UE mee piesa easblau’ (ii) 


Hence from (i), x = a5 J5, or 0; and y=+4,/6; or+,/-1, 


‘ 1 /1+,/33 l jx 
from (il), @ = jf ed8, and y = +5 J5a,/33. 


9 
7 


PROBLEMS. 


In reducing a Problem to an Equation, the course to be pursued is 
stated in Art. 199; but much depends here, as in the solution of equations, 
upon a practical acquaintance with particular artifices, by which the most 
convenient unknown quantities are assumed, and the problem most easily 
translated into algebraical language. 


The general question always is, having certain known quantities, repre- 
sented by given symbols, and onc or more other unknown quantities, repre- 
sented by one or more of the letters x, y, 2, &e., to connect the known and 
unknown symbols together by the conditions of the problem, so as to 
produce as many indepencient equations as there are unknown quantities. 


There is also one general property of a large class of such problems, viz, 
that the increase or decrease, the selling or buying, &c., 1s after a uniform 
rate. Thus, if A is said to perform a piece of work in a days, he 1s supposed 
to work equally every day. If A is said to travel p miles in g days, he 
is supposed to travel one uniform distance each day. And so on, unless the 
contrary be expressed, So that the following Rule is of constant application, 
seeing that uniform increase or decrease of every sort may be represented 
by uniform motion :— : 


Ruiz. If v represent the space described by a body moving uniformly 
in 1 unit of time, (whether it be 1 second, 1 hour, or any other known 
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unit), and ¢ the space described by the same body in ¢ such units of time, 
then 8 = tv. 


Also v == , and t=~ ~; both of which forms are frequently required. 


t 
Thus, if A travels p saailea! in g days, then the distance (v) travelled in 
whole distance (s) _?P. whole distance 


1 day= ; and the number of days = 





number of days (¢) distance per day” 


The following Problems are added here as differing in some material 
respect from those in the text :— 

Pros. 1. In the year 1830 A’s age was 50 and B’s 35. Required the 
year in which J is twice as old as B. 

Let 1830+ be the year required. 
Then 50+2 = 2(35+z2), 
or 50+2 = 70+27; 
oe = —20; 
.. the year required is 1810. 

Pros. 2. In what proportions must substances of “specific gravi- 
ties” a and 6b be mixed, so that the “specific gravity” of the mixture 
may be c? 


[Der. By the “specific gravity” of a body is meant the number of 
times which its weight is of the weight of an equal bulk of water.] 


To 1 cubic foot of the first substance let 2 cubic feet of the second be 
added. 
Then, since 1 cubic foot of the first weighs @ cubic feet of water, 
and @ ...... feeb: sastax second ...... DEE sisctuaeaangensutse ens 
-, the whole 1+2 cubic feet of mixture weighs a+bx cubic feet of water. 
But since ¢ is the specific gravity of the mixture, the weight of 1+ 
cubic feet is c(1+) cubic feet of water, 
*, a+be = c(1+2), 
= C+Cx; 
a—C_ 
— eb ; 
that is, for every cubic foot of the substance whose specific gravity is a there 


must be —— cubic feet of me substance whose specific gravity is b. 

Pros. 3. From a vessel of wine containing @ gallons } gallons are drawn - 
off, and the vessel is filled up with water. Find the quantity of wine 
remaining in the vessel, when this has been repeated n times. 


Let «,, ..©, be the number of gallons of wine remaining in se 
vessel after t ‘9, "3. ..% drawings off respectively. 
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(1) Then a, = a-—6. 
(2) #, = a—6b-—quantity of wine in 6 gallons of first mixture. 
Now, a gallons contain a—6 of wine; 
.. 1 gallon contains — 


—5 


and b gallons contain b= 


oa __h\? 
p 2a) _ (a—by' 


co) a 


. 0, = a—b— 


—by? Booms 
(3) «= a —quantity of wine in 0 gallons of second mixture. 


(a—b) 


(a—6)* 


.. 1 gallon contains ig 


But a gallons contain 





of wine; 


3 een even @ 


@eeeevee 


_ (a—b)* b(a-b)* _ (a—b)* 


g 
and 6 gallons contain b. oe 





Baa ie ae 
And so on, for each succeeding mixture; so that, generally, 
a ey 
no ar ’. 


Pros. 4. The advance of the hour-hand of a watch before the minute- 
hand is measured by 152 of the minute divisions; and it is between 9 and 
10 o'clock. Find the exact time indicated by the watch. 


Let «x = number of minutes past 9 o’clock; then since the minute-hand 
goes 12 times as fast as the hour-hand, 


45 + = number of minute divisions the hour-hand is past 9, 


and 45 +578 = distance in minutes between hour-hand and minute-hand, 


= 158, by the question, 
11z 88 
ee 2 —_ 294 —_ 3 9 
o. @ = 32, 
Hence the time required is 28 minutes bedore 10 o'clock. 


Pros. 5. In comparing the rates of a watch and a clock, it was 
observed on one morning, when it was 12" by the clock, that the watch was 
at 11%. 59". 49"; and two mornings after, when it was 9° by the clock, the 
watch was at 8". 59". 58". The clock is known to gain 0-1" in 24 hours, 
find the gaining rate of the watch. 
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On the 1" morning the watch is behind the clock 11°; and after 45 hours 
it is only 2" behind; .°. the watch gains upon the clock to the amount of 9° 
1 
5 

These hours are those indicated by the clock: and since the clock gains 
0-1" in 24 hours, 24x60x60'+0°1" of clock time = 24x60x60* of real time. 
24x60x60+0°1 

24x60x50 


in 45 hours, or = of a second per hour. 


.. 1 hour of real time = hours of clock time ; 


; 24x60x60+0°1 1° 
.. the watch gains upon the clock to the amount of oi GOGO TS. 


per hour of real time. 


er : Ol. 
Let a be the gaining rate of the watch per hour: then since 48 the 


gaining rate of the clock, 2— sa is the gain of the watch upon the clock 
per hour. 
Ol  24x60x60+0'1 
~ 24 ~~ 24x60x60 * 
ee ee 
240 5 5x24x60x60 ” 


1 
Fr? 
J 


orz7~= 


. C 
.. the diurnal gain of the watch is 24, or a Lae 4 0 se 


2.€. 4°9000055...seconds. 





Pros. 6. If A and B together can perform a piece of work in a days, 
A and C together the same in 6 days, and B and C together in c days; find 
the time in which each can perform the work separately. 


Let w represent the work, and 2, y, 2, the times in which A, B, C, can | 
‘separately do it. 


Then = = A’s daily work+J’s daily work............ (1). 
w > > 
3 = A Biccsecccscnsecas +C Bicoug ing eos 8 see wer cae (2), 
Pgs 
= = Bs epee eceesectces +C Biseieesieaeh weds Siedeen ies (3), 
w WwW ’ 
ae Miao iwietedesweeese —C’s eee ere eee ee er ee rey (4) ; 
and adding (3) and (4), <4 ee = 2..B’s daily work, = 2. 7 
2abe 


Ye abt bemae’ 
* gabe 


Similarly, C= ae he ab? and z= Aba dea be’ 
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To shew that the denominators of these fractions are necessarily 
positive ; 


By the Prob. B alone could not perform w in a days, 


nul GIONG: oisticad chapoeueaneens ~ in 1 day. 
CO ROWE: ores ecedcvesnaneendes w in 6 days, 
C GION ceseespchede eases >in 1 day; 
. B and C together ................0068 oa in 1 day, 
and ... Band C together.................5. C. (2+ t) in ¢ days. 


But # and C together can perform w in c days; 


“¢ oF) > w or Ae. 
"" “\a Ob ? ab : 


and .°. ac+bc>ab. 





Similarly it may be shewn that ab+bc>ac, and ab+ac> be. 


Pros. 7. The fore-wheel of a coach makes 6 revolutions more than 
the hind wheel in going 120 yards; but if the circumference of each wheel 
be increased 1 yard, the fore-wheel will make only 4 revolutions more than 
the hind-wheel in the same distance. Required the circumference of each 
wheel. 


Let x = circumf. of the hind-wheel, in yards; 
4S vecastscuessctese SOPO-WhEEL. aicscssceeae 


then get = number of revolutions by former in 120 yards; 


OF 2OL— BOY HH LY 2. cer cceceveees (1). 


. -.- ~ 120 120 
Again, on the 2nd supposition, rs alg a y+1? 
er 80(y+1)+(2+1)(y+1) = 30(@+1); - 
°. 290—8ly = xytl...... (2). 
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Subtr. (1) from (2), 9x—-lly = 1, 
os Qa = LLY HAL... cce cease (3). 
But from (1), 20x9x%—20x9y = Oxy, 
. 20(11ly+1)—180y = 11ly*+y, 
or 1ly’—39y = 20, 
. 39 = 1521 20 2401 


Y~ 714" ag] = aye ai = aap’ 





yay 4 or 2 
~ 92 ~~ 11’ 
lly+1 4 
and «= = 5, or-—-: 
9 : 9 


.. the circumference of the wheels are 4 and 5 yards respectively. 
Pros. 8. Find two numbers in the ratio of m to n, whose sum is 
equal to their product. 
Let ma, and nx, be the two numbers, 
then mae+nx = mx.na, 


M+N = MNX, 


™m 
Me = —+) 
vi) 


. the two numbers. 
n 
and nz = —+1 : 

m 


Pros. 9. The product of two numbers is 7, and the difference of their 
cubes is equal to m times the cube of their difference. Find the numbers. 


Let x+y, and x—y, be the two numbers, 
| then (x+y)(x—y), or a°-y’? =p, } 
(w+y)'—-(e—y) = m(2y)*)” 
From 2nd equation, 27°+62z*°y = ria 
ee Ist ............62°y—6y* = py 


> 
. 8y° = 8my*—6py, 
4(m— 1)y* = 3p, 


il 3p 
Y=3N/ m-1" 
4m—1 
Also 2! = y*tp => aii p Oi e 


PROBLEMS. 353 


el, (era 
PS tao m—-1 ° 


Hence the required numbers are 
1 J (4m—1)p +,./3p aaa 1 J (4m—1)p— 3p 
Q sf m—1 ; 2° ‘ m—1 ; 
Pros. 10. Find two numbers whose product is equal to the difference 
of their squares, and the sum of their squares equal to the difference of 
their cubes. 


Let x, and xy, be the two numbers, 


then a’y = x*y*'—2"......(1) 
and y+" = ay?—a......(2)J° 


From (1), y=y'-1, 


2 


. qe 
— ¥-Yy 4° 4? 


and y = (/5+1). 


From (2), y°+1 = xy'—2, 








+1 
pat tla yt2 1 
y- say 2 y 
1 2 1 J/5-1 1¢ 
2 54+1 a 2 2 


: 1 1 
.. the required numbers are avs and rag +,/5). 


Pros. 11. There are four numbers in Arithmetical Progression. The 


sum of the two extremes is 8, and the product of the means is 15. What 
are the numbers } 


Let x-3y, x-y, x+y, £+3y, be the numbers; 
then, by the question, x—3y+2+3y = 8, 
* om 4, 
Also (x—y)(a+y) = 15, 
or 2°—y' = 15, 
” 16-y°= 15, or y=1; 
» the numbers are 1, 3, 5, 7. 
92 
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Pros. 12. There are three numbers in Geometrical Progression, whose 
product is 64, and sum 14, What are the numbers ? 


Let - x, xy, be the numbers; then, by the question, 
© aay or 2° = 64, .. w= 4 
5 a 
x ] 14 7 
Also ge = 14, or yee =— 5) 


4 5 BN? 25d 
ee y-3y+ (Fela s 


5#3 2s 
y= 4. = 2, Or 53 





.. the numbers are 2, 4, 8, or 8, 4, 2. 


Pros. 13. Two labourers A and 2, whose rates of working are as 
3 to 5, were empioyed to dig a ditch; A worked 12 hours and B 10 hours 
a day: B being called away, A worked one day alone in order to com- 
plete the work: when they were paid, 6 received as many pence more 
than 4 as the number of days they worked together. Now, had B been 
called away a day sooner, A would have received 3s. 11d. more than B 
at the conclusion of the work. Required their respective daily wages, on 
supposition that the payment to each was in proportion to the work per- 
formed. 


Let x be the number of days they worked together ; 
8w, and 5w, the work per hour of A and B respectively ; 


. 36w = A’s daily work, 
let then 36y = A’s a32, en in pence, 


and we have 50yxa—36y(x + 1) = 2, 
or LAwy—36Y = Wo... cece ee (1). 
Again, on the second supposition, A and B work «—1 days together, 
., the work done in that time = 86w(x—1), 
but the whole work = 86wx+36w; 
.. work left to be done by 4 = 122w; 
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122w 
. A works #-1+ 360 days, 


7 
or +2455 days. 


Hence (x+2 +5) 36y—-(e- 1)50y = 47, 


or 136y—14ay = 47..........66..-(2). 
36y 
l4y—1’ 

14x36 


Oy" 
14y-1 is 


From (1), «= 


. 1386y—- 





14x136y°—136y—14x36y? = 47x14y—47, 
1400y’—794y = — 47, 





(2 194, 807 |*_ 91809 | 
1 ~ 14007 1400 | ~ (1400)? 
3974303 _1 | 47 | 
“Y= T400_ ~ 2?” 700? 
“. 4’s daily wages = 36x4 = 18d. = 1s. 6d. 
0115 ae 2 eee = 50xd = 25d. = 2s. 1d. 


Pros. 14. It was calculated that, if the gross revenue of a state 
were increased in the proportion of 21 : 1, after deducting the interest 
of the national debt and the cost of collection (the latter of which varies 
as the square root of the sum collected), the available income would be 
increased in the proportion of 33 : 1. If, on the other hand, the gross 
revenue were diminished in the proportion of 1j : 1, the available income 
would be reduced in the proportion of 7? : 1, and would in fact amount 
only to 4 millions. Find the amount of the revenue, and the interest of 
the debt. 


Let « = the gross revenue, 
y = the interest on the debt, } in millions of pounds sterling. 
z = the expense of collection, 


: — x 
Then = = increased revenue, and expense of collecting : 2 :: a x: /e : 


. 3 
. expense of collecting = = ; 


‘iminished revenue, and expense of collecting = ; 
23-—2 
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Ox 32 
® 16.7.4 4 ponasseeones (1) 
Ox | See ee ee 
Also x-y-2: 1679 72:15:31: 4, 
% by (1) W-Y—SZ = BLo.vccrsecevers. (2). 
Again, x-y—2%: oy ss 1 : 3a 3: 31: 109; 
32 
*. by (2), o-y-5 = = 109.........(3). 
Subtracting (1) from (2) Z -i = = 27, 
Pd 
aedvdonrecereis (2) TOM (3) = ——— = 78, on) 
, sa Te 
o. aS = 78-54 = 24, 


— = 24, and x = 64. 


(kz 


Hence = 7,787 = 28—-27=1, and..z=4, 


me 
oS 


Also y = x—-2-31 = 60-31 = 29. 


Pros. 15. A steam-boat sets out from London 3 miles behind a 
wherry, and having got to thé same distance a-head it overtakes a barge 
floating down the stream, and reaches Gravesend 13 hours afterwards. 
Having waited to Jand the passengers 4th of the time of coming down, 
it starts to return, and meets the wherry in ? of an hour, the barge being 
then 5} miles a-head of the steam-boat, and arrives at London in the sam 
time that the wherry was in coming down. Find the distance between ¥ 
London and Gravesend, and the rate of each vessel. 


Let « = rate of the boat, y = rate of the wherry, ¢ = rate of the tide, | 
that is, of the barge; then °. boat’s speed against the tide = wherry’s 


speed with it, x-t=ytt, ..t= —. 





, — 3a— ‘ 
Hence eee por Y = boat's speed down, 
x— e+4 
x-——*, oO = SH svc cncaencencee up, 


6 


9 = time before the boat overtakes the barge; 
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6 


. —— rae = whole time of boat down, 

xc—-y 2 
oe. 
5(x—y) 


6 8 3° 3 6 51, 
Cae Ti Ga ae a 5(e—) toa interval of time between the boat 
passing the barge, any meeting the wherry in returning, in which time 


2: = = time for landing the passengers ; 


—-y( 6 ol 3 51 : 
the barge moves over — acm Fea a ; ate or 5+ 40 (2 y) miles, and the 
boat has come up = _— Y wiles, 


1 
3 uty 4 3 + Se —y)+ 2s distance from Gravesend when boat 








“a2 75 
passed the barge down) = — hea , from which equation we get 
ABE’ $6 89 in oeciseeiiteowesk (1) 


Again 82 = time wherry takes to get from 3 miles behind to 51 miles 
a-head of the barge, 


from which two omen (1) and (2) c=9, y= 3. 


Hence also distance from London to Gravesend = time down x speed, 


= 5x12 = 30 miles. 


Pros. 16. A and B travelled on the same road and at the same 
rate to London. At the 50" mile-stone from London A overtook a flock of 
geese, which travelled at the rate of 3 miles in 2 hours; and 2 hours after- 
wards he met a stage-waggon which travelled at the rate of 9 miles in 4 
hours. JB overtook the flock of geese at the 45" mile-stone from London, 
and met the stage-waggon 40 minutes before he came to the 31" mile-stone. 
Where was B when A reached London? 


Since A and B travel in the same direction on the same road and at 
the same rate, the distance between them is always the same. 


Let « = the number of miles per hour of A’s and B's travelling. 
Then, since the places at which A and B overtake the geese are 5 


‘ : : 10 , 
miles apart, which the geese travel over in 5+ ; » OF > hours; therefore in 


that time A has moved forward > miles ; 
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°: “= -5 = distance in miles between A and B............4 (1). 


Again, A met the waggon 50—2z miles from London, 


: . 8x . 
.. distance the waggon travelled between the meetings is a 19 miles; 


and the time elapsed between A and B meeting the waggon 
82 _&@9 4/82 
= (F-19) +a or 9 (F -19) hours. 


During this time A has moved forward : (F ~ 19) a miles; 


4x /8 . 
.. distance between A and B= eo Q+ - GF _ 19) miles ......... (2); 
. 82 4x (82 _ 10% 
equating (1) and (2), = -19+ = (F-19) = -5, 
4a [820 On 
o(g 9) =a tis 


16a? —1140 = 9x%+189, 
16x°—123a = 189, 


123 123\*? 15129 27225 
, pa dat — | — re a 
. 16% Z dee ( 3 ) maar 7 +189 = 6a? 


te 123 185 
‘ -——_ =- ; 
8 8’ 


288 
fa e305 
=, 


and = ~5 = 25, the required distance in miles of B from London. - 


Pros. 17. Fine gold chains are manufactured at Venice, and are sold 
at so much per braccio, a braccio being a measure containing about two 
feet English, When there are 90 links in an ineh, the value of the work- 
manship of a braccio is equal to the whole value of a braccio when there 
are but 30 links in an inch; and the whole value of the braccio in the 
former case is equal to three-times the difference between the cost of the 
material and workmanship of a braccio in the latter, together with 44 francs. 
Supposing that the workmanship in each braccio varies as the number of 
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links in an inch, and the weight of metal varies inversely as the square of 
that number, find the values of the material and workmanship in a braccio 
of each of the chains. 


betwee the value of the gold in a braccio 30 links to an inch, in 
~ { francs, 
y = the value of the workmanship .................0000: eae 


Then 1 1 _& ye value of gold in a braccio 90 links to 


307° 90°” * 9 an inch, 
and 30 : 90 =y : 3y, the value of the workmanship ; 
“ 2+Yy = 3y, or v= Vy............(1), 


and 5+ 8 = 3(x—y) +46 ; 


We L+QTY = WTH—2Ty +40, 
54y = 262440, 
27y = 13x+20, 
= 26y+20, from (1); 


.. y = 20 frances, workmanship of 30 link-chain per braccio, 


em 40 ...... ROM ss swwanuexen toned bars eeeedeonyean eee: 

x 

= 45 francs, gold in the other chain, per braccio, 
3y = 60 ...... WOPRMIANSII Die ..25. ches sic uconern shaeaenndns a 


Prop. 18. A pack of np cards is dealt regularly round to py persons 
with their faces uppermost, every card dealt to each person being placed 
upon that previously dealt to him; the hands are then taken up, turned 
so as to have their backs uppermost, and placed upon one another; 
that hand which contains a particular card (A) being always placed 
below r other hands. The cards are then dealt again, the hands 
taken up, turned, and placed upon one another as before; and so 
on :—Shew that, if m and q be the whole numbers next greater than 


Sth and —/ respectively, the card A will, at the end of the m™ and 


log p p-l 
every succeeding operation, occupy the q" place, or be restricted to the g™ 


and g—1'" places from the top, according as rn is indivisible or divisible by 
p—1. (Senate-House Prob. 1839. by Mr. Gaskin.) 


Let the Ist operation be performed, and let a be the number of cards 
which stand before A in its own hand; then a<n, and 


rn+a = N° of cards before A in the pack, 


whole N° equal ae N+ _ { pisos aeaehadeaeies acnews own hand, 
or next less than... p after 2nd operation, 
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whole N° equal "Nh ns ES r, of cards before A in the pack, 








or next less than... after 2nd operation, 
1 PNW. Coxedes ckbsiawesancavsxsnnes own hand, 
° p>. p after 3rd operation, 
ON: PRED _ (vatsosvadiveamastaiceantee the pack, 
Boevesenvveevesvseye TR+— + 2 ° 
{ after 3rd operation, 
&e. = dic. 
.. whole number equal to, or next less than, r+ ire = +...+ — ; 
P Pp Pp 
‘ m_y 
that is, the whole number equal to, or next less than, rae aa + at 
or—? 42 — = number of cards before A in the pack, after 


p-1° p™* p™"(p—1) 
the m™ operation. 


Hence, if g be the whole number next greater than rag , 1t is evident, 


when aa) is not an integer, that the card A will be restricted to the g® 


place, provided as ea) is a fraction so small that it cannot make 
a difference of 1 in the value of 
mp a "mn 
OE ar egy 
Now a<n, .° Sea 
P P 
If therefore si =or < =? cr <5) and i a ee is a small 
fraction . es 
? 
(for, since r< 7, ele 5) 
p"(p-1) 2 
a Tn . : 
; Po -P(pal) cannot make a difference of 1 in the above ex- 


pression (1). 
log 2np 
log p ° 


Hence at the m and every succeeding operation the card A is restricted to 
the g™ place from the top. 


aN 1 a 
Now if [= 3; or p"=2np, m= 


If — be an integer, that is, rn be divisible by p—1, then it is evident 


that the number of cards before A may be either g—1, or g—2; and there- 
fore A must be restricted to the g or g—1" place. 
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SINGLE AND DOUBLE POSITION. 


Many problems are readily solved by means of the Arithmetical Rules 
called “Single Position,” and “Double Position,” without the application 
of Algebra ; but the Rules themselves require algebraic proof. 


(1) The Rule of ‘Sryetn Position’ is applied to those cases only, in 
which the required quantity is some multiple, part, or parts, of some other 
gwen quantity; that is, if x represent the required value, a and 6 known 
quantities, the cases for ‘Single Position’ are such as produce an equation 
of the form 


ax = 6. 


Thus, if it be required to find such a value x that axx = b, suppose s 
to be the value, and instead of 6, we find axs = 0’, then we have 


ax 6 
as 0’ 
a sll Ack 


which points out the Rule:—namely, Suppose some value (s) to be the one 
sought, and having operated upon it as the question directs, let the result (b’) 
be noted. Then the true value is equal to the true result (b) divided by the 
Jalse one (b’) and multiplied by the supposed value (s). 


Ex. Find the number which being added to the half and fourth of 
itself will produce 14. 


Suppose 12 the number, then 
12+4 of 1241 of 12 is 21; 


2 14 
.. number required = aT x12 = 8. 


(2) The rule for ‘Dousie Position’ is applied to those cases in which 
the required quantity is not a multiple, part, or parts, of a given quantity, 
but furnishes an equation of the form 


axt+b = cx+d. 
By transposition this equation becomes 
(a—c)at+b—d=0.....008. (1). 


Now suppose s to be the value of 2, which by substitution does not 
satisfy the equation, but gives 


(@—c)8+0—O = Cosceccrsvans (2), 
then subtracting (1) from (2), 
(a—c)(s—x) = 6, 
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Again, pes ses s’ to be the value of 2, which by substitution and 
subtraction, as before, gives 
(a—c)(s'—a) =e’. 
(a-o(s-2) _ 6 
on (a—c)(s'—x) é’ 
8—2 


or =—- = 
8—x 


Bie 


| 


or es—ex = es'—ex, 
, , 
es’ —e's 
=> 
e—e 


which proves the common Rule, namely, JJ/ake two suppositions (3 and 8’) 
for the required quantity ; treat each of them in the manner pointed out by 
the question ; and note the errors (ce and e’); then the required quantity will 
be found by dividing the difference of the products es’, e's by the difference of 
the errors e, e’. 


Ex. . What number is that which, upon being increased by 10, becomes 
three times as great as it was before ? 


Ist. Suppose the number to be 20, (s) 
then 20+10 = 30, 
but 3x20 = 60, .. e = —30. 
2nd. Suppose the number to be (30), (s’) 
then 30+10 = 40, 
but 3x30 = 90, .. e = —50. 


—30x30+50x20 _ , 
~30+50 





Hence the true number = 


PILES OF SHOT OR CANNON BALLS. 


Ex. 1. IN a pyramidal pile of shot of which the base is a square, the 
number in one side of the base is given, find the whole number in the pile. 


Let 1 be the given number in one side of the base, then ’ is the num- 
ber in the base ; 


m—1 is the number in a side of the next superincumbent square, 


BE)? eeiareeanrveseawens the whole square. 


Similarly (n—2)’ is the number in the next square; and so on, until the 
squares are diminished to a single shot. 
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Hence the whole number in the pile is equal to the sum of the series 
n*+(n—1)*?+(n—2)'+&e.... +1’, 
or 1°+27+3°+.,.+2”%, which by Art. 295, Ex. 4, is equal to 


- n(n+1)\(2n+1). 


Ex. 2. Ina pyramidal pile of shot of which the base is an equilateral 
triangle, the number in a side of the base is given, find the whole number 
in the pile. 


Let n be the given number in a side of the base, 
then m—1 is the number in a side of the next superincumbent triangle, 
WO acuntucnediaumecaieinueoutanaans oe: BIG. sai iinedi ceva etaiaaeehaes 
WSS cnn cap aicsctiuieatdetiud lemurs AGH: ‘cceceaueistacuensesdebyediaes 


and so on, until we get to a single ball; that is, there are 7 triangles, which, 
beginning at the other end of the series, may be represented thus, 


s 


° e j e ; e ; ® &. 
so that the whole number of shot in the pile, being the sum of the shot in 
these 7 triangles, will be the sum of the series 


14+-34+64104154+21+&c. to terms. 


Ist. Let 2 be even; then the series, taking pairs of terms together 


= 44+16+36+&c. to 5 terns, 


= 4/174 2°4+3°+ &e. to 5 terms}, 





1 n/n 1 
= 4.5. a(5+1)@o+ 1) = pnla+1)(n+2). (Art, 295.) 
2nd. Let 2 be odd; then the series may be written 
1 
14+94+25+49+d&c. to is terms, 
n+ 


1 ae 
or 1°+3°+5°+77+&e. to terms; which is equal to 





(9) 
~ 


mat te 
1 ntl (4 st1) -1), (Art. 295, Ex. 4), 
= ; (n+1)(n?+2n), 


= = 1o(r4 1)(2+2), as before. 
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Ex. 8. To find the number of shot in a pile of which the base is a 
rectangular parallelogram, whose sides contain a given number. 

Let 7 and 6 represent the given number of balls in the length and 
breadth respectively of the base ; 


then 0/ = number of balls in the base. The next layer will be a parallelo- 
gram whose sides are 6-1, and J-1; and .. (b—1)(/—1) is the number of 
balls in this layer. In the next the number is (6—2)(/—2): and so on, until 


we come to (b—b—1)(J—b—1), or 1x(/-b+1); the last parallelogram being 
reduced to a straight line of /—b+1 balls. 


Hence the whole number of balls in the pile 
= b1+(b—1)(J—1)+(b—2)(1—2)+......to 5 terms, 
= b1+b1+01+ de. to b terms—(14+2+3+&e.+5—1)(b+)) 
+1°4.97439s &e,+5-1)?, 
= 51-5.°o}. 6444 (6-1)0(b-0) 


B-1\, . B-1 /, 1 
em 2 ene ‘aman queens — a ae 
=(2 b= \ b= (6 2 i), 


6(b+1) 13 b-1 6+1 
ie aoe a. 








= , 6(6+1)(37—-6 +1). 


Ozs. To find the number of balls in an incomplete pile it is only 
necessary to find the number in the pile which is wanting to complete the 
given one, and subtract that number from the number in the given pile 
supposed complete. 


Ex. 4. To find the sum of m terms of any order of Figurate Numbers. 


Der. Figurate Numbers are formed by making the n term of each 
order the sum of ” terms of the preceding order. Thus, 


Figurate Numbers of 1" order are 1, 1, 1, 1, 1, &e. 


sun aula wei wed lela eee tes OP Seciustoces AG Oi. e, bee. 
et ee eer ne 8% eee 1, 3, 6, 10, 15, de. 
‘ieee ea veussameaueuee Atm eceseee 1, 4, 10, 20, 35, dec. and 80 on. 


Hence, for 1* order, sum of x terms = 7, 


Se BPO assy saebeshocssorayes "SS gm), 


@oe gn @oerce J Pte ereveecrsccrses = an(nt1Xn+2); &c. 


n(n+ 1)...(m+m—1)_ 


and for m* @eases Severe eosaeenvenneed 
; = 1.2...m 


THE 
GENERAL THEORY 


OF 


EQUATIONS. 


NATURE OF EQUATIONS, 


Art, 483. ANY equation, involving the powers of one un- 
known quantity, may be reduced to the form 
x” + pa" + ga"? + &.=0; 
where the whole expression is made equal to nothing, the terms 
are arranged according to the dimensions of the unknown quan- 
tity, the coefficient of the highest dimension is unity, and the 
coefficients, p, g, 7, &c. s.e affected with their proper signs. 


An equation, in which the index of the highest power of 
the unknown quantity is 2, is said to be of n dimensions; and 
in speaking simply of an equation of 2 dimensions, we under- 
stand one reduced to the above form, unless the contrary be 
expressed. 


484, Any quantity of the form 
x" + pao" + gqu"*...+ Px t+ Q, 
may be supposed to arise from the multiplication of 
(a — a)(a — b)(a — c).&e. 
continued to m factors. 


For, by actually multiplying the factors together, we obtain 
a quantity of m dimensions, similar to the proposed quantity, 
xe" + px" + ga"? + &e. ; 
and if a, 6, c, &c: can be so assumed that the coefficients of the 
corresponding terms in the two quantities become equal, the 
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whole expressions coincide. And these coefficients may be made 
equal, because we shall have » equations to determine the 2 
quantities a, b, c, d, &c. (See Art. 198.) If then the quantities, 
a, b, c, d, &c. be properly assumed, the equation 

x" + pa" + ga"? + &e. = 0, 
is the same with (a — a)(x% —b)(a —c).&e. = 0%. 

We cannot suppose 2"+ pa""+qa""?+&c. to be made up 
of more, or fewer, than simple factors; because, on either 
supposition, the result would not be of the same number of 
dimensions with the proposed quantity. 


485. Derr. The quantities a, b, c, d, &c. are called roots 
of the equation, or values of x; because, if any one of them be 
substituted for 2, the whole expression becomes nothing, which 
is the only condition proposed by the equation. 


486. If the signs of the terms of an equation be all positive, 
it cannot have a positive root; and if the signs be alternately 
positive and negative, i cannot have a negative root. 


If 2"+ pax" + qu""+ &c.=0, where p, q, &c. are all positive, 
and any positive quantity, a, be substituted for 2, the result is 
positive; consequently a is not a root of the equation. 


If a" —pa""+ qa"*— &c.=0, and a negative quantity, —a, 
be substituted for x, when 2 is an odd number the result is 
negative, and when is an even number the result is positive; 
therefore —@ cannot, in either case, be a root of the equation. 


487. Every equation has as many roots as it has dimensions, 
and no more. 


If a" + px" + qu"? + &e. = 0, 
or (a — a)(a — b)(x — c).&c. to nm factors = 0; 
there are nm quantities, a, 6, c, &c. each of which, when substi- 


tuted for x, makes the whole =0, because in each case one of 
the factors becomes =0; but any quantity different from these. 


* This proof, which is usually given, is imperfect ; for if the n equations be reduced 
to one, containing only one of the quantities, a, this equation is a” + pa"-1+ ga*-? + &c. = 0, 
which exactly coincides with the proposed equation ; in supposing therefore that a can 
be found, we take for granted that the equation can be solved. 
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as ¢, when substituted for x, gives the product (e—.«a)(e—b) 
(¢—c).&c. which does not vanish, because none of the factors 
vanish ; that is, e will not answer the condition which the equa- 
tion requires, and is therefore not a root. 


488. When one of the roots, a, is obtained, the equation 
(a@ — a)(a — b)(a@ — c).&e. = 0, 
or 2"°+ px" "+ ga2""* + &.=0, 
is divisible by x —a, without a remainder, and is thus reducible 
to (a — b)(a# —c).&c. = 0, an equation one dimension lower, whose 
roots are 6, ¢, &e. 

Ex. One root of the equation ¥°+1=0 is —1, therefore 
y+1=0, and the equation may be depressed to a quadratic, 
by division. The quotient of y°+1 by y+1 is y—y+t1. 

Hence the other two roots are the roots of the quadratic 

y —yt1=0. 

If two roots, a and b, be obtained, the equation is divisible 
by (c—a)(e—b); and thus it may be reduced two dimensions 
lower. 

Ex. Two roots of the equation 2°—1=0, are +1 and —1, 
therefore x —1=0, and «+1=0; and it may be depressed to 
a biquadratic by dividing 2°—1 by (2—1)(@+1), or by 2’—1. 
The quotient is a*+a’+1. 

Hence the equation 2*+2’+1=0 contains the other four 
roots of the proposed equation 2°—1= 0. 


489. Conversely, if the equation be divisible by 2 — a, without 
remainder, @ is a root; if by («—a)(#—b), a and Bb are both 
roots; &c. In the latter case, let @ be the quotient arising from 
the division, then the equation is 

(x —a)(a — b)) = 0, 
in which if a or 6 be substituted for 2, the whole vanishes. 


490. Cor.1. If a, 6, c, &c. be the roots of an equation, that 


equation is 
(@ — a)(x — b)(@ — €).&e, = 0. 
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Thus, the equation whose roots are 1, 2, 3, 4, is 
(2 — 1)(@ — 2)(x@ — 3)(@ — 4) = 0; 
or x — 102° + 352" —- 50x + 24=0. 


The equation whose roots are 1, 2, and —3, is 
(2 —1)(@—2)(a@+3)=0, or 2° —-7r+6=0. 


491. Cor. 2. If the last term of an equation vanish, the 
equation is of the form 2+ pa"’+qz""...... + Px=0, which 
is divisible by xz, or x —0, without remainder; therefore 0 is one 
of its roots; if the two last terms vanish, it is divisible by 2’, 
without remainder, or by (#—0)(x# — 0), that is, two of its roots 
are 0; &c. 


492. The coefficient of the second term of an equation ts the 
sum of the roots, with thetr signs changed; the cocficient of the 
third term is the sum of the products of every two roots, with 
their signs changed ; the coefficient of the fourth term is the sum 
of the products of every three roots, with their sigus changed, &c.; 
and the last term is the product of all the roots, with their signs 
changed. 


Let a, 6, c, &c. be the roots of the equation; then (#—a) 
(a —b)(a —c).&c.=0, is that equation; and by Art. 308, it ap- 
pears, that when these factors are multiplied together, the coeffi- 
cient of the second term is the sum of the quantities —a, — 8, 
—c, &c.; the coefficient of the third term, the sum of the products 
of every two, &c.; and the last term, which does not contain 2, 
is the product of all those quantities. 


493. Cor. 1. If the roots be all positive, the signs of the 
terms will be alternately + and —. For the product of an odd 
number of negative quantities is negative, and of an even number 
positive. But if the roots be all negative, the signs of all the 
terms will be positive, because the equation arises from the con- 
tinued product («+ a)(~7+ b)(w@+c).&c, in which every sign is 
positive. | 


494. Any equation, it has been observed, may be conceived 
to arise from the multiplication of the simple factors (a — a) 
(a — b)(a@ — c).&e. or by taking two or more of these together, it 
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may be supposed to arise from the multiplication of quadratic, 
cubic, &c. factors, if the dimensions of these factors together 
make up the dimensions of the proposed equation. 


Thus a cubic equation may be supposed to be the product 
of three simple factors, as 


(x — a)(a — b)(@ — 0) = 0; 
or of a quadratic and a simple factor, as 


(a* — par + q)x(a — ce) = 0. 


495. Impossible roots enter equations by pairs. 


If a+V—6' be a root of the equation 2+ p2"'+&c.=0, 
then a — V—2? is also a root. 


In the proposed equation for 2 substitute a +V—6’, and the 
result will consist of two parts, possible quantities, which involve 
the powers of a and the even powers of V—U’, and impossible 
quantities which involve the odd powers of /—0'; call the sum 
of the possible quantities A, and of the impossible B, then A+B 
is the whole result. Let now a—%V—U? be substituted for x, and 
the possible part of the result will be the same as before, and 
the impossible part, which arises from the odd powers of — V—0*, 
will only differ from the former impossible part in its sign; 
therefore the result is A—£B; and since by the supposition 
a+v—U is a root of the equation 4+B=0; in which, as no 
part of A can be destroyed by B, A=0, and B=0; therefore 
A — B=0, that is, the result, arising from the substitution of 
a —V—6* for x, is nothing; or a — V—@ is a root of the equation. 


496. Cor. 1. Hence it follows, that an equation of an odd 
number of dimensions must have, at least, one possible root, 
unless some of the coefficients are impossible, in which case the 
equation may have an odd number of impossible roots. 


497. Cor. 2. By the same mode of reasoning it appears that, 
when the coefficients are rational, surd roots of the form +8, 
or a+b, enter equations by pairs. 


24 
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498. If the signs of all the terms in an equation be changed, 
its roots are not altered. 
Let a” + px"? + qa"? + &c. = 0, of which the roots are a, J, ¢, 
&e., then 
(2 — a)(x — bx — ec). &e. = 0; 
and if the signs of all the terms be changed, the equation becomes 
—(x—a\(a—b)(x—c).&c.=0; 
which is satisfied, if a, 6, c, &c. are substituted for x. 


499. If the signs of the alternate terms, beginning with the 
second, be changed*, the signs of all the roots are changed. 


Let 2" + pa" + qa"? + &.=0, be an equation whose roots 
are a, 6b, —c, &c.; for x substitute —y, and when 7 is an even 
number, the equation becomes y"* — py"' + qy"* —-&c. =0; but 
when 7 is an odd number, — y” + py” — gy" + &c. = 0, or chang- 
ing all the signs (Art. 498), y” — py" + gy" — &c.=0, as before; 
and since «= — y, or y= — &, the values of y are —a, —b, +¢, &e. 


Ex. Let it be required to change the signs of the roots 
of the equation 2° -—qx+r=0. 


This equation with all its terms is 2°+0-qx+7r=0; and 
changing the signs of the alternate terms, beginning with the 
second, we have 

x’—0-qu—r=0, or a -—qu—-r=0, 
an equation whose roots differ from the roots of the ‘given one 
only in their signs. 


500. To transform an equation into one whose roots are 
greater or less than the corresponding roots of the original equa- 
tion by any given quantity. 


I. Let the roots of the equation 2°+ px*?+qx+r=0 be a, 
6, c; to transform it into one whose roots area+e, bD+e, c+e 


* That is, supposing either the equation to be complete in all its terms, or the terms 
hat are wanting to be replaced by ciphers and considered as terms for this purpose,—ED. 
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Assume 7+e=y, or ©=y—e; then 
v=’ —3ey' + 3ey— ¢ 
+pa= + py’ —2peyt+pe 
+ qe = + .gy— qe 
+7 = +9 
“ y — (8e—p)y’ + (82 — Qpe + q)\y — (€ —pe+qe—7r) = 09. 
In this last equation, since y= 2+, the values of y are 
ate b+e cte. 
If y+e be substituted for x, the values of y in the resulting 
equation will be a—e, b—c, c—e. 
II. In general, let the roots of the equation 
x” + pax" + gar"? + &e.=0, be a, b, ¢, &e. 


Assume y=2—e, or x=y+c; then, by substitution, 


oo" ae y" 4 ney ae n= ey"... a ney a ce 
+ pet = + py? + (w—1) pey"”... + (n — Lpe"*y + pe" +=0, 
+ qu"? = + gy”... + (1 — 2)qe"y + ge” 

&e. = &e. 


and since y=x—e, the values of y, in this equation, are 


a—e, b-e ec-e, &e. 


501. One use of this transformation is to fake away any 
term out of an equation. Thus, to transform an equation into 
one which shall want the second term, e must be so assumed 


that ne +p =0, or ¢= -t (where p is the coefficient of the second 


term, and 2 the index of the highest power of the unknown 
quantity); and if the roots of the transformed equation can be 
found, the roots of the original equation may also be found, 
because 7=y -f ‘ 
Ex. To transform the equation 2°—92'+72%+12=0 into 
one which shall want the second term. 
9A_9 
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Assume «=y+3, then 
= y? + 99? + 27y + 27 


—9a°= —9y'— 54y—81 = 
+ 7x = + 7y+2) ’ 
+12 = +12 


that is, y*—20y—21=0; and if the values of y be a, 8, ¢, the 
values of x are a+ 3, 643, and c+3. 


502. To take away the third term of the equation, ¢ must 
be so assumed, that 


9, —)] 


nN. > e+(n—l)pe+q=0. 





In this case we shall have a quadratic to solve; and in general, 
to take out the m‘" term, by this method, it will be necessary 


to solve an equation of 22 —1 dimensions. 
Ex. To transform the equation x* — 6z*?+ 9x —1=0 into one 
which shall want the third term. 
Here n= 3, p=—6, and q=9; thercfore 
nN. ae + (27 —1)pe+q=0 becomes 
3e°—-12e+9=0, or &—4e+3=9, 
in which the values of ¢ are 1 and 3. Let «=y+3, then 
=P + 99? + Q7y + if 
—6x7= —6y'—36y— 54] | 
+92 = + 9Y+27|— 
a es | 
that is, y° + 37°—-1=0. 
In the same manner, if «=y+1, the transformed equation 
will want the third term, and will be 
y — 3y°+3=0. 


0, 


503. To transform an equation into one whose roots are 
the reciprocals of the roots of the given equation. 


Let the roots of the equation 
x" + pa" + ga**...+ Pr+Q=0 
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e e ] 
be a, 6, c, &c.; to transform it into one whose roots are A 7 
1 
-, &e, 


Assume y=—, or “= = then, by substitution, 





and multiplying by 9’, 
L+py tay... + Py + Oy" =0; 
that is, Qy’*+ Py""...+qy’°+ py+1=0 
p 
vo" 0; 


and since y= rm the values of ¥ are 7, 7: is &e. 


or ytoy" ++ 


504. Cor.1. If any term in the on equation be wanting, 
the corresponding term will be wanting in the transformed equa- 
tion; thus, if the original equation want the second term, the 
transformed equation will want the last term but one, &c. be- 
cause the coefficients in the transformed equation are the coeffi- 
cients of the original equation in an inverted order. 


505. Cor. 2. If the coefficients of the terms, taken from 
the beginning of an equation, be the same with the coefficients 
of the corresponding terms, taken from the end, with the same 
signs, the transformed will coincide with the original equation, 
and their soots will therefore be the same. 


Let a, b, ¢ be roots of the equation 


x" + pao + qa" 2... + qu? +px+1=0; 
the transformed equation will be 
y+ py tay Fay t+ py t1=0, 


and a, 6, c must also be roots of this equation; but the roots 
of this equation are the a eel of the roots of the original 


equation, therefore Le ae 5 are also roots of the original equa- 


a’ b ? 
tion; that is, the awe of an equation are 


1 1 1 
a, a’ b, Db? ¢, © &e. 
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Ex. The roots of the equations 
ot — pa+qu'—pxe+1=0, a*+qa'+1=0, 
and 2*+1=0, 


are of the form a, J, - 
a’ b 


506. Cor. 3. If the equation be of an odd number of di- 
mensions, or if the middle term of an equation of an even number 
of dimensions be wanting, the same thing will hold when the 
signs of the corresponding terms, taken from the beginning and 
end, are different. 


Ex. The roots of the equation a*°—pz*+px—1=0 are of 
the form 1, a, For, in this case, if the signs of all the terms 


of the transformed equation be changed, it will coincide with 
the original equation; and by changing the signs of all the 
terms, we do not alter the roots. (Art. 498.) 


Der. The equations described in the last two corollaries 
are called recurring equations. 


507. Cor. 4. One root of a recurring equation of an odd 
number of dimensions will be +1, or —1, according as the sign 
of the last term is — or +; and the rest will be of the form 


] I 
a, a’ b, b? &e. 


For if +1, in the former case, and —1, in the latter, be 
substituted for the unknown quantity, the whole vanishes; thus, if 
x — px* + qa’ — qa’+ px -1=0, 

and for x we substitute +1, it becomes 
l1—-p+q-qtp—1=0; 
and it appears from Art. 503, that if a, 6, c, &c. be roots of the 


: 1 1 
equation, a? B? =, &c. are also roots. 
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508. If a, b, c, —d, &c. be the roots of an equation, taken 
in order of magnitude, that is, a greater than 0, b greater than 
c, &c.* the equation is 

(2 — alu —b)(a4—ecj\(a+d).&e=0; 

in which, if a quantity greater than a be substituted for 2, as 
every factor is, on this supposition, positive, the result will be 
positive; if a quantity less than a, but greater than 0, be sub- 
stituted, the result will be negative, because the first factor will 
be negative and the rest positive; if a quantity between b and 
e be substituted, the result will again be positive, because the 
first two factors are negative and the rest positive: and 8o on. 
Thus quantities which are limits to the roots of an equation, 
or between which the roots lie, if substituted successively for 
the unknown quantity, give results alternately positive and ne- 
gative. 


509. Conversely, if two magnitudes, when substituted for 
the unknown quantity, give results affected with different signs, 
an odd number of roots must lie between them; and if a series 
of magnitudes, taken in order, can be found, which give as 
many results, alternately positive and negative, as the equation 
has dimensions, these must be limits to the roots of the equa- 
tion; because an odd number of roots lies between cach two 
succeeding terms of the series, and there are as many terms as 
the equation has dimensions; therefore this odd number cannot 
exceed 1. 


510. If the results arising from the substitution of two 
magnitudes for the unknown quantity be both positive or both 
negative, either no root of the equation, or an even number of 
roots, lies between them. 


511. Cor. If m, and every quantity greater than m, when 
substituted for the unknown quantity, give positive results, m 
is greater than the greatest root of the equation. 

“In this series, the greater d is, the less is —d. And whenever a, 8, c, —d, &c. 
are said to be the roots of an equation taken in order, a is supposed to be the greatest. 
Also, in speaking of the limits of the roots of an equation, we understand the limits 
of the possible roots. 
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512. To find a limit greater than the greatest root of an 
equation. 

Let the roots of the equation be a, b, c, &c.; transform it 
into one whose roots are a—¢, b—¢, c—e, &e. and if, by trial, 
such a value of ¢ be found, that every term of the transformed 
equation is positive, all its roots are negative (Art. 486), and 
consequently ¢ is greater than the greatest root of the proposed 
equation. 


Ex. 1. To find a number greater than the greatest root of 
the cquation 2° — 527+ 7x-1=0. 
Assume «=y+e, and we have 
y+ 3ey°+ B8ey+ é 
— sy 1oey 82 |_ 
+ 7y+7e | ; 
—] 
in which equation, if 3 be substituted for c, each of the quan- 
tities 
e—5ée+7e—1, 3&—1l0e+7, 3e-5, 
is positive, or all the values of y are negative; therefore 3 is 
greater than the greatest value of a. 
Ex. 2. In any cubic cquation of this form, 
x —geu+r=0, 
Vq is greater than the greatest root. 
By transforming the equation, as before, 
y+ 3ey" + 3€'y + & 
— qy— | =0, 
or 
and substituting Vq for e, 


y+ 3Vq.y' + 2¢y +7 =0, 
every term of which is positive; therefore Vq is greater than 
the greatest value of 2. 


513. Cor. If the signs of the roots be changed, a limit 
greater than the greatest root of the resulting equation, with 
its sign changed, is less than the least root of the proposed 
equation. 
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Ex. Required a limit less than the least root of the equation 
y’ — 38y+72=0. 
When the signs of the roots are changed, this equation be- 
comes 7° — 3y—72=0. (Art. 499.) 
Assume y=x-+e; then 
x® + 3ex* + 3e’a + €’ 
—- 3L- | = () 
72 
and, if 5 be substituted for e, every term becomes positive, con- 
sequently 5 is greater than the greatest root of the equation 


y° —3y—72=0; and —5 less than the least root of the equa- 
tion 4° — 3y + 72 = 0. 


514. The greatest negative coefficient increased by unity ts 
greater than the greatest root of an equation. 
Let a” ~ px" — qu"? — &e. = 0, 
and if the coefficients be equal to each other, 
a” — pax" — px" — &c. = 0, 
or Ce ecto +x+1)=0, 


that is, 2" —px= = =0. (Art. 290.) 





In this equation substitute 1+ for x, and the result is 


(1 +p pS ter ot = 
and if any of the coefficients in the given equation be positive, 
or less than py, the sum of the series to be taken from 2" will 
be diminished, and the result greater than before. Also, if for 
x, any quantity still greater be substituted, as p+m-+1, the 
result is 


, or +1; 








Oa maar 5 \P + me + 1) tara 
on, DP 
or as ath? + ae + 1)" + ptm’ 


ry positive quantity; therefore 1+p is greater than the greatest 
root (Art. 512). 
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515. The roots of the equation 
nx”? + (n — 1)px"*+ (n — 2)qx"*+ de. = 0 
are limits between the roots of the equation 
x" + px' 7+ qx"’+ de. = 0, 
when the roots of the latter equation are possible. 


Let the roots of this equation, taken in order, be a, 8, c, 
—d, &c. and in it, for x, substitute y+e, then by Art. 500, 


Y" + CY". 2000 + ne"y+e 
+ py"... + (m—1)pe"*’y + pen | __ 
ee +(n—2)gey+qe?|  ” 
+ &e. 


the roots of which equation are 
a—e, b-—e c—e —d-e, &e, 
and the coefficient of the last term but one of any equation of 
m dimensions is the sum of the products of every n—1 roots, 
with their signs changed (Art. 492); therefore 
} (e—a)e—b)(e—c). &e. 
ne" + (n—1)pe™ | _ | +(e—a)(e—b)e+d). &e. 
+ (n — 2)ge"~ + &e. + (e—a)(e—o(e+d). &e. 
+ (e—b)(e—c)(e4+ ad). &e. 
in which, if a, b, c, —d, &c. be successively substituted for e, 
the results are 
(a — b)(a —c)(a+ d).&c. which is positive, 
(6—a)(b—c)(6+d).&c. negative, 
(c—a)(c— b)(¢+d).&c. positive, 
(— d—a)(— d— b)(—d —c).&c. negative, &c. 
therefore u, b, c, —d are limits to the roots of the equation 
ne" + (n — 1) pe"* + &e. = 0 
(Art. 510); or, substituting x for c, to the roots of the equation 
na" + (n —1)pa"* + &e. = 0. 
Let a, B, y, &c. be the roots of this equation, taken in order, 
then a, 4, b, B, ¢, y, —d, &c. are arranged according to their 
magnitudes, that is, a, 8, y, &c. lie between the roots of the 
equation 
xo” + pa + qu" + Ke. = 0. 
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516. Hvery equation whose roots are possible has as many 
changes of signs from + to —, and from — to +, as it has 
positive roots; and as many continuations of the same sign, 
from + to +, and from — to —, as tt has negative roots. 


Let 2" — pa"... + Sx*+PxiQ=0; 
the equation of limits is 

nao — (n —1) pa... +2Sx+P=0, 
which, as far as it goes, has the same signs with the former; 
and therefore the original equation will have one more change 
of signs, or one more continuation of the same sign, than the 


limiting equation, according as the signs of P and Q are different, 
or the same. 


Suppose a, 8, y, &c. to be the roots of the limiting equa- 
tion; then the roots of the original equation are, by Art. 515, 
of this form, a, b, c, +d, &c.; therefore, with its proper sign, 

P=nx-—ax- Bx = yx&e. 
and Q@=—ax—bx—cex ¥dx&ec. (Art. 492), 
which products will have the same sign when the multiplier d 
is positive, or the root (—d) negative, and different signs when 
that root is positive. It appears then, that if the original equa- 
tion have one more change of signs than the limiting equation, 
it has one more positive root; and, if it have one more continua- 
tion of the same sign, it has one more negative root; therefore 
if it can be shewn that every equation of 7 —1 dimensions, and 
consequently the equation 
nae"? + (nm — 1) pa"? + (nm — 2) qu" + &e. = 0, 
which is the limiting equation to 
on + par" a ga + &e, = 0, 
has as many changes of signs as it has positive roots, and as 


many continuations of the same sign as it has negative roots, 
the same rule will be true in the equation 


a" + pao" + qu"? + &e. = 0; 


or, in other words, if the rule be true of every equation of one 
order, it is true of every equation of the next superior order. 
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Now in every simple equation «—a=0, or 7+a=0, the rule 
is true, therefore it is true in every quadratic 

vtprtg=0; 
and if it be true in every quadratic, it is true in every cubic; 
and so on; that is, the rule is true in all cases. 


In the demonstration each root, +d, is supposed to be dis- 
tinct from the rest, and a possible quantity. 


Hence, when all the roots are possible, the number of positive 
roots is exactly known. 


ix. The equation 2° + x2’ —14x+8=0 has two positive roots 
and one negative; because the signs are +, +, —, +, in which 
there are two changes, one from + to —, and the other from — 
to +, and one continuation of the sign +. 


517. When any coefficient vanishes, it may be considered 
either as positive or negative, because the value of the whole 
expression is the same on either supposition. 

Ex. If the roots of the equation 2°—qxv+r=0 be possible, 
two of them are positive and the third is negative; for there 
are two changes of signs in the equation 

e+0-qrt+r=0, 
and one continuation of the same sign. 


518. To find between which of the roots of a proposed equa- 
tion any given number lies. 

Let the roots of the proposed equation be diminished by 
the given number, and the number of negative roots in the 
transformed equation will shew its place among the roots of the 
original equation. 

Ex. To find between which of the roots of the equation 
v* — 9x" + 232% —15=0 the number 2 lies. 

Assume 7 =y+2: then 

a y +6y +12y+ 8 


— 907 |  -9y'—36y—36| _ 
+230 | + 23y + 46 ; 
—15 —15 


or f° — 37 —y+3=0, 
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‘which has one negative root; and the roots of the proposed 
equation are all positive; therefore two of them are greater, 
and one is less, than 2. 
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519. The roots of a recurring equation of an even number 
of dimensions, exceeding a quadratic, may be found by the so- 
luteon of an equation of half the number of dimensions. 


Let a+ pa"*+....+ px+1=0 be the given equation in 
1 1 

ms ) b, Bb &e. 
(Art. 505); or it may be conceived to be made up of quadratic 
factors, 


which » is even; its roots are of the form a, 


(w—a)( --); (e-B)/ - 7); &e. 


that is, if a=a++, B=b+7, be. 
of the quadratic factors 
xe+artl, 2+ Bx+l1, &e. 
T).on, by multiplying these together, and equating the coeffi- 
cients with those of the proposed equation, the values of 4a, 
8, &c. may be found. Moreover, for every value of each of the 
quantities «, 8, &c. there are two values of «x; therefore the 


equation for determining the value of a will rise only to half 
as many dimensions as x rises to in the original equation. 


520. If the recurring equation be of an odd number of 
°*  wions, +1 or —1 is a root (Art. 507); and the equation 

, therefore be reduced to one of the same kind, of an even 
number of dimensions, by division. 


Ex. 1. Let 2°—1=0. One root of this equation is 1, and 
by dividing «°—1 by x—1, the equation 
a’+xe2+1=0 
is obtained, which contains the other two roots, viz. 
—l+V-3 og ge ost 


fa ? 
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In the same manner, the roots of the equation 2° +1=0 are 
found to be om 
1+V7—3 1—Vv-—3 
a ae and ea 
This also follows from Art. 499. 

Ex. 2. Let 2*—1=0. Two roots of this equation are +1, 
—1; and by division, (@—1) + (@’—1)=2*°+1=0, an equation 
which contains the other two roots, viz. 

+V—1, and — V1, 


—I, 


SOLUTION OF A CUBIC EQUATION BY CARDAN’S RULE. 


521. If the Cubic Equation required to be solved contain the 2™* 
power of the unknown quantity, that term must be taken away by trans- 
formation, as in Art. 501, so that the equation is reduced to the form 
x +gxe+r = 0, where g and r may be positive or negative. 


Then assume 2=a+b, and the equation becomes 
(a+b+qx(at+b)+r=0; 
or a’+0°+ 3abx(a +b) + qx(a+b)+r=0; 
and since we have two unknown quantities, @ and 6, and have 


made only one supposition respecting them, viz. that a+b=a, 
we are at liberty to make another; let 3ab+q=0, then the 


equation becomes a’ + b°+ 7 =0; also, since 3ab+q=0, b=— a 


and, by substitution, 


8 g = 6 es Ee Sie em 
Ur omg tt 0, or a+ ra? +E 0, 


an equation of a = form; and by completing the square, 


r ¢ rf 
e+rat+ oat, and a’ +5 =+ 7 fi 


waa —Fay/t V-h44/2-2 
= 5¢ yan -&, and a= ——+ 497° 


Also, since a°+ b'+7r=0, 


__? _r. fr @. 

tr /t-£ 97? and b= Ay eC tA) G97} 
ae -£ aay a r as 
waa/—2 3 ae + 5 37 








+1 
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We may observe, that when the sign of J/t-§ 4737 im one 


part of the expression, is positive, it is negative in the other, 


that is, 
vel —£44/2-2 +/5- 4 “ort a Oe ae -/"-£ 97° 


Ex. Let 2°+6r-—20=0; here q=—6, r=— 20, 
- 2=/10 +4108 +/10 — V108 
= 2°732 —0°732 =2. (Art. 332.) 


Having obtained one value of 2, the equation may be depressed 
to a quadratic, and the other roots found (Art. 488). 


522. Cor. 1. Since there are 3 cube roots of a’, (See Art. 520, 


Ex. 1,) viz. 
3(-1+,/-38)a, and }3(-1-,/—3)a; 


and also 3 cube roots of 0’, viz. 


b, 4(-1+,/—3)b, and 1(-1-—,/—3)6, 
there would appear to be 9 values of a@+5, and therefore of a, in the cubic 
equation, which we know cannot be. The fact is, the other condition, viz. 
3ab = —q, shewing that the product of a and 6 must be a possible quantity, 
excludes 6 of the 9, and the remaining three are the roots required, viz. 


a+b, 3(-1+,/—3)a+3(—1-,/—3)b, and 
$(-1-,/—3)a+43(-1+,/—3)b. 


oe 
523. Cor. 2. If —= = £ , then «= on E: , the 3 values of which 


are 2a, —a, and —a, all the roots being possible, and two of them equal. 
Cardan’s Rule is easy of application to a case like this. Thus 


Ex. x2°—32+2 = 0; required 2. 


eepenens 
Here r= 2, q = 3, and 7 = 1 =f, i yee the 3 values 
of which are found by solving «°+1 = 0 (as in p. 322), and are 
-1, 4(1+,/—3), and 3(1-,/—3). 
.. the 3 values of x are —2, 1, and 1. 
Verification. (a+2)(«—1)(a—1) = (w+2)(a*—2a+1) = 2 —32+2, 
In every other case, which can be solved by Cardan’s Rule, two of the 


threes pnnte mret b- @mmnoath)e oc js nhvions from (Aor 1 
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SOLUTION OF A BIQUADRATIC BY DES CARTES'S 
METHOD. 


524, Any biquadratic may be reduced to the form 
a+ qu’ +rxe+s=0, 
by taking away the second term (Art. 501). Suppose this to be 
made up of the two quadratics 
e+ex+f=0, and 2’?—-ex+g=0, 

where +e and —e are made the coefficients of the second terms, 
because the second term of the biquadratic is wanting, that is, 
the sum of its roots is 0. By multiplying these quadratics to- 
gether, we have 

o+(gtf—e’).2’ + (eg —ef).a+fg=0, 
which equation is made to coincide with the former by equating 
their coefficients, or making 

gt+f—-€=4q, g—of=r, and fg=s; 
hence g+f=q+e’, also 9-f=", 
and by taking the sum and difference of these equals 


Mg=qte+-, and of=q+re—=; 


i fy =f +290 + — 5 = 4s, 
and multiplying by e’, and arranging the terms according to the 
dimensions of e¢, 
| e+ 2ge' + (q?— 48).e —7r°=0; 
or, making y= e’, 
y? + 2qy’ + (q°— 48).y — 7° = 0. 
By the solution of this cubic a value of y, and therefore 


of Vy, or ¢, is obtained; also f and g, which are respectively 
equal to 


4(9+ e—*), and i(q+e+2), 


are known. The biquadratic is thus resolved into two quad- 
ratics, whose roots may be found. 
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It may be observed that, whichever value of y is used, the 
same values of x are obtained. 


This method of solving a Biquadratic, being dependent on Cardan’s 
Rule for the solution of a Cubic, can obviously be applied to those cases 
only, where two of the roots are either equal or impossible. 


WARING’S SOLUTION OF A BIQUADRATIC. 


525. Let the proposed biquadratic be 
a+ Qa = gar +rxet+s; 
now (a°+ pa +n) = 2 + Qpa? + (p*? + Qn) x? + Qonwx +n’, 
if therefore (p’?+ 2n)a’?+2pnx +n be added to both sides of 


the proposed biquadratic, the first part is a complete square, 
(a°+ px +n), and the latter part, 


(p?+2n+q)a°+ Qpn+r)x+n'?+8, 
is a complete square, if 
4(p*+2n+q)(v’+8)=(Qpn+r7r)’, (Art. 152), 
that is, multiplying and arranging the terms according to the 
dimensions of x, if 
8n' + 4gn? + (88 — 4rp)n + 4qs + 4p*s — 9° = 0. 
From this equation let a value of ” be obtained and substituted 
in the equation . 
(2? + px +n) = (p*? + 2n4+ g)x’+ (Qpn+r)x+n'+ 8; 
then extracting the square root on both sides, 
o+pe+n=+ Vp + Qn+q.c+Vn' +8) 
when 2pn +7 is positive; or 
+ px +n=+t (Vp + on +9." —Vn' + 8), 
when 2pn+7 is negative; and from these two quadratics the 
four roots of the given biquadratic may be determined. 
Ex. Let a*— 6a°+ 52: + 2a —10=0 be the proposed equation. 
By comparing this with the equation 
x + Qnx* — ga’ —-rxe—-s=0, 


we have 2p =—6, or p=—3, q=—5, r=—2, 8=10; 
25 
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and 82° + 4qn’ + (88 + 4rp)n + 4q8 + 4p*s — 7° = 0, becomes 
8n* — 20x’ + 56n + 156 = 0, 


or 2n°— 5n°+ 142+ 39=0, one of whose roots is = : 


2 
2 
hence (2 — 3x2 —- 5) = 2° + 7x + ee 


. a —30-3=4(w+2); 


or 2 —4r-—5=0, and 2° -—2x74+2 =0; 
the roots of these quadratics, namely, 
—1, 5, 14-1, 1—/¥V-1, 
are the roots of the proposed biquadratic. 


This method has the merit of not requiring the term involving 2° 
to be taken away, but, depending like the former method on Cardan’s 
Rule, it can only be applied to those equations, which have two roots 
either equal or impossible. 


METHODS OF APPROXIMATION. 


526. The most useful and general method of discovering 
the possible roots of numeral equations is approximation. Find 
by trial two numbers, which substituted for the unknown 
quantity give, one a positive, and the other a negative, result; 
and an odd number of roots lies between these two quanti- 
ties, that is, one possible root at least lies between them; then, 
by increasing one of the limits, and diminishing the other, 
an approximation may be made to the root; substitute this 
approximate value, increased or diminished by »v, for the un- 
known quantity in the equation; neglect all the powers of v 
above the first, as being small when compared with the other 
terms, and a simple equation is obtained for determining » 
nearly; thus a nearer approximation is made to the root, and 
by repeating the operation the approximation may be made to 
any required degree of exactness. 


Ex. Let the roots of the equation 7°—3y+1=0 be re- 
quired. 
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When 1 is substituted for x the result is —1, and when 2 is 
substituted, the result is +3, therefore one possible root lies 
between 1 and 2; try 1°5, and the result is —0°125, or the root 
lies between 1°5 and 2. 


Let 15+v=y; then 
y= 3375467504 4507+ v 
—3y=-45 —3v 
+ 1=4+1 
that is, —0°125 + 3°75v + 4:5v"+ 0° =0, 


=, 


and, neglecting the two last terms, 
0°125 
3°75 


 y¥=15+v=1533 nearly. 


— 0125+ 3°75v=0, or v= 





= 0°033 nearly, 


Again, suppose 1°533+v=y; by proceeding as before, we 
d 


0°003686437 + 4:050267v = 0, 


_ — 07003686437 
4°050267 


*. ¥ = 1°532089 nearly. 


The other roots may be one by the solution of a quadratic. 
(Art. 488.) 


= — 0'0009101 &e. 


527. If we have two equations, containing two unknown 
quantities, we may discover the values of these quantities nearly 
in the same manner. 


ae 
Ex. Let i oof? to find w and y. 


Find, by trial, approximate values of # and y; such are 20 
and 1; and let e=20+4%, y=1+2; 


then a*y = 400 + 40v + 4002 + v° + 4002 + 02 = 405, 
and xy — y?=19+ 0+ 182 + vz — 2’ = 20, 


and neglecting those terms in which 2 or v is of more than one 
25—2 


388 METHODS OF APPROXIMATION. 


dimension, or in which their product is found, as being small 
when compared with the rest, 


400 + 400 + 4002 = rg 
and 19+4-+ 182 = 20 


or 40v+ 400z=5; 
“ 0+102 = 0125. 
And v+18z +19 = 20, 
or v+182=1, 
“. 82 = 0875; 
and «= 0°109375. 
But v = 0125 — 10z = — 0°96875 : 
“. ¢ = 19°03, 
and y= aaa 


By making use of the values thus obtained nearer approxi- 
mations may be made to x and y, 


EXAMPLES. 


[N.B. Where App. is subjoined to an Ex. it signifies that the Solution may be found in 
the Appendix. Also Comp. signifies that the Solution may be found in the “Com- 
panion to Wood’s Algebra.” The Solutions of all the rest are given in the Author's 


Key for Schoolmasiers.] 


INTRODUCTION. 


VULGAR FRACTIONS. 


: 602 4139 12332 45739 
(1) Repvuce to mixed numbers Sees Cas UE 7 


Ans. 548, 27544, 11,4%, 76238. 


ee 9) 12 I 1 
(2) What is 5 of 93% also 5 of Be of = of 5 of 4147 
a) Ans. 32. @ Ans. 139f. 


70 242 799 109375 
(3) Reduce to lowest terms 462’ 1111’ 2961” 10000000" 


3 22 17 7 

Ans. 33> joi’? 63? 640° 

. 1 

(4) Reduce to the least common denominator 5° : gy? 


: 210 140 105 84 70 60 
° 420’ 420’ 420’ 420’ 420’ 420° 


L 2 
oT 


in| = 


(5) Find the least common multiple of 24, 64, and 5. Ans. 95. 


11 
(6) Reduce to the least common numerator EL = > 36) and find 


which is the greatest. 


q) Ans. oat a ; — @ Ans, The 1™. 
(7) Which is the greatest = 7 or a Ans. - 
(8) Which is greater 74, or 734; and how much? Ans. 7¢§ by a ; 
(9) What is the difference between 7§ and 7 x Ans. 2}. 
(10) What fraction of £1 is 19s. 103d. Ans. at 
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(11) What fraction of £5 is £3, 68. 80.1 Ans. : 
: 3 
(12) Which is greater, a or WE (Comp. p. 1.) Ans. The latter. 
(13) Reduce 5 yards 2 feet to the fraction of a mile. Ans. oo ‘ 
(14) Which is greater, ra of £1, or 55 “= of a guinea? Ans. a of £1. 
(15) What is the difference between “5 of £1, and a of a guinea? 
Ans. 2d. 
(16) Add together 1008, 13, 2 3? and 73. Ans. 110}§. 
(17) Find the number which exceeds by 148% the difference between 
195% and 954}. Ans, 24733. 
(18) Multiply 452 by 172, and divide the product by 44. Ans. 190,%. 
(19) Divide 29 of 74 by = of 5 of 189. Ans. 8. 
re 9 1 1 
(20) Find the value of T3xs4 1G x8hx5 ; Ans, 535. 
12x11x10x9x8 
(21) Reduce Txax3x4x5* Ans. 792. 
(22) Find the value of : x1#x124+62. Ans, 1}. 
(23) Reduce aCe » (Comp. p. 1.) Ans, 428. 
4 
(24) Reduce to simplest form 1b+5 ale ee : + Bay Ans. 54 
(25) Reduce axe 2 13)+ (Gx5 +54). Ans. sor 
2 re: 1 1 |] 5 
2 +(3-—~—)x(—++ thd 
(26) Reduce 19 ar +(3 3)*(5+5) ; Ans. 57° 


17 81 2 12 


fr) Bednce 41-8}, #4,(L4-2), kak 
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(28) Simplify the following peculiar fractional forms : 











: 2 
1 8 1 1 2 
1? “5? 1 ) 244+ 1 e Ans. 3, lys, 3? 2h, 
3 TT I+; 33+ a7 
, ‘ 1 2 
(29) Simplify 3 and = a) Ans. ; 
C2 
err err: cin’ 
pee 7 "151° 
5 
2 mates iets 2 : s.. 228 
(30) 3 multiplied by 3 signifies . taken three times, that is, s+3t3) 


what does : multiplied by : signify? (Art. 129, and Comp. p. 1.) 


(51) If two-thirds of an estate be worth £220, what is the value of 


= of the same? Ans, £90. 
(32) An article which cost 3s. 6d. is sold for 3s. 104d.; what is that per 
cent. profit? (Comp. p. 2.) Ans, 103. 
(33) How much per cent. is 149. 6d. of £3. 108.2 Ans, 204. 
(34) How much per cent. is 274 parts out of 36% Ans. 765. 


(35) A shilling weighs 3 dwts. 15 grs. of which 3 parts out of 40 are 
alloy, and the rest pure silver. How much per cent. is there of alloy, and 
what weight of pure silver? (Comp. p. 2.) 

a) Ans. 74 per cent.; (3 Ans. 3 dwts, 8}$ grs. 


(36) The length of — of the Earth’s circumference is 69:4 miles 


nearly ; what is the Earth’s diameter, assuming that the diameter of a 


circle is os of its circumference ? Ans, 7908794 miles. 


(37) There are five numbers, of which the first two are 24, 37%; and 
each number exceeds the preceding one by the same fraction; find the 
numbers, and the sum of them. 


a) Ans. 24, 33%, 49h, 424, 58 @ Ans. 204%. 


(38) What is the sum = of which is 5s. $0.1 Ans, 88. 3d. 


(39) Divide s into two parts, so that one is greater than the other 


4, 99 819 
by 75: (Comp. p. 3.) Ans, Ts0’ 130° 
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DECIMAL FRACTIONS. 
(1) Reduce to vulgar fractions 0°375, 0°8125, 4°075, 00064. 


3 13 4: 
Ans. 8 ’ 16 ) 45, 625 ° 
(2) What is 0:003 of 0:27 of 90? Ans. 0:0729. 


(8) Divide 0:27 by 0:003; 0:06 by 60; 600 by 0:06; and 0:006 by 600. 
qa) Ans. 90. «@ Ans. 0-001. (3) Ans. 10000. (4) Ans. 0:00001. 
1 1 4000 
800’ 128’ 256 ° 
Ans. 0:08, 0:00125, 0:0078125, 15°625. 
(5) Find the value in shillings and pence of £0°97216. Ans. 198. 51d. 


(4) Reduce to their equivalent decimals oe ; 


(6) Reduce to vulgar fractions 0°8333..., 4°041666..., 0°09009009... 


5 10 
a) Ans. E> 2 Ans. 4; (3) Ans. ci 


(7) Add together 24, 728, 316}, and 2°875. Ans. 394. 
a1 4 
84° 575 

(9) What decimal of a square mile is one acre? Ans. 0:0015625. 
(10) What decimal of a year is 1 second? Ans. 0°0000000317. 
(11) Divide 0°454545... by 0°121212... Ans. 3°75. 


(12) Find the decimal which docs not differ from “af by the ten- 


thousandth part of an unit. Ans. 3°1415, 


(8) Add together 133, = of , and 0°6666... Ans, 6. 


(13) Shew that 3+ - 7 = 314159 nearly. 


1+76 





(14) Divide abt 7 by 83-53 and express the result in a decimal 
form. Ans. 0°790123. 


(15) Extract the square root of 1§ to 4 places of decimals; and the 
cube-root of 34 to two places. a) Ans. 11726. ( Ans. 1°56. 


(16) Find oF correct to 7 places of decimals; and id ow to two 


places. (Comp. p. 3.) @ Ans. 0°5773503. () Ans. 20°49, 


, 3. 8 14 . 
(17) Express-in a decimal form 2+ 5+ io00 * 0000 ° Ans. 2°6057. 
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(18) Reduce the following expressions to simple decimals having 7 
decimal places : 


a) 5 «{6}+28—3}. a) Ans, 30833333. 
1 t1 141 1421 
(2) ants pt pg tage (2) Ans, 0°6931472. 
i Sine ace Cae ee Oe ne 
3 = x Xo Hee Ss . 0 : 
(3) anf axa pata te. \ ~) Ans, 0°4054651 
(19) Express the following in decimals of 4 places : 
1 ] 1 1 
oa pee nee 4c ee re x4 
q 2+ 3xa* gat t 70° @) Ans. 0°5490. 
1 1 1 1 4, 
Bh Ges ete ee .p. 4 
- 6x4 5 3x5° Bx5° ag tho.) a a a a 
@) Ans, 3°1416. 
(20) Express a degree (693 miles) in metres, 32 metres being equal 
to 35 yards nearly. (Comp. p. 4.) Ans. 111835:42857. 


(21) The true length of a year is 365°24224 days. Find what the 
error amounts to by the common reckoning in 4 centuries. (Comp. p. 4.) 
Ans. 0°104 days. 


(22) A square inch plate of metal of 0°05 inches thickness is drawn 
into a wire of uniform thickness 50 feet long: find the thickness of the wire. 
(Comp. p. 5.) Ans. Section of wire = 0:0000833... of a square inch. 


(23) A quadrant of the meridian in French metres is 10000565-278, 
and 1 metre = 39°37079 English inches: required the length of the quad- 
rant in English feet. Ans. 32810846°2868. 


(24) The number of degrees in an arc of a circle which is equal to 
the radius is 57-°29578 : required the number of seconds in the same. 
Ans. 206264:°8. 
25) Given that 1 French foot _ 1.0657654, and that the equatoreal 
( a% 7 English foot — : od 
and polar radii of the Earth are respectively 3271953°854 and 3261072°9 
toises, each toise being 6 French feet: find the Earth’s equatoreal and polar 
radii in English feet. Ans. 20922811, and 20853232. 


(26) The length of the pendulum which vibrates seconds in the lati- 
tude of Greenwich is 39°1393 inches, and the acceleration of gravity is 
measured by the product of (length of seconds pendulum)x(3°1415927)*: 
required the expression for the acceleration of gravity in feet. 
| Ans. 321908. 


(27) Two distances are measured in inches, and are known to be cor- 
rect within a quarter of a hundredth of an inch each way, being 11°87 and 
9:95. How far can their product be depended upon for accuracy? (Comp. 
p. 5.) Ans. Only in its integral part. 


(1) 
(2) 
(3) 


ALGEBRA. 


NOTATION, &c. 
Wuart is the difference between 3+a, and 3a, when a = 5? 


Ans. 7. 
What is the difference between 3a+, and 3ax, when a = 2, and 
x= 31 Ans. 9. 


How many ¢erms are there in 3a: and in 3+a? 
a Ans. 1. @ Ans. 2 


(4) How many terms are there in each of the following quantities ? 


(5) 
(6) 


(7) 
(8) 
(9) 


(10) 


(11) 
(12) 
(18) 


(14) 
(15) 
(16) 


() a+bx—cy, Q) abcuy, (3) 2a—36+4axxmnp. 
a) Ans. 3. @ Ans. 1, 3) Ans. 3 


What are the coefficients of a and 2 in na+a} 
a) Ans. @ Ans. 1. 


What is the coefficient of x in xy, and of a in 2azx? 
a) Ans. y. @ Ans. 2a. 


What is the difference between 3a, and a’, whena=3? Ans. 18. 
What are the simple factors of 2ab(a+b) } Ans. 2, a, b, a+6. 


What are the simple factors of m(a+b)(c—d) ? 
Ans. m, a+b, c—d. 


+1 
Shew that oe xz, when x =1, or 2, or 3, or any number, 





=] 
x 
+b 1 2 
Find the value of — a? when a= a? and b= 5 Ans, 9. 
Find 224, whena=5,b=3, 2=7, y= 5. Ans. 5. 
+2 
3 1 
Find the value of 5 eran a when «= — Ans. 8. 
1—z 3° 
az*+-b* 
Fin ind 5 ain? whena= 3, b= 5,c=2, x= 6, Ans, 7. 
Find 2°—2ay’+y—13, when 7 = 2, and y = —3. Ans. —44, 
Find the value of 7 oi goes —2, ~ , when w = 5. Ans, 0, 


Tee —2 


ADDITION AND SUBTRACTION, 395 


Qx-1l 2-9 24-3 





2 2 
(18) Find the value of a , when a = 3, and 6=—2. Ans. ae : 
(19) Find the value of - i , when 2 = : 2? and y=-—. Ans. 0. 


(20) Find the value of 5,/62+3a- 5v 958 ba, when x = 64. Ans. 41. 
(21) Find the value of Jf p-0+ 2-5/1 ha —4x, when 2 = * ‘ 
Ans. 0. 


(22) Find the value of a fear , When a =—4, and 6=—3. 





1 
Ans. = 99 e 
746? Qab @ a—b 
(23) Find the value of 3a°b + +abe+ 3 +p te 
when a=4, O6=3, c= 2, Ans. 18955, 


ADDITION AND SUBTRACTION, 


(1) App together 3”’—5x+1, 7x°+2x—4, and —a#*—4x7+13, 
Ans. 9x°—7x+10. 


(2) Add together a-36+3c—d, and a+36+3c+d. Ans. 2a+6ce, 


(3) Add together a+b+c—d, a+b+d—c, a+c+d—6, and b+c+d-a. 
Ans. 2a+26+2¢+ 2d, 


(4) Add together a°—2az*+a%x, x°+3ax’, and 2a°—aax*—a*x. 
Ans. 22:°+2a%, 


(5) Add together 5aa—T7by+cz, and ax+2by—cz Ans. Gax—5by. 


(6) Add together 8a’—2a+2, 6b°—5ab+5c°—3be, a’+2b"+a+2, 
and 2ab+3be+ 3c" Ans. gat—a+8b?- Bab+ 8c'+4, 


(7) Add together 4a *y—Aaby—2ab*+ 26°, and a’y+aby+ab"—b’. 
Ans. 5a°y—3aby—ab*+0", 
(8) Add together a°+b*+c*+d", ab—2a*+ac—2c’+ad—2d", 


a’°—3ab+b°—3act+c’—3ad, and 2ab—a+2ac—b+2ad—c. 
Ans, a°+0'+c’—a*+b°—¢'—d*-a —b—c. 
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9 together 5a0°+ —-a'6, and ~ab—4a’0. —ab’——a 0. 
(9) Add together 5ab"+ =a", and =ab*—4a%. Ans, —ab-~latb 


1 1 1 ] 1 ] ] 1 1 
(10) Add together gt got 5° ieee zo 3° and get get rhe 
13 17 11 
Ans, 127" 600+ 30° 


3 14 2 275 1,5 
(11) Add together a’—3ab— aie? 2b —36 +c, ab— 3° +0’, 
and 2ab— 28. Ans. a+B%4e 
(12) Add together a"—6"+32", 2a"—-3b"—2?, and a”+4b"—2', 
Ans. 4a"+ 2a?— a. 


(13) Add together 2(a+b)+c, 2(a+b+c)+d, and 2(a+b+c+d)+e. 
Ans. 6(a+b)+5c+3d+e. 
(14) Add together (a+7)a*—by’, and (b—7)x*—7y’. 
Ans. (a+6)x°—(b+ 7)y*. 
(15) Add together ax—by, x+y, and (a—1)x—(b+1)y. 
Ans. 2ax—2by. 


(16) Add together 2(a+)b)xy’, 3(a—2b)xy’, and 4(2a—b)axy’*. 
Ans, (13a—8b)ay’. 


(17) Add together at"+ 3bt"—Qat*+7bt". Ans, (100—8a)é". 
(18) Add together 1-(1-1—2), 2x—(3—5a), and 2—(—4+5z). 
Ans. 442, 
(19) From 6a—6-—c take a—b+ 2c. Ans. 5a—3e. 
(20) From 8a+%-—56—5c take 7+2b—5c. Ans. 8a—76. 
(21) From 72°-2x7+4 take 22°+3x—-1. Ans. 5x'—5x+5. 
4 


(22) From 8xy—7a*—x—-y take Txy+ax°+a+y. 
Ans. xy—82"—2a—2y. 


(23) From 4a"+2a?—a' take a"—b"+3a? and 2a"—3b"—2". 
Ans, a"+46"— a1, 


a b a 3b 
(24) From a+6 take 5 —<. Ans. at: 


(25) 


(26) 
(27) 
(28) 


(29) 
(30) 
(31) 


MULTIPLICATION. 397 


a+b b 


From “=” take “5 and 3(a+8) from a—B. 


a 86 
A ° b. A ~— ae oem ; 
(1) ns (2) ns. 373 


From 2(a+b)—3(c—d) take a+b—4(c—d). Ans. a+b+ce—d. 
From (a+b)x+(b+ce)y take (a—b)a—(b—c)y. Ans. 26(%+y). 
From (a*+bc)x*—(a*—c*)ba take bex*—(a’—b*)ba. 
Ans. a*a°—(b*—c')ba. 
From 2°—az*+ba—c take 2°—px*+qu—r. 
Ans. (p—a)x*—(q—b)a+r—c. 
From a—a—(x—2a)+2a—a take a—2x—(2a—x)+(a—2a). 
Ans. 8a—32. 
Simplify the following quantities : 


a—{b—(2b+a)}+{b—(ax—26)}. Ans. a+46. 
a—(b—c)—(a—c)+c—(a—d). Ans. 3c—a. 
a—{a+b—[a+b+ce—(a+b+c+d)}\. Ans. —b-d. 
a+b—(2a—36)—(5a+76)—(—13a+ 2b), Ans. 7a—5b. 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 


(9) 
(10) 
(11) 


MULTIPLICATION. 


MottiPLy 3a°b by 2ac, and the product by —50. Ans. —30a°b*e. 
Multiply a+2x2—3x" by —m. Ans. 3ma’—2mx—ma. 
Multiply 4a’—3ac+2 by 5az. Ans. 20a°e—15a%cx+ 10am. 
Multiply 5a—2ab+10 by —9ab. Ans. —45a°b+ 18a°b*—90ab. 
Multiply 2x+3y by 2u—3y. Ans. 4a°—-Qy'. 
Multiply 4a°-6a+9 by 2a+3. Ans. 8a°+ 27, 
Multiply a‘+a*b+a°b'+ab°+d* by a—5. Ans. a°—b’, 


Maltiply 2a+bce—2b° by 2a—bce+2b’. 
ee Ans, 4a7—6*c*+46°c—40*. 


Multiply a*+3a°b+3ab°+b" by a*’—3a°b+ 3ab?—6*. 
Ans, a°—3a‘d’+3a°b*—0". 


Multiply «‘2a2x*+4a°s*—8a°x+16a* by 2a+2. 
Ans, 2°+32a". 


Multiply 4ab-—2ac by 6ab+3ac. Ans, 240°b*—6a'e". 
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(12) 
(13) 
(14) 


(15) 


(16) 
(17) 


(18) 


(19) 
(20) 


(21) 


(22) 


(23) 
(24) 


(25) 
(26) 


(27) 


(28) 
(29) 
(30) 
(31) 
(32) 
(33) 


MULTIPLICATION. 


Multiply a—b+c—d by a+b—c—d. Ans, a’—b'—c*+ d’—2ad+2be. 
Multiply a+be by a+en. Ans. a?+(ab+ac)e+ bea", 


Multiply «°~—az*+be—e by 2°—px+gq. 
Ans. 2°~(a+p)a‘+(b+ap+q)a’—(c+bp+agq)a" +(bq-+ep)a—cg. 


Find the product of (a—a)(x—6)(a—c). 
Ans, 2°~(a+b+c)x*+(ab+ac+be)x—abe, 


Find the product of (w—10)(a+1)(x+4). Ans. 2°—5a°— 462-40, 


Find the product of (#—5)(a+6)(%—7)(a+8). 
Ans. 2+ 2a°—85a°—862+ 1680. 


Find the continued product of 7+1, 2+2, 2+3, and x+4. 
Ans, 2+ 102°+ 35x°+ 502+ 24, 


Multiply a?+ax+a? by a’—ax+2"*, Ans. a‘+a7a*+ a, 
Find the continued product of x—a, x+a, 2°—ax+a’, and 
e+an+a*, Ans. 2°—a", 
: 1 1 1 ] 1 ae | 
Multiply 1+-a+-=6 by 1-=a+-6, . 1——a?+ 2b +-8%, 
ply gut sO by 5 a+ ab Ans, 1 Gore TG” 


2 1 2 1 1,11,7 4 
Multiply x atts by gtt2. Ans. 3% Fea outs. 


4 2 2 


Multiply 2°—-27* by a2. Ans. 2+ a7 ‘—a'—a~", 

Multiply 4 +aja°y+y'+ay’ by a’—y. Ans. (1+a)y(a‘—y’). 
oe 

Multiply Brat estar +atai+a> by a’ Ans. a~2, 


Multiply «+2y%+ 824 by x—2y%+ “~ 
Ans. a°—4y+ 6x22+ 92%, 


Multiply at—2a*%hh+ 4a2b3— 8ab + 16a3b3— 3205 by at+ 253. 


Ans. a’—640’, 
Multiply 3a%b3+ 5adb3 by 3a2b8_ 5a3b’, Ans. 9ab’—25aip8, 
Multiply a?-°"b?*?*e? by a"-*b-7c™”7 Ags. a?"b?7¢?, 
Multiply a"~2c" by a™—c". Ans. a*"—3ac"+2c™, 
Multiply a*'b—a*~*b’+ab"™ by ab. Ans. a"b*—a"~'b"+a°b", 
Multiply 27*+au"?—a’x"? by aa?’ Ans. ax P+ Qa Pants, 


Find the continued product of a"*'b"~ x c??d"x a? "bP tx c" “dP, 
Ans, a**?p"*Pe" ted”, 


DIVISION. 899 
bee’ 


(84) Find the coefficient of a* in the product of a*—aa*+ba*—ca+d and 
x'+pe+g. (Comp. p. 6.) Ans, b—ap+q. 

(35) Multiply (2b—c)a?—(40°—2bc+ c’)a+ 8b°—46°c by (2b+c)a. 
Ans. (4b°—c’)a®—(8b*+ c*)a?+ (166'—40°c*\a 
(36) Multiply a?-"—5°-” by at—0F. Ans. a—aiht-"?_ Pa? 4. 6M, 


ae ee ee 11,1 
(37) Multiply D+ oO + Smt TM tees, by 1— 38+ 5a at... 
Ans. oe eee ae se a+... 


6 30 1 1260" 
(38) Simplify eG +1)(x+2)+a(%—1)(a—2))+ = = (e— 1)a(a+1). 
(Comp. p. a ) Ans. 2°. 
(39) Prove that (a—6)(a—a)(x—b)+(b—c)(a—bXx—c)+(c—a)(a—c)(a—a) 
is equal to (a—b)(b—c)(a—c). (Comp. p. 6.) 
(40) Find the difference between a(b+c)’+b(a+c)"+c(a+b)* and 
(a+b)(a—c)(b—c) + (a—b)(a—c)(b +c) —(a—b)(b—c\(at+e). 
(Comp. p. 7.) Ans. 12abe. 


DIVISION. 


(1) DrvweE 30a%b’c by sabe; and —ac*a* by —az’*. 
a) Ans, 64°. (@ Ans. c%x, 


(2) Divide 2ab+6abe—8abed by 2ab; Ans. 14+3c—4ed. 
ee 5xy+20a°y—45axy by 5xy; Ans. 14+42—9a. 
ostons —9a*be—12ab’c+15abe? by —3abe. Ans. 3a+46—5e. 

(3) Divide 2a’+a-—6 by 2a—3, Ans. a+2, 

(4) Divide a°+6° by a+é. Ans. a‘—a*b+a°b"—ab?+5*, 

(5) Divide a‘+4b* by a’—2ab+ 2d". Ans. a°+2ab+20%, 


(6) Divide a°-2a%a*+a" by x*-2an+a*. 
Ans. 2+ 2a2°+ 3a72°+ 2a%a +a‘, 


(7) Divide a°—a® by 2°4+2ax*+Za*ae+a*, Ans. 2°—2ax*+2a7x— a’. 


(8) Divide a*+b°+c*—3abe by a+b+e. 
Ans, a?+6°+c*—ab—ac—be. 


(9) Divide m*+2mp—n'—2ngqt+p’—q by m—n+p—4q. 
Ans. m+n+p+q. 


(10) Divide 14+2«¢ by 1-32, Ans. 14+50+150°+450°+... 


(11) 
(12) 
(13) 
(14) 


(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 


(24) 


(25) 
(26) 


(27) 
(28) 
(29) 
(30) 
(81) 


DIVISION. 
Divide a‘-81 by a—3. Ans, a°+3a*+9a+27. 
Divide 64—a° by 2-a. Ans. 32+16a+ 8a*+ 407+ 2a‘+a’, 
Divide 552a"b'xty’z by 184a°b*a*yz. Ans. 3a°a*y’. 
Divide 115a™b"c?**d"~' by —69a"b"c’*"d. Ans. — 2 ahd a, 
Divide a+b by J/a+®/b. Ans, at—atht +58. 
Divide a”*"+a"y"+a"y"4+y"*" by a*+y™. Ans. 2"+y", 
Divide a*"—3a"c"+2c" by a”"—c". Ans. a"—2c". 
Divide ax*®—(a*+b)a°+b? by ax—6, Ans. x’—ax—b. 
Divide a°—apz*+a*px—a® by x—a. Ans. 2*—apx+axnt+a’. 


Divide 2°—pa*+qa*—qu*+px-1 by x-1. 
Ans. x*—(p—1)2°+ (q—p+1)2°—(p—1)e+1. 
Divide mpz*+(mq—np)a*—(mr+ng)a+nr by ma—n. 
Ans, pa*+qu—r. 
Divide 2°—2ax’*+(a*'—ab—6°)x+a°b+ab*? by x—-a—b. 
Ans, x2°—(a—b)x—-ab. 
Divide (s'—1)a?—(a*+2°—2)a*+ (407+ 32+ 2)a—3(a+1) by 
(*%—1)a*—(x~1)a+ 3. Ans. (”°+x%+1)a—(x+1). 
Divide x(a—1)a?+(a*+2x—2)a*+ (32°—x*)a—a* by a’x+2a—2". 
Ans. («—l)a+a 
Divide a*+a-*—a"—a2* by a—x™. Ans, x'—27%, 
Divide —2a7*a°+ 17a *a*— 5a’—24ata® by 2a7°x*—3aa*. 
Ans. —a~°a°+7a7"'a"+ 8a7a". 
Divide (2x—y)*a*—(x+y)'a'x*+(a+y)2anx*—a° by 
(2a—y)a°—(x+y)ax+ 20°, Ans. (2x2—y)a'+ (x+y)ax—a*. 


Divide (3c—6b)a*—(c’— 4b*)a + c°—6bc?+ 126°c—8b* by c—20. 

Ans. 3a*—(c+2b)a+0e"—4bce+ 46°. 
Divide . —6a’+27a* by ; +2a+ 3a’. Ang 1—6a+9a". 
Divide x*— oa iw xe by a*— sf Ans. 2°- a+ 1. 
Divide Se — Age + Tre _ “ = +27 by 2 —x#+3., 


8a: xv 
Ans, my — 520+ F +9. 


(32) 


(33) 


(34) 


(38) 
(36) 
(37) 


(38) 


GREATEST COMMON MEASURE. 401 


oo lla® 4107 23” Qn" 5a 


Di e oe a by goog i 
ivide 37 Ty a ee tee 8 +6 6 +1 
a 3a 
Ans. a4 te. 
136 ,, 8 3 2 4 1 
D = Paw ciaed SS Ane 8 ~ a —an+ — 2°. 
ivide Sate ee ae Cad a” by Bu FUet oe 
Ans. 3 ace — 2:0 
uv 


13 3 ,12¢1¢ 
Divide Be at 44. gl 4— sat 3 oP by Ja— Ja. 


3 5 
on 3,77 1 4 
Ans. Na-sJa+ qv a. 
Divide ai_yt by ay? Ans. atotyt+y, 


Divide a—b by Ja- Jo. Ans. at+ atbt +atbt+ bi. 
Divide gem 9G t 1B Pet gb e+ gh rt Bat __ gq 2mt an—- 1p 3 en—1 
torte by a "bP 4+ bc", Ans, a ~"b te — gt" 15%0"-4 BPo™, 
Divide x"—1 by a’—1, and write down the last three terms of 
the quotient. Ans, ah 94 gp 24 gPOL oc™ ott 1, 


N.B. Since the Product of two quantities + Multiplicand= Multiplier, or Product 
-+-Multiplier=Multiplicand, each example in Multiplication with its Answer supplies 
two others in Division. Also, since Dividend—Quotient = Divisor, or Divisor x Quotient 
= Dividend, each Example in Division with its Answer supplies two others, one in 
Division, the other in Multiplication. 


(1) 
(2) 
(3) 
(4) 


(5) 


(6) 
(7) 


GREATEST COMMON MEASURE, 
Finp the Greatest Common Measure of 3a‘z*y and 6a°ba.. Ans. 3a°m. 
Find the c.c.m. of az+z” and abc+bem. Ans. G+. 
Find the o.c.m. of a?+ab—120° and a*—5ab+60°.' Ans. a—3b. 


Find the c.c.m. of 6a7+7ax—32? and 6a7+ llaw+ 3a". 
Ans. 24430. 


Find the a.com. of 2*+a%2"+ a‘ and 2'+az*—a’a—a'. 
Ans. 2*+av+a’, 
Find the a.com. of 3z°+16”—35 and 527+33x—-14. Ans. 2+7. 


Find the a.c.m. of 3a*+142°+9a+2 and 2a*+9u°+ 140+ 3. 
Ans. 2°+5x+1, 


26 


(8) 
(9) 


(10) 
(an 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 


(22) 


(23) 


GREATEST COMMON MEASURE. 
Find the a.com. of 20a‘+ a*—1 and 25a+52°-a2—1. Ans, 5e*—1. 
Find the ao. of 6a°—6a*y +2ay*—2y* and 12a’—15ay+ 3y’. 


Ans. a—y. 
Find the «.c.m. of 4827+ 16a—15 and 24a°—22a°+ 17a—5. 
Ans, 12x—5. 
Find the a.com. of 6x°—4a*—11a°—32°—3a2—1 and 
Ase'+ 22°—182°+ 34-5, Ans. 22°—4a°+a-1. 
Find the a.c.m. of a*+ a2*—Qa°x*+ 1la®xe—4a* and 
x*— an’ —3ax"+ 5a°x—2a', Ans. (x~a)’. 
Find the a.c.m. of x*—pz*+ (q—1)2°+pa-—q and 
o—ga"+(p—1)a*+qu—p. Ans. 2°—1. 
Find the G.o.m. of 3a°—-(4a0+2b)x+2ab+a* and 
a — (2a +b)2°+ (2ab +a*)x—a'b. Ans, 7-4. 


Find the G.o.m. of 2a°+ (2a+ 3b)x*+ (2b+ 3ab)a+ 30° and 
Qar"+ (2c+ 3b)ax+ 3be. Ans. 2x4 3b. 


Find the c.c.m. of a°—22—3, a°’—7x2+12, and a*—ax—6. 
Ans. 2-3. 


Find the c.o.m. of 27+ 5a+4, 27+2a—8, and 2°+7x”+12. 
Ans. +4, 


Find the ¢.c.m. of 15a‘+ 10a") + 407b7+ Gal®—3b' and 
6a’+19a°b + 8ab?— 56°, Ans. 3a7+2ab—b’, 


Find the ¢.c.m. of ab + 2a?—3b°—4bc—ac—c* and 
Qac+2a°—5ab + 407+ 8bc— 1267. Ans. 24+3b+¢. 


Find the c.c.m. of gnp*+ 3np*q*— 2npq*—2nq* and 
2mp'q’— 4mp*—mp"q + 3mpq. Ans. p—q. 


Find the @.c.m. of x°+ 4a°— 3a*~ 162°+ 112°+122—9 and 
622°+- 20a4~ 122°— 4.82274 224412. Ans. a+ a°— 5a+3. 


Find the a.com. of a7+2b7+(a+2l),/ab and 
a—b°+(a—b), fab. (Comp. p. 7.) Aus. Ja+J6. 


; 1 — 
Find the a.c.m. of + fea] and a°— 7 ~ . (Comp. p. 8.) 


ne 
Ans, 2—- what 


(24) 


(25) 


(26) 


(27) 


(29) 


(30) 


(31) 


LEAST COMMON MULTIPLE. 403 


Find the c.c.m. of (b—c)x*+(2ab—2ac)x+a*b—a’e and 
(ab—ac+6b"—be)x+a°ce+ab"—a"b—abc. Ans, b-c. 


Find the a.o.m. of a°x*+a*°—2abs"+ b°x:*+ a°b*+ 2a‘b and 
2a 5a‘s*+ 3a°—2b'a*+5a°b*x*—3a*b*®. (Comp. p. 8.) 
Ans. (a—6)(x+a). 
Find the G.c.m. of 
2(y?—2y?—y + 2)a*+ 3(y*—1)a°— (27*?—y?—2y+1) and 
3(y?—4y?+ 5y —2)a°+'7 (y’—2y + 1)e—(3y*—5y*+y+1). (Comp. p. 9.) 
Ans. xy—x—y+l1. 
Find the value of y which will make 
Q2(y°+y)x'+ (1lly—2)e+4 and 
2(y°+y?)a*+ (11y?—2y)a*+ (y*+ 5y)e+5y—1 have a common mea- * 
sure. (Comp. p. 9.) Ans. y = 5. 
Find the a.c.m. of 6ax*—6ab’?— 54a—212°+ 2167+ 189, 
6ax°+60a—212°—210, and 6ab°—12a—210°+42. (Comp. p. 9.) 
Ans. 6a—21. 
Find the c.c.m. of 6a°2°+ 4aa*—10axy—S3a%xy —2Qa*y + 5y’, 
10a*x’— 2ax*y—Gaxy’— 5axy+x*y’+ 3y*, and 
— Aaa’—6a*bay + 2ab"a°’y —2abe + 2ay + 8aby*?— bxy’+ by. 
(Comp. p. 10.) Ans. y—2ax. 


If x+a be the acm. of a°+pa+g, and a*+p'a+q’, shew that 


q-7 
a= +—+,. (Comp. p. 10. 

og 
Shew that 27+-g”+1, and 2*+px*+gx+1 have a common factor of 
the form x+a, when (p—1)*—¢(p—1)+1 = 0. (Comp. p. 11.) 


N.B. Since each proposed quantity is divisible without remainder by the G.o. M., 
each Example in Greatest Common Measure with its Answer supplies two or more 
Examples in Division. 


(4) 
(5) 


(6) 


LEAST COMMON MULTIPLE. 
Finp the Least Common Multiple of 8a’, 12a’, and 20a". 


Ans. 120a*. 
Find the t.c.m. of 1—a, 1+a, and 1—a’. Ans. 1—a’. 
Find the tom. of a®@—2* and a’—x’. Ans. a‘+a*®a—aa*—a*. 
Find the t.c.m. of 2a—1, 4a°—1, and 42°+1. Ans. 16z*—1. 


Find the tom. of a°+5a+4, 2°+2a—8, and 27+7x%+12. 
Ans. 2+ 627+ 32°—26x2—24. 
Find the Lo. of a7—b*, a?+b*, (a—b)’, (a+b)*, a’—6*, and a’+ 0°. 
Ans. a°—a°b‘—a‘h’+5”. 


404 FRACTIONS. 
(7) Find the nom. of a—1, a’—1, e—2, and «'—4, Ans. 2*—5a°+4. 


(3) Find the .c.m. of 4(1—a)*, 8(1-«), 8(1+2), ee! ied 


(9) Find the nom. of 62°—11a*+5a—3, and Qa*—O2"+ 5x2—2. 
Ans, 18%'~—452°+ 37a"—19”+6. 
(10) Find the nom. of 3a°-11a+6, 2a°—7%+3, and 6a'—7x+2. 
(Comp. p. 11.) Ans. 62°—252"+ 232-6. 
(11) Find the Lom. of 67*—132+6, 12”*—5a—2, and 15a”*+2a—8. 
Ans. 1202*—134a°— 129074 740+ 24, 
(12) Find the nom. of 2°-32°+8x—1, 2°—a%—x+1, x*-22°+2x—1, 


and 2*~20:°+22°-20+1. (Comp. p. 12.) 
Ans. 2°—20°+s'—2°+ 2a—1. 


(18) Shew that if a+c be the aom. of a*+ax+b, and a2*+a'x+8, 
their least com. mult. will be 2°+(a+a'—c)a*+(aa'—c*)x+(a—c)(a—c)c. 
(Comp. p. 12.) 


N.B. Since the Least Com. Mult. is divisible without remainder by each of the 
proposed quantities, each Example in Least Common Multiple with its Answer supplies 
two or more Examples in Division. 


\ 


ADDITION, SUBTRACTION, AND REDUCTION 
OF FRACTIONS. 


a 8a 5a 55a 

(1) App together Gu? gg? and =. Ans. a 
1 1 1 1 25 

(2) Add together ee er and =" Ans. Tan? 

(3) Add together 4, 2, ana ¥. Ans, SS 
2a 9a. 8 4, a 7 

(4) Subtract 76 from 7 and ee from = Ans, BW x? 

Q4—15 24-8 q 

(5) Subtract Te from cir Ans, Tia ‘ 
a 24a 1 a 

(6) Subtract 54.0— ; from 6a— . Ans, an 

(7) What is the difference between Bm , and ab 2, Ans. ye : 
a—b a ob a—b 


(8) What is the difference between a » and = - ca Ans. 0. 


FRACTIONS. 405 


Reduce the following fractional expressions :— 


(9) 
(10) 
(11) 
(12) 
(13) 
(14) 


(15) 


(16) 


(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 


(24) 














32-1 82-5 5 A 
Lattin Panui Se ps. 1. 
a4 24 *6° 
4m— 3% _ m+3n eee Ans. ee : 
3(1—n) 3(1—n) 1—n 1—n 
a-b a-c be Ans. 0. 
abs ac be 
Te-10 _ 3e—T _ 27"%—30 Ans, +, 
5 6 30 6 
8u—4y Qe-—y—-1 15e—4 85a—20y 
a ioc" Ans. ye 
a (ad—be)e a bs 
c c(c+dz) c+dx' eee ry 
ink b—a a ak 
1+ba ~4, 1 
—— sx —+5. a) Ans. 6. (2) Ans. @ 
l—a —@ 2x+1 
1+ba 
ok : Pre ee 
a ab’ a b+1 5 
— crane (1) Ans. ab: (2) Ans, -, 
a 
b—-1+—- atb+— 
b b 
1 ] ' Q 1+n2x 
m—1—(n—1)e m4+14+(n+1)x° v—1° 1-3" 
a (a’—b*\e a(a*—b*)x? a+ba 
BBY t Bb sam) pay 
1 3m+2n_ 1 38m—2n A 6mn 
2° 3m—2n 2° 3m+2n- Me Omi 4nt' 
ety 2 wary y 
y «ety yr—ary’ ANS, Cty 
4 pA a 
Basile ens ed ee Ans. pees. 
w—-2ryt+y = xL-y x 
se(at+1)(e+2) ax(e+1)(2e+1) a(2 +1) 
Ne Ne Ne .p. 13. —_—, 
3 ET. (Comp. p. 13.) Ans : 
1 1 x+3 L+3 
%—-1 QWx+1) 2(a*+1)° ‘1° 
3 3 1 1-z 1+a+2° 


4(1—2)’ ss 8(1—2) B(l-+a) 4(1+2%)" nae 1—x—a*+a°" 


(28) 
(29) 


(30) 


(31) 


(32) 


(33) 


(34) 


(35) 


(36) 


(37) 


1 2a*x* + 2azx' 5a’ + 5ax 








FRACTIONS. 
3a : 2a+e 5 = 20am — 22a" 
(a—2x)?  (a+x)(a-2x”) ata’ " (a+x)(a—22)? ° 
a te es at ere Ans I 
4a(a+x) 4a"a-x) 2a%(a?+x”) ° ee kaa 
a" a" 1 gs 
x1 ae cae ae + ead ‘ (Comp. Pp: 13.) Ans, x +2. 
a’+b?+ab oe | ak 
——_______—_.. — —___—__, (Comp. p. 13.) Ans. ———-—~.. 
(a*— b) (a0 is a?) (a _ b)(ax — a) ( Pp J ) (a —_ (a - a) 
ae oie 5 23 Ae oleate os 
5(w—2) 80(@+3) 4(x—1)? 16(¢—-1)" " (a—1)"(e—2\(a0+3) 
eee rEere ee ee ee eee ees 
(a—b)(a—c)(x+a) (a—b)(b—c)(a+b) (a—c)(b—c)(x+e) © 
1 
(Comp. p- 14.) Ans, (ata (a+ b)(a+ e) . 
a+d b+d c+d . 
re ce AA -p. 14 
bc Gece eau” aed (Comp. p. 14.) 


Ans. d. 


OO 2 ga: ee OTE ga: dh Oy gs ay ee 
i (a°+b*—c )+ (b°+¢ a ers (a?+c°—b*), (Comp. p. 15.) 


Ans, 2(a+b+c). 
a*—(b—c) U?—(c—a)? c?—(a—b) 














—— Brg oy Eg te e e 15. Al 8. | 
(aro (atbp—e* Ureraat Comp». 15+) 
1 1 
; : (Comp. p. 15.) 
G+ Cale aa 
b < pe 
Cc 4—2X 
1 4 
a) Ans, a . @ Ans, —. 
abe+ate 3x 
an m—n* 1 m+n 
ate nineeineaOer Ans. =, —— 
Reduce to lowest terms saat tO aaa, 3° 3 
ama mae ax 7 oo a —2 8 
Reduce to lowest terms ee ; ia ; ale SN : 
pt ant 
a) Ans —. @ Ans.°~,. @ Ans. —P—. 
2a°—2ab a+ o° 14a*—Tab 


R ] ~>-3—- ————— Soe 
educe to lowest terms ae bab’ 3bance? 10ae—5be? 


atx Ta 2a 5a 








2 
t8ab'a+ 3b? MM “Gee Ans. 5° 8b-c’ 5c’? 36°? a—x’ 


FRACTIONS. 407 


Reduce to lowest terms the following fractions :— 























x +(a+c)e+ac L+a 

58) ——,———_ . Ans, —~~. 

38) 2° + (b+¢)a-+be a+b 
act+by+ay+be c+y 

39) ———_+_+“—.. Ans, =—~. 

(39) af +2bx+2ax+bf ™ fi +20 
6ac+10bc+9ax+15bx 8a+5b 

40) — . ° 

eo) 6c? + Qew—2c— 3x Ans 38c—1 
a? +b? +¢°+42ab +2ac+2be at+bt+e 

41 ete nce Ramet Biiaiad 9 Ans. i 

ay) a’ —b’—c?—2be n G—b—e 

(42) oe + 08? + ay + y/8 Ans a+y 

~ ar) ae e « ty? 
a’ +ab*—a*b—b? a? +b 

Ao eee, 5, 

(43) Ga 40° ad Ans. 5 Qa?) 

2a°+ab—b? 2a—b 

44) — ~~. , : 

a a°+a*b—a—b Be a*—1 

541 5arty — 402? + 10x2y 2" ; 

Cy ae a Arg, eee 
Qa" y — 27a" ye— Oay2" +1 8yz BY u—3z 
aca’ + (ad+bc)a+bd co+d 

AG Te SO eg ee ° e 

0) aac” — 6” ae ax—b 
oa. 2 

On hk ore 
40° —12an+ 9a? 2x—3a 

A 4 > e A s aa Wane ear a | 

(48) 8a°—27 0° nda? + bax+ Oat 
aa” — ba ** gm} 

49) - o--a3 ys Ans. ————. 

(19) “bin Da!  B(a-+ 60) 
30a" b'c"t? 6a" Bed"! Sa be" 

50) S000 8P 4a oat” Ans oP 





a?(b?—c!) —ab(2b" + be—er) +B b+e) 
(51) BOF Shore) —a°b(ab*4 Sbe+c)+ab (bre) COMP: P. 16.) 


1 a(b--c)—b? 
Ans. Fa - a(b+e)—o ° 
(c—d)a*+6(be—bd)a+.9(B%e—b'd) 


2) eta Gomarseotie- busta) 





or a+3b 
" b+e° 
l+attatat 1+2% 
53 ee ag ee ee Ans, peparmeraer | 
ee) Qa + Qact + Ba:*+ Bak Ra+ Sic! 


408 FRACTIONS. 


Sbheq + 80mp + 18be+ 5mpq 


4adq—42f9+24ad—Tf9q ° 


Ans. 4ad—Vfg ; 


a—4— Sart + 443 (xoy)3 ot—yt+1 
55 eg eee Re a ee een ed aw Ci ° e 16. An cr 
00?) 2 —8—2a*+12y*— 3(ccy)8 POM PsXD) . at—3y%+2 


MULTIPLICATION AND DIVISION OF FRACTIONS. 





2 2 3 
(1) Muutmpry reed by =e Ans, ee. 
a “2 @ x G 
1 1 ae, | 
(2) Multiply a+— by a+. Ans. @ +442. 
b a 1 1 
(3) Multiply a0 by ste. Ans. G+— +2. 
, 2a-b , b6a-—26 b—3a 
(4) Multiply ae ae Vy B—2ab ° Ans, Qab ° 
(5) Multiply o°+2+1 by “atl. Ans. m4 Lt oy. 
; Vee < ed ] 1 
vn UO "be tt Ans, #°+1+-;. 
(6) Multiply %+1+— by Ar ac" 
(a°+6*)e 


; . Ans, ——\————__._—_.., 
(7) Multiply te by 2, . (a+b)(a+ce)(b+c) 
Ans, 3x°—262y +357’, 
(8) Multiply po ean? | by at iY. Y y 
; " ab 0°, 3a? Gab 8B? 
9) Multiply | by 2% 2 8 
(9) 1ply x Quy ¥ by x Say” i lat gab* ot 
Ans. Se _2oy Sa*y*  10xy*  y*” 
x 
7c 
: 7 Qed‘ = "7? at 28d’ +35,,478° 
10) Multiply %42°% _~_7¢ y  @  2c'd' 2a 
( ) iply Bt x 2a*b* ire 5 at Ackd® 1 Ae'd! 49c 


irae SAAEON ae CENA Er a ety ar Or 
rer : b° pp ab® 4aeb® 








3 

3 Ans. z. 

(11) Divide 5". by 2. i 

x—-1 

Ans, ——. 

(12) Divide an ae —- 2-5 

L 

13) Divi 4.a(a°— 2") a*~ax : Ans. sens : 

(18) Divide =a by or: ( 


FRACTIONS. 409 


ee capa 1 er 
(14) Divide ot by t=. Ans. + tet. 
(15) Divide aft Lats tat 42 by a+ 404+. Ans, ats. 
a a a a a a 

... @ 2a ac be ¢& a@e abe 

ae ac abz® acz’ ba au a ax b| : 
(17) Divide ar a a ea ie ad erie & and verify 


the result by multiplication. 


(18) Divide a+” by a+ to 4 terms of quotient. 


a a-w a—-a a~a’ 
Ans. = + g wm —z— 0+ a a om, ee 
a a a a 





. 3 2 8 
(19) Divide a* by a’+2ax+2". Ans. 1 Se 


(20) Divide a—bs by at+cx to 4 terms. 


2 2.8 
Ans. 1-(6+¢)= +(b+0) <4 —(0+0) > +... 


MISCELLANEOUS FRACTIONS. 











(1) Finn the value of (w+ =) +( -=), when «=54. Ans. 9. 
(2) Find the value of 57 aS ~ —}+ = , when «w = 44. 
Ans. 2§. 
; _ ceq—br _ ar—cp 
(3) Find the value of ax+by, when «= res and y= ne 
Ans, ¢. 
; e+2a 2£+26 4ab 
(4) Find the value of 34 oon) when «= mab" (Comp. p. 17.) 
Ans, 2. 
, a” b" a"+b" 
(5) Find the value of Ona" anw + onb"—2na’ when «= 
1 
(Comp. p. 17.) Ans. m 


(6) If two fractions are together equal to 1, shew that their differ- 
ence is the same as the difference of their squares. 


410 INVOLUTION AND EVOLUTION. 


(7) If the difference of two fractions is equal to shew that p 
times their sum is equal to g times the difference of their squares. 


(8) Two fractions are together equal to 7 and the one exceeds the 
c . 1/a_c c 
other by Z what are the fractions ? Ans. a(F + ‘) and (5 -5). 


2823 331 


es ae sigh 14 
(9) Divide — into two parts differing by i9° Ans. Gage? B500" 


89 
INVOLUTION AND EVOLUTION.* 
(1) Fup the square and the cube of 3a7bc*. Ans. Qa‘b’c®, 27a°b’e’. 


(2) Find the square and the cube of Saae ye. 
aa’ am+4) se ax 3m + 6 aps 
(1) Ans. 5 mgmt hy (2) Ans. Ts : 5% y 


(3) Find the square and cube of cach of the following quantities, 
and verify the results by extracting their square and cube roots :— 


(Q) 2a+36, Q) xy—3, (3) 2ax—5mn, (4) 2a’—a—2. 
: A 
(4) Find the square of 50— 5b. Ans. =pa'— abt 2 Tye 
; 1 2 1, 8.5 1g 2 
(5) Find the cube of 3% 3° Ans. g¢ 97°34 b+ Zab : 


(6) Find the cube of 1 + 294+ 390°+ 42°. 
Ans. 1+62%+2127+ 56a°+111at+ 17400°+ 21 9a:°+ 20407 + 144.2074 64a", 


(7) Find the 4" power of a+ba. Ans. a*+4a"ba+6a°b’x?+ 4ab’a?+bra*. 


(8) Find the cube of ,/a—,/o. Ans. (a+3b),/a—(b+3a),/b. 
(9) Find the cube of Y/a—2/y. Ans. «—y—3,Jxy.(,/x—-,/y). 
(10) Find the cube of a=. Ans. f-5-8( 2 -). 
(11) Find the oube of e—2-1, Ans, a? =~8at—34, +5, 
(12) Find the square of at—at+1. Ans, a$—2a+3ai—2a4+1. 


* Each Example in Involution with its Answer supplies also an Example in Evo- 
lution, and vice versd. 


INVOLUTION AND EVOLUTION. 411 


2 8 ty 6 
Find the cube of ili Ans, eee gee ae 
a 2 a ao 2 & 
Find the cube of e*—e™*. Ans, e*—e~*— 3(e*—e~*), 
Find the cube of 2-1. Ans, 2°?! 34°94 35°91, 


Find the square of a"b"—3b""'c’, Ans, a?"b""—6a"b™*~"c?+ 9b" ~4c, 
1 3 1 8 
If e+ = =p, prove that x + <3 = p— Sp. 


; 1 2 3, 4, 
Find the square of 1-sa+au— 4% + 0 — ke, 


eee 
Ans. 1—x+ ig7 Gute 
3 5 2 2 4 2 
Prove that (@-5 +a) + 0-5) is equal to 1. 
(Comp. p. 17.) 
Find the square root of 9a*b’c™™, and of 16a°"*?a7~™. 


ag) Ans, 3a%be", (2) Ans. 407" a7", 


Find the square root of 42‘—12a°+ 252°— 240416. 
Ans. 22°—-32+4, 
Find the square root of 9a‘—12a°b+ 34a°b*—20ab*+ 250%, 
Ans. 3a’—2ab+ 56%. 
Find the square root of 2°+42°+10ax*+ 202°+ 2527+ 240+ 16. 
Ans. 2°+ 20+ 30+ 4, 


; 32? 1 1 
Find the square root of «*—2a°+ = -5 + 56: Ans. x’—x+ Za 
; 25a°b" ct = Sabe® Sab cc? 
Find the square root of aa ea yg Ans. 5 7G 


a’ BF 2 1 
j 2 are Poa el baer aT b—bx. 
Find the square root of 2'+ orate a” 


] I 
le + — — e 
Ans, «x 3% 5° 


10512° 6x 140° 
Find the square root of = -=- +9+49x%. 


Ans, 7a*— +3, 


412 INVOLUTION AND EVOLUTION. 


Saja 3 8Ja , 41a 


1. 
2 a +167 





(28) Find the square root of a*- 


Ans, ove +1. 


2 
(29) Find the square root of a) Ans. $2 : 
2 2 
(30) Find the square root of 73 re att +3. Ans. Sead. 
(31) Find the square root of a?"—4a"t"+ 4a”. Ans. a"—2a". 
a* Ay? /y 
(32) Find the square root of = (ae+t)+ “o(4 a) hal 
2y" 
Ans. +o —+1. 
(33) Find the square root of ath (z4 2) /3+24, 
Ans. ~+%— = : 
y & /2 
4a°+ Qara?+ 6a7ac*+ a° e 8 
(34) Find the square root of rea Ans. a7+2". 


(35) Find the cube root of a°—6a°+15a*—20a*+ 15a°—6a+1. 
Ans, a'—2a+1. 








2 
(36) Find the cube root of a 6a" +12a"b’— 86%. Ans. y—2bt 
a’c” af Sa’c , Sab, 5° 
Ans. a 
b c 


(38) Find the square root of (#+2x7')’—4(a—a™"). Ans. x—x7"—2. 


(39) Find the square root of 49a‘*"~°—42a™~*+9a°"**, 
Ans. 7a*"~®— 3a*"*?, 


(40) Find the square root of 9a™"+6a'"t?+25c™""*—30a"c" * +a" 
—10a Im+1 cnt ‘Age 3a” +m P nt 


(41) Find the cube root of (a+1)2* + 6ca?(a+1)"a*+12c*a®(a+1)"2 
+8c'a”, Ans. (a+1)"x+2ca?. 


INVOLUTION AND EVOLUTION. 413 


(42) Find the 6" root of a°+ 7s 6( a+ =) ‘ 15(a"+ =) 20 


Ans, a— - 
a 


: 3m3 , 27m‘ , 27%m* 81m® 
43) Find the 4° tol a =a 4 or a 
(43) Fi e 4% soot of a’—-— —a’+— aa i6nt” * 356n! 


a‘, 


2 
Ans, ato a, 
4n 
(44) Find the square root of (a—b)*—2(a’+6’)(a—b)*+2(a‘+5*). 
Ans. a’+6°, 


(45) Find the square root (without the aid of the common rule) of 
A{(a*—b*\cd + (c’—d*)ab}* + {(a’—b*)(c*—d”)—4abed\?. (Comp. p. 18.) 
Ans. (a’+6")(c? +d’). 


(46) Find the coefficient of 2° in the square, and in the cube, of 


1— 22+ 32" + 40*—a', q) Ans. 20. @) Ans. 168. 

(47) Find the coefficient of a in the square of (x+a)(x+b)(a+c), 

(Comp. p. 18.) Ans. a°b’+a7c'+b’c*+ 4abe(a+b+e), 
MISCELLANEOUS. 


(1) If two numbers differ by a unit, prove that the difference of 
their squares is the sum of the two numbers. 


(2) Shew that the sum of the cubes of any three consecutive integers 
is divisible by three times the second of them. (Comp. p. 18.) 


3) In the extraction of the square root according to the common 
rule, shew that, if the remainder is not greater than twice the root obtained, 
the last digit in the root is correctly found. 


(4) Prove that «*+pa*+qa’+rx+s is a perfect square, if p*s = r* and 
2 
q =f +2,/s, (Comp. p. 18.) 


(5) Find the relations subsisting between a, 6, ¢, d, when 


ax®+ba'+ce+d is a complete cube. (Comp. p. 19.) 
Ans. ac’ = db’, and 6° = Sac. 


(6) Find the relations subsisting between a, b, c, d, e, when 
ax'+ba*+cx'+dat+e is a complete 4% power. (Comp. p. 19.) 
Ans. be = Gad, cd = 6be, and bd = 16ae. 
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(1) 


(2) 


(3) 


(4) 


SUERDS. 


SURDS. 
Revvce to simplest form ,/150, gf 1805, / 320, 4/2808, J 144. 
Ans. 5/6, 19%/5, 4/5, 6 13, 9/3. 
Reduce to simplest form ,/768, »/ 608, 4/640, Jano". 
Ans, 4,/3, 2,/19, 2,/5, abs/a”™. 
Reduce to simplest form ,/a‘b°c, Ja*b®, Ja*bc, ./a°—a’b. 
Ans. a%b,/be, ab,/a?, a*b?e, Jo, asa—b. 


Reduce to simplest form ,/ax*—6ax+9a, /(a’—ya+y). 
Ans. (x—3)J/a,  (a+y)J/2—y. 


Simplify the following surds :— 


(5) 
(6) 
(7) 
(8) 
(9) 


(10) 
(11) 
(12) 
(18) 
(14) 
(15) 
(16) 
(17) 


(18) 


Des 
7 72~ = /B0. Ans. Gan 2 
Ail aa daron Ans. a,/8a, 
6/407 +2,/2a+/8a°. Ans. 9,/2a. 
2,/3—7,/18+5,/72-,/50. Ans. 8,/2. 
2/24/5015 ve Ans. = 15. 
S31 ia44,/27- Q 16° Ans. = V3. 
7544+ 3,/16 +,/2—5,/128. Ans. 8,/2. 
J16+,/81-/-512+,/192-7,/9. - Ans. 10. 
a] (54+ 9/250 + 2/128) x(,/54+,/250—,/128). Ans. 48,/4. 
J 18076? +,/500°6%. Ans. (30° + 5ab),/2ab. 
(250% +,/1440°b—,/28907b- Ans, 0 
3b /20°b?—7 ./2a0°b* + 8a,5/2a°b*. Ans. 4ab,/2a*b*, 


a7a'x  — /aia "arc 
RY es Ans. (3a—1) ob’ 


c,/ab—ac i a 
c.Jab. ; , and ae (Q) Ans. ae, (2) Ans. ,/ 5. 





(33) 


(34) 


SURDS. 415 


ab ab? a*b ajo 
a | a5 Bae (Comp. p. 19.) Ans. Thee: 


x + »/a*b— 4.076" + 400°. Ans. = Jab. 
5/301, / 8x J: Ans, 140. 
fax 6x, 5. Ans. 7,/15. 
(34+,/5)x(2—,/5). Ans. 1—/5. 


(-5-,/2)«(-5+,/3). Ans. 241. 
(4/245) /ta2,/8). ans 194+13,/7. 


5,/2x3./4+6/2. Ans. 30,/24+3,/2. 
(4+19 +2/48)x(/2 +3). Ans, 5+3,418+3,/12. 
(J12+,/19)x(/12—,/19). Ans. 5. 
S40 — 5 [520+ i135. Ans. 3,/5. 
oe 
> a gee —_—- 83 
2/24/18 = J2,/i2. | Ans. 2/3. 
3+1 8-5/2 5 = 
ae ; = ; a) Ans. 5+3,/3, (2) Ans. 4+,/2, 
1 1 
2° A/ 2 


= 1 ie 
, (f/2+/3)% Ans. 75, @ Ans. 11,/2+9,/3. 











551) 2 
——— (Comp. p. 20.) Ans, . l=5,/ 5. 
a fan 5eN5 

1 -; 

—=aral 5 i= rare 
2,/2 mi 7 Aus. V542,/5. 
ies 


416 3 SURDS. 
(35)  a/8a’, J /oa%, (Jab)? Ans. 2a, 4/30, aJ/a°b*. 
693 ofa b — 3 2 Waa 19 J36 
(36) NALA Le daa q) Ans. /a.,/a, @ Ans. ¢ = 
(87) atmorpmt it? x w/arh™ te, Ans. a’b°e, 
(38) Nae. Jac ae, Ans. */a’. 


(39) 2) 52.6.) 2xy. [x *y"*. Ans. 12,710. ay. 
5 B= . 1 
(40) we ing ; J aun) aad. q) Ans. a (2) Ans. 17 : 


J1i-« ie 











(41) Ans. 1-2. 
Lee — a2" 
a’b be, fab a3 Jab 
(2) gON Genus toe ate” poe eae ore 
Qo" 1 82°—-1 

43 =_—-———_ . Ans, ———-. 

ae (1-2)? (1-2) (1—x*)3 

(44) 1 abt 2c — bof? ns, 2 2 

J/2 2b°—c* Cc~— b,/2 

(43) am + Ans 22 
a+ Ja?—-1 x—/x?-1 

af 18a°t+ 500% Ans. 3ab+ 5b’. 


oe) J 8ab* + ,/2a°b—8a*b* + 8ab® 

Je GUE ye 
47 By y= IFS TS . (Comp. p- 20.) Ans, “p= Rie 
0) Tots Top Jay— Ty Je ]y 


(48) a7 (A) {Sata?-630%2"+ 4410%2—10290"})* | Ans, 22/3a*. 


(49) = Tatts t+ Jatb’. (Comp. p. 20.) Ana, (at+28)!, 


(50) (se), : {er} 


7 eee ly pa 
—->"|", @ Ans. J a‘b, (2) Ans. 6" F 
(35 =) 5 m 








Jatat+Ja—a a mi 
Bly; | Nee _& a. 
(51) a+a—Ja—x an zt / a} 


(52) 


(58) 
(54) 
(55) 
(56) 


(57) 
(58) 


(59) 


(60) 
(61) 
(62) 


(63) 


(64) 


(65) 


(66) 


SURDS. 417 


SB Al 5 Bee aan 4/8. 


Multiply /29+4,/80 by /29-4,/30. Ans, /T9. 


3 3 
Multiply wit + 7 S git by xe, / q+. Ans. 7+ pu—q. 
Multipl ree ess Ans %%_¢ 
PY EV B a TIN bN a nS Bd" 
1 


Multiply —— by "LITE Ans. a7 aid, 


_ Divide 22°+2a°-3a-3 by ,/2.a-,/3. 


Ans. /2.9°+(/2+,/8)e+./3. 


Divide 4a+8,/ax—96+12,/bx by 2,/a—3,/6+4,/2. 
Ans, 2Ja+3,/b, 


Divide Ja*~/b* by Ya~VJo. Ans. Ja+,/ab+/6. 
Divide Ja’—/o® by Ja—,/b. Ans. Jatt [ab +50 


Divide a?—2,/a°b—a7,/ab'+2b,/6 by Ja—/d. 
Ans. a'Ja-2/ 6% 


Divide Vala. JF 5 a b+ a ays by 
Jab-= Jae Ans. Ja.Jb—ci/a.2/8. 


1 1 

Divide x-a by a*—a". 
a. oe 2booyt 
Ans. x "+a"w "+a" “+...08. +a "c"+a *, 


¢ ol py a" ¢ 
Square 3 + 3v a c’, Ans, ry + a" / a? c*, 
Square the expression f ca Lt + J = 5 
Ans. a+,/. 


27 


418 
67) 
(68) 
(69) 


(70) 
(71) 


(72) 


SURDS. 
: 3a *(a+b)'.(2+x)"° Od*(a+) 
Find the 5" root of “320d : ia 2ac(2+a)*" 
37 
. Find the 9* root of arrange, (2+ 2)" Ans. 16a‘b(a+b)’. 
a 
Find the square root of —2+a°¥"+a7°¥%. Ans, a¥#_a7¥*, 


: coos 
Find the square root of > —cf+2ac if f. : 
Ans, a,/¢ += 


1 3 


"7 oe = 428 

i ; oa — Jo.2fam, Ans. 2* — 5 b" a, 
Find the square root of la + ir: +2, Jb. SA Tee 
(Comp. p. 20.) Kove Tors n AE Ls 


Find the square root of 


Find the square root of each of the following quantities : 


(73) 
(74) 
(75) 
(76) 


(77) 
(78) 


(79) 


(80) 
(81) 


(82) . 


18+2,/77. Ans. ,/11+,/7. 
94—42,/5. Ans. 7~3,/5. 
28+10,/3. Ans, 5+,/3, 
134+2,/30. Ans. ,/10+,/3. 
104+2,/5. Ans. {10+ 5/2. 
a+2+/2ax+2% Ans. farts /f. 
2 
Find the square root of =+ = Jaa Ans. =+ sae 


e+y+2+2,Jaz+yz. Ans. Ju+ryt Jz 
Mx(/7—./5) is a rational quantity ; find ¥. 
Ans. //49+,/35+,/25. 
M x(54423) is a rational quantity ; find M. 
Ans, 5425x284 5txat—204 54x2t_az. 


SURDS. 419 


(88)  Mx(./2+,/3) is rational; find M. 
iz Ans. 28 _ 4x38 499x346 49%x38_ 35, 
(84)  Mx(/9+,/5) is rational ; find WU. 
Ans. 33—39x54445—3%x594 3425-5! 
(85) Reduce v 5-12-+./0-03375 ee 
/80—,/0°01 : 
(Comp. p. 21.) Ans. 0°5, 


(86) Reduce the following fractions to equivalent fractions with 
rational denominators :— 





to its equivalent simple decimal. 


(1) 14/3 (2) 14/2 _ (3) _/20_ 
2,/2-3,/3° 14,/2+,/3’ 2/4—/2’ 
/10 a—b 


(4) 


7 
aq) Ans. ~ 5 {3/3+2,/2+ 216+ 9}. 
(2) Ans. z{t+3 2-2,/3-,/6}. (3) Ans. 2/40 +,/20 +,/10. 
4) Ans. —/10.{4,/2+4,/3+2,/2.,/9+643,/2../3+33/g}. 


«) Ans. at+a2bt+ wid + bi, 


J 2 3 4 
n(at— ab? + a*b>—ab5+ 55) 


6) Ans. 
ie a’+b 


24,/3 Q—/3 7 
—— + oO = 1 
(87) Prove that Jeudecse aades Bs is equal to ,/2. 


(Comp. p. 21.) 


Ans. Je—Ja . 
0— Ob 





(88) Simplify 7 War on 


er J I 1 1 
(89) Simplify Ja+J3— Js Ans. {gv 30+ yv2+ al3. 
(90) Find the value of Toa . Ans, 3:1003. 
(91) Find the value of aig Ans. 3:159. 
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/3+/5-/5—J/5 
(92) Binapllly 75 fbx 68 


cee 2—/2+,/2 Be ee 
(98) Simplify / 3,.Jen Fe ras (Comp. p.22.) Ans. /2(2+,/2)-,/2-1. 

wmlify 2M 2tN 3. Ans. /6-,/2+,/3-2. 
(94) Bimplity TE ns. /6—,/2+,/ 
(95) Which is greater J5+/14 or /3+3,/21 Ans. The former. 


(96) Simplify = suet se eet : suleshl : Ans. (/a+./6)* 


ie ee (Comp.p.22.) Aus. sf i+a* afta 


a a’+2-2,/1—a* Sa"+ 4 


(Comp. p.21.) Ans. fe V5+2,/6. 











(98) Simplify the expressions 
(b+,/2a—0")'+(b-,/2a—8*)'; (b+/2a—b*)-(b—,/2a—b*)'. 
a) Ans. 8(a?+2ab*+ b‘); a Ans. 16ab,/2a—b%. 


(99) Simplify (a+,/—1)*+(a—b,/—-1)'. Ans. 2at~12a°b*+ 20°, 





51)4, _ 
(100) Prove that st {vl 3 \" 1s equivalent to ; on 5; and 


tx 


5 . 
st (leery to 5 / 10# a (Comp. p. 23.) 


2 _ 2 
(101) Find the value of (=) +(=) , when z= wee 


a+] +1 
(Comp. p. 23.) Ans. n(n—1). 
x+2u «+25 
” (102) Find the value ae on os when 


ae 





Ls a+b+ J\(a+b)+ 1200} (Comp. P: 23.) Ans. 1. 
ack 4+ a'+anfat+4 
(103) Find the value of = 7: when 2 = ad ee (Comp. p. 24.) 
+2 
Ans. a 


J (+1 +a,Ja%+4)*-1 -20 ) 


(104) 


(108) 


(106) 


(107) 


(108) 


(109) 


(110) 


(111) 


(112) 


(113) 


SURDS. 421 


n?—8n+(n*—1),/n*—4-2 


. (Comp. p. 25. 
n—3n+(n'—1)/n?—4+2 Cone Sat) 


Simplify — 


n+1 nm—2 


. aoe nm—-1N n+2° 
SS a sWis Qa +1+0,/4a%+ 3)4 
Sim lif’ ieee Comp. . 25. 
ane | 22°+3+0,/4a°+ 3 a a ) ] 
e+,/ 400°+ 3 
SJ/ae+1 ° 





fi-at 1-7 
1+2° alle ce SET a 


Simplify - ; 
wey a +a" 1+y" 


(Comp. p. 25.) 





aay J/(1-a'\(i-y’) 
Ans. a. 


. ap 1-ab+/1+a3-a/1 +8 
Simplif “=~. (Comp. p. 26. 

Bae ane 1+0-db/1+a? Comps p20) 
1-a+,/1+a# 


~ 1-b4+,/1408" 


a 14+,/3+,/2,/3 
Find the value of A a when 7” = ra Lae a : 


Ans 


(Comp. p. 26.) Ans, /3~1 


J/2,/3 


1—az 1+bx | 2a 
eeaunis hen 2 = - aaa 
Find the value of ——— ia Phe? Ww. ; 1 


(Comp. p. 27.) Ans, 1. 


) a a ¢ 
r Pay 
Ifc= Se By? find the value of x +984 on 


Ans, 0. 








Jaretsa—a —2x 


Find the value of 4 _——-, when & = ose 2. (Comp. p. 27.) 
Ja+a— a—% 
Ans. 6, 


Find the bear of 2(uv—./1—v —u. /1—v'), when 2u = «+a, and 
Qu =yt+y'. (Comp. p. 28.) Ans, ay+(ay)7’. 


L+a" , when 2 = = Ai = -/2. 
Find the value of aie = ; Ai 


(Comp. p. 28.) Ans, a+b. 





~1 





422 


(114) 


(115) Ifee “(= 


Item Uf ere 


b 


(Comp. p. 29.) 


SIMPLE EQUATIONS 


ae, Gnd themvalué of 5 cfd 


Ans. , 


2/5 105 +1), find the value of a°+y°, 


Ans, 2, 


ote 
-—-—— |@P , 
a—b 


SIMPLE EQUATIONS OF ONE UNKNOWN QUANTITY. 


(1) 
(2) 
(3) 
(4) 
(5) 


(6) 


20—42+8 = 52+10, find the value of a. « 
22— 244+ 3u—-30—6x2+66 = 0, « 


7%+20—Sxa = 60+4x7—50+ 82, 


x~-33 = 314+15z2, 


13$—> = 22-83, 





zc |i 


2°14" 3 
2-74 _ 32-9 | 27 — 5a 


2 


3a (han lla 
+ 





x-2 «2£4+38 


4 


toa 


3 


> 


~ 
~3 


8 
Hl 
| 


2 


8 
tl 
wie Cc 


(16) « 
17)" 
(8) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 


(25) 


(27) 
(28) 


(29) 


(30) 
(31) 
(32) 
(33) 


(34) 


OF ONE UNKNOWN QUANTITY. 


eee ee x—2 oe 
Sx2—~—2 me 
5 3 6 
12a-2 18-—4e 
6 3 
24— 





t— 








= 2+2,4 


5a~ 





] x+2 
+l= 3u+—— +7, . 


£+6 16~-3a _ 25 


——— eee 

















4 12 ° 6’ 
Te+5 16+42 wp 3x+9 

3 5 “2? 
+7 | 94+5 10-52 

a aa aaa a 
Qe+7 Qx-8  «x-I11 

7 ll oQ 
3a—-1 6-2 %-4 xa+2 
pe eee 

7 4, 12 28 
72+Q 3a+1 Qa-I 3 249— — Ox 

eg a 4’ 
ag eh rakl =e 

16 15 20°” 

12— 8 

aay Cane lc Pee 
4 Sh 2] 


T#+5 Gu-1_ 2-9 , 2x-3 
93 10 5 15 
22+1 402-30 _ 471-62 


29 ~ 12 g 


= 234, 











52—5(2x—1) = 27, 
4(a—3)—7(a—4) = 6-2, 


20a —50(8a—4) = 200—20(42—5)—(8a—4)50, . - 


4(50— 3) ~—64(3~2)—3(12"—4) = 96 


1 1 1 
10( a4 3)-6*(5-5) = 28, 


423 
xz 5, 


x = 4, 


v= 3, 
ws 5, 
x = 3. 
x = 6, 


= 2, 


‘aoe - ' SIMPLE EQUATIONS 





(35) se -2+18 = (tort 1), . Xe a 90, 
| 1 1 

(36) 3(2e—10)— #1 (8"—40) m= gee x), em 17, 
1 1 1 1] 12 

(37) 12” g(8-2)~ 15 +0) 4 : = 0, Cs : 

(38) ( -3) -3(5-*) = 135 wm 47 
| 3 1 ] 31 2 

(39) i(4+3 ) 722-2) = 38? s. 

(40) ig( 32+ 5) ~7(4-68) = =(5u-6), x = 12, 

472-9 47. wy _ 

(41) aa = 3(6+ == ; c= (hue 
1/2 (4-2 4/6 

(42) a(ge+4)- 3 =3(¢-1), w= 3, 

(43) 3hx{ 26 (f+24)} = 3) «(24+ 2h, Hen 


102+17 124749 52 ~ 4 
(44) 18 Tig—g 9° 
(45) ae Bet 8 = 20, 


(46) 3—4 7 = 


52+ 3 22~3 


OST tage =9, a 


30+6% 6048% 4.8 
= os c= 3, 
as) “mH yg = Mt, 


I 2 kb 
(49) 1 e+7 ~ 7eayy> sa 


x 3x 4, 
0) Sei are = 2 sea 


62+ 8 22 +38 
(51) 22+1 wa] 





=], ' % m2, 


(52) 
(58) 
(54) 
(55) 


(56) 


(59) 
(60) 
(61) 
(62) 
(63) 
(64) 
(65) 
(66) 


(67) 


5a*+ae-3 Ta*—3a—9 











Ja—0+2Jare = Ja—0+ Jac+a, 

















5a—4 = 7x—-10 ne 
Aac—-17  3§-220 a =) A 
4%—-17 10x2-13 8xz-30 5x—4 
Baa eee ony ear Ee) eee 
x x-9 «+1 x-8 
o— 3-7 z-1 2-6’ a 
1 ‘7x-1 8 x—t 
3” 64-30" 3° =2? oe las: 
] ] 
p ge ee) _3 842 3 
2 Tn—1) 2° 3a—2” eas: 
5(0— 
8a 8-9 3 Qn*-1 57—-3a : 
@ Get. sa a aes a ee) 
x= 10. 
aoe pe we 
ab? ~ atb 
ax cx h—g 
— x npc h =O. 
ae a gx yo x reas 
& b — w2. 22 _ I 
aa ae 7 on 
I 1 1 
abaan bo-bx ac—ax’ % = ~(a—b +e) 
poets _hR\s 
at+a+ /2an+a* = b, 2 = : 
atetJa+a* = b, emf go ; 
Q b—a 
9a 
Ja+a—Janta = = Ja, c= 16° 
atn+ Jat+beta! = b mb Sela 
: 36-—2a 
64a 
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(68) 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 
(75) 


(76) 


(77) 


(78) 
(79) 
(80) 
(81) 
(82) 
(88) 


(84) 


*SIMPLE EQUATIONS 
J4a+a = 2,/b+2—-,/x, 
Jitete® =a—Jf/i-x+z’, 
Ja+e+Ja—a = bata, 


a fo 
b+2 b-x 


~ Jorn Jara = oi, (Comp. p- 29.) 


= C; 


Ja+a+ Jara? = b, ~ 
Ja+va—/1—x = 1, 


1+,/i+a—/1+0+,/1—a = 0, 


na 


Jats a?’ 

J/4a+0+, fara = 2,/%—2a, 
Jita+J1+04+,/1—2 = ,/1—2, 
Va+Je—-/a— Ja = a/ =, 


aze+ farts = /6*+00,] 467+ 2%, 


a+ Jat+a° = 








a*—o? 
a+ Jarra? b— Jats oe, 
ax—b* _ Jax- b 
ao aoe (Comp. p. 30.) 


fi+cta+ letra = mx, 
Ja—aitaJat—1 = a /1—a, ~ 








= “5 2) 
al 

a 2 m*—1 
mN/ m*—4 


(85) 
(86) 
(87) 
(88) 
(89) 
(90) 
(91) 
(92) 
(93) 
(94) 
(95) 
(96) 
(97) 
(98) 
(99) 


(100) 


(101) 


OF ONE UNKNOWN QUANTITY. 


Jara = W/x*+ Sant bi, 


(Comp. p. 30.) 


nax 
OT oe penne | 
i / + 2a 


(Comp. p. 30.) 


rJ/ai+ 200+ /x*2ax = 





PY (2a+x)*+ bF+ “if (2a—«x)*+b* = 2a, 


JP Pd TOB =e |, vnn fF 
Vat Ja—a+Va—Ja_o =n Ae roar wen, /a——. 


(Comp. p. 30.) 


l—ax gee ; 
I+axn 1—bz ? 


1+x+a° 62 l+a« 

fo 6s ie (Comp. p. 31.) 
A+2X 

manera = een ° ° ° 
(= )= ah? (Comp. p. 31.) 
l+a® 1-2? 


Ja+a)-a0+/(1-x)+an = x, 


Pause cesta 
Ji-v+1 Jfi+x-1 & 
a+b= 2as/1 +a (Comp. p. 31.) 





c+ /1+x°° 
Jaret Ja—x “oe Tm 
+f _ /a*-1-1 


142aJ/e-1 wt 2” (Comp. p. 32.) 





Qax 


Jama 
' / Get) Ban—x = av 1— 40 


Jite+/1—x = /2, 


fat 2an+b*+,/x*-2a0+b* = 





(See App. p. 317.) _ 








haa 371. 
oat 

=. 

weafiae, /2}. 
Cc 

_ /a-2 

7 at+A 


n= Jisianiy, 





mm late 
es 1 3a- - 
12°a+1° 
xz, 


428 
, (102) 


_ (103) 


(104) 
(105) 
(106) 
(107) 
(108) 
(109) 
(110) 
(111) 
(112) 
_ (118) 
(114) 
(115) 
(116) 


(7) 


_ (118) 


ea a ea ee 
l+at+/1+a" 1-x+/1+a° 


a—2+,/2ac—x* 


SIMPLE EQUATIONS 


1+2z 1—z 


= Q, 


Ja49+JoH0 = 4+,/34, 


J {are*+ b,/(abx+ 40%a°+b,/ abet 5a*x*)} = ax+b, 


l+a+,/2e+a% 
1—x+,/2x+2" 


isa (25) 


= 1-az, 


1-2 
+ 


J( +a)'+(1 —ayet+] (1 —a)’+(1+a)x = 2a, 


1+%—/2u+x" _ 


_ wetetele 
l+a+/2e+a* 


reese 
A+¢+,/2act+ax 
steer = 6, (App. p. 315.) 








= b, (App. p. 316.) 


a--X& 


a—/2an—2" 2 


Qax—x" 


Ja-Ja-,/a?— S oe 
Jat Ja—fa—ax 








3 


Ja*+a?—a +2°—a, 3 
3 
Ja_ax+a — 2-0 
Jatx+Jfa—x = att 8+ ata, 
a+oa 


Jat Ja+e * ade lacie = 
Ji+e-1 1 Ni-z x+1 


Ji-a+1 ‘Jiee-1 





| +] (x*— sn) "2, /1—x —a) 1 


2—J(a—xJi—«x) fi—x’ 
(1+a)/1+a+(1—2)/1-a = 2/1 +2", 


(a+2) 2)" 
~ haat: 1)" 


i-a.(\-*)' = 2,/1—a*, (Comp. p. 32.) © = —a. 


a 2 

% = = (b—-1)". 

= 4 ae ee 
= Tina 
rr cee Le 


1+6 


veal -Gi) }- 








(119) 


(120) 


(121) 


(122) 


(123) 


(124) 


(125) 
(126) 


(127) 


(128) 


(129) 
(130) 


(181) 


(132) 


OF ONE UNKNOWN QUANTITY. 429 


guys 
Jat—1+a,/at—1 = 2%, r= ae 2. 
/2+2,/2a-a = Jac+/ 208 Sac+a%, 








61 
x = 2a, or a, or aoe 
‘i a*+ 392+ 374—,/x°+2024+51 = / mere (App. p. 315.) 
. x= 78. 
43 +324, / 3 - 
243-+324,/30 _ (4,J2—,/3)", (App. p. 316.) 2 = 3. 
16x—83 
(e+at,/x?+ 200+ b*)*+ (w+a—,/a°+ 24%)? = 14(a+a)', 
(App. p. 318.) x =—d, or +,/b*—a-a. 
a—b a—2b a? 
o( 41) (S +1)=5 a, (App. p- 319.) 
a—b 
a= b, or aa it 2). 
C+aA 4 a—b 4c(c—b)—b(a—b) 
——. | -____.. = 1, (App. p. = 
) 2 (+0) PTE 219) a a+3b-4¢ 
L+a Qn+a+c\? c—_ab 
raat (Secon)? (dep. p- 820. as 
a+c(a+x) a+x_ a 
ea) ae eae (Comp. p. 32.) 
x m—a, or &, S+° 
~ 9 "6° 34260° 
x—-a\? x2—2a+b +6 
= = a) ee 9 (Comp. p- 33.) C= > ‘ 
x+a+3z/abs = b, (App. p. 321.) = (/b-x/a)*. 


(a—a)/a—(a+a)/b = b(Ja—/b), (App. p. 322.) 
«= b, or (/a+,/6)* 
a+ (b+ fala = (b-fx)f2a+e, (App. p. 323.) 


et Jess 
T= ON 2 2NV ab ™ 
2a f1 +2" 


ny eres a+b, (App. p. 323.) 
—x+ x 


ny any 








430 SIMPLE EQUATIONS 


(133) Qa°+1 +0, /4a7+ 3 


229+ 34a] 4a:°+3 


38a-—1 


=a, (App. p. 325.) = isaac 


(a*—1)a+a*%x—x,/2a*— 
(a “Neaene aot 1 


(134) = (1—a*)(a+x)'—2ax, (App. p. 326.) 


w= /Ima 1+a,/1—a' —a’ 


+,/2a7—1 
1-ax+,Ji+a*—a/1+a% 














135 =a, (App. p. 326. 
( ) 1—ax+,/1+a—ax,/1+a? : ( PP: P ) 
1 » (4-1 -VJ1 +a) 8a 1~,/1+a*)- 3a 
x=-, 0 e 
a — a8a—4) — 4) 
Q904+3\4 /24—-3\4 8 42749 
as (52) (Sa RE pm sin) ean 


(137) {Fe +c)°+(67+ eta) / <(- c)'+ (F+0°)*a? 


= { a —c)*— (b+ ce e (b+c)*+ (b°+ 0") *ac*, 


c’-5* 
“cry 3° 


ws 


(App. p. 345.) aoe 


SIMPLE EQUATIONS OF TWO UNKNOWN QUANTITIES. 


(1) 3e+5y= sd i = 1, (2) 40—-3y = 2, {* = 34, 
40+ 8y = 7, y= 1, 5a—2y = 94, y = 4. 
(3) Qa—4y = 8, fe = 4, (4) A5a+8y = vei {2 = 6, 
13¢+7y=101, (y= 7%. 2ly—13xe = 132, y = 10, 


(5) att ay = | ( = 144, (6) 2}.4+38h.y = 26 ° = 8, 





216. 44.¢+10y = 126 = 9, 
sev dy= 49 y= d.c+10y = 126,J ly = 9 
9 8 
—-3 52-2 
7) 22--—= ; 
7) 5 2 fa = 2, 


yale! ly = 3 


OF TWO UNKNOWN QUANTITIES. 


(8) +11 gore 


“10” 6 
“+5 y—7 
ae | 


O° apex 
(9) oF UP 0-8, | 


2y—3 
= ~ 4 2y = sae | 





(10) (#+5)(y+7) = (a+ acs 
22+10 = 3y+1, 


(11) 2e+y  Ty+6e+11 19 52-17 


9 18 ~ @Q 6 





Re 


= {50+ 3y+2} = 5{9y+6}, 


3x—-Sy 2e-8y-9 _ y 1 1 
ie cae Ca | 


(13) x+y = 38}- eet 


1 m 1 _ 452 
Qie W2y 462xy” 


o_ 
(8) 1Ges6y—1 = BETH, | 


8x—3y+2 
10%+10y—35 _ 54 
Qn+2y+3 ~~ 3a+2y—-1’ 


L+=y BY 2 
(15) aC 38) Eo ere oof 


3y—5x 
2 





oo — 247 — = 7 (e+9)+3(0-y) 
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y= 
y =4, 


ee 
y= 5. 


c= 3, 
y =- 2}. 


432 


(16) 


(17) 
(18) 


(19) 


(21) 


(22) 


(23) 


(24) 


(25) 


SIMPLE EQUATIONS 








2-4ar+0'S2y— Oe O08 = oes ZO TOs ae 
0°5 0:25 {* = 10 
0:04y+0°1  0:07"—0°1 ly. 
oars = — 06 3 (Comp. p. 83.) | 
an = ig pease ho 
rt+y = ¢, ath? 7 asd 
axz+by =m, \ __ Om—bm’ __ am —a'm 
ax+b'y =m’, o= bab? 7 Gb-ab’ 
ax—by = a’, PE ee 
ae) SOF? Fate’ 
oe a | m—n? 
—+-—=4, c= ; 
ay ma—nb 
mm, _ mn 
gogo I mb—na’ 


a(c+y)+b(x—y) = c(aty)+d(a—y) = 1, 
- a—b—(c—d) — a+b—(c+d) 
2(ad—be) ? 7 = 2(be—ad) * 


5 Jury 5, Jat 
BJa-y SJae-y _ 4 [ _— y = 13. 
y ze 685° 
a*+. 6? 
axy = c(be+ay) . a 
i "> (Comp. p. 35. 
bay = Saal Compr D> 3e:) ats? 
y= c 
2ab 
a+b 
a(a*+y")—B(at—y") = 2a ON aH? 
(a? —0*)(x"—4/’) = 4ab, om 
~M a+b 
geese eee x a, 
Vy-va~a = Jy—® ° 
2./y—2+2Ja—% = 5/a—a, 


OF THREE OR MORE UNKNOWN QUANTITIES. 433 


\ 
me y_, 2 ab+ac—be)abe 
ad = =| jem Gorewacoe 
y © . Y _ (ac—ab—be)abe 
Z at pits | | ~ a'b?+arc’—bick * 
| b 
(27) a 5y) = (4a—b)2ab, (Comp. p. 35.) % = —; 9 
arg" +(a+b+c)by = b’x+(a+2b)ab, ab 
a+b y¥=-—-> - 
a+b 
(28) abe—ay) = y(xy—ac), : x= +,/a0, 
(A pp. p- 331.) 
xy (ay +be—axy) = abc(an+y—c), y = «,/be. 


|: = 5 (/2-1), 


(29) 2x°+y(ay—1) =0, 


Paley 0} (App. p. 332.) 


1 
¥y = ~~) -—_—" « 
| 2 /2-1) 
(30) JatytJ/x-y = “(ry-y 2-9), 


| (Comp. p. 35.) 
Juty+ Ju—y = b, 





g Jo se 
fea fe EEN, yan 


42 8 
a b° wae a 
SON OB 
(31) (a*—ay+y*)(a*+y") = 91, } ly ae 
(x? —ay +y")\a'+ay+y") = 133, = 
y-3Jy. fea (App. p. 343.) 


t= o y= (/2a—1+1). 


SIMPLE EQUATIONS OF THREE OR MORE UNKN OWN 


QUANTITIES. 
(1) 8a—y+e2 = 17, xe = A, (2) 3a+42 = 57, os 7, 
5U+3Yy—22 = 0 , = 0), Sa+3y= st } = 10, 
10+ 4y~-52 = 3, z=. 2y—-2=11,)° (z= 9. 


28 


(3) 


(5) 


(6) 


Fe 


SIMPLE EQUATIONS 


1" 
al 


‘ 


¥+5 Tp = 41, (4) w+- 5(y+2) = = 102, ; 
= 18, v = 10, 
we z= 204, y = 32, y+ 3 (e+2) = 78, b v=5. 
a — 10. 1 c=. 
y+s a 34, z+ gery) = 61, 
_ 44 29 og tay _ 3520 
ae | ee ee 2 \q’ 


22128, y= 48, 2 = 68. 
4x—5yt+mz = Tx-llyt+nz =a+y+pe = 3, (Comp. p. 36.) 
x22, y=l, z=0. 


— Is 


6y—40 52-2 


iS 























(7) “82-7 = by — 8s ~ 8y—aa =”? BAO Yee 
] Q 3 
(8) w+ 5(yte) = y+ c(ate) eat (uty) ery se—4, 
2=10, y=6, 2=2. 
2 1 8 2 5 1 
(9) ay 2? — (10) a ar a a = 6, 
3 2 1 1 2 
ae y= —-2, Ae 3 = Ot, y= 9, 
= 3. 1 
1/1_4 5 1 4 
_ -_- = — eas ees a —_ Oo 2 = -- . 
a2 3” 6x y 2 — 1234, 83 
cy+86 4x0— 
any Bee a, 
3x+2Yy 5 — 
Ce+4AL  L—Z lac 
“+352 oe Q ’ J= J, 
yett — yt3z z= 8 
Qy+z 867” 
3 4 1), 1 
(12) 2 By zn lb emo, 
2 1 2 1 
tts Y= 5» 
4 1 4 ] 
ae egg oa 
L+Z—-3 4y—-42+5 a—4 
aT a a 7 
C= 
5e—-By+2 Se—-y+e+1 Qy+2-—5 2 
ag wr eg re | y = 16, 
7 11 3 
z= 6. 


5y—82+4 e-224+5 


iz 6 = 2Y + 32 —2x, 


(26) 


(17) 


(18) 


(19) 


(20) 2n/a+ dy +3243 Jat 5y—2 Pesos 10, 
4 [400+ 2y + 122—,/2a + 10y— re iin Sig 


Jf 2u+y+62+2/a+ 5y—% Sy —2—3,fetyte 


| a@=l, (22) xyz daueae 


(21) x "ye = 14, 





r ca 
wtyte = 
ssites cdiebiaiai = 0,4 (Comp. p. 37.) 
aby+acy+bez = 1, 


x—ayt+a°2z—a* = 0, 
ex—byt+b'2—b* = | (Comp. p. 37.) 
x—cyt+cs—c’ = 0 


b) 


5a—11,/y+13,/z = 22, 
42+6,/y + 5 Jz = 31 : 
oe 
a~ Jy + //% = 2, 
xy = a(x+y), 
xz=b(x+z),p (App. p. 332.) 
yz = c(y+s), 


a(at+yt+s) = a*, 


y(et+yt+s) = 4 (App. p. 333.) 
aet+yt+s2) =e, 


a(yts) =a, 
a(t y) =, 


ye 


pore =108,) (z=3. 





y = 2, xy '2~* = 3x(35)™', 
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ei es 
~ (a—c)(b—c)’ 

es et 

Y= (a—b\(b—e)’ 


°* @da=2) 


x = abe, 
y = ab+ac+tbe, 


zm=atb+e. 


x=, 
y = 4, 
2 = 27. 


2abe 


ee 


ac+be—ab’ 
2abe 


ab +bc—ac 
2abe 


c= 
= 
a® 


Cee a EEEEEEEtmnapaaen=ed 


Je+b +e +40. 
b? 


| 
| 
[ae 


4 ——— 
Jatb +e 


(a+b6—c)(a+e—b) 


2(h+c—a) 7 


(a+b—c)(b+c—a) 





a(a+e—b) 


(b+c—a)(a+e—b) 


R(at+b-c) * 


c= 7, 
y = 6, 
2a 5, 


we 


R 
Hi 


2 8 
i 
TI 


28—2 


436 QUADRATIC EQUATIONS 


os 7? (24) xyz = 231, a = 3, 
arysz* _ b y -_ if ,) 
? — a ? 
Cc zw = 1540 z=z11 
s*y*z? — Cc, 10 y | P 
v= | Se sxew = 660, w = 20. 


ee) 


3 
(25) a(ytz)’=1+a°; x+4 = Ste; and ys = iG: (App. p. 333.) 


1 Reapers fee Sete 
v= 1+a, y =7- S24 Ia, 2s ope Jami) ra. 


4 
(26) x+2y+ 32+4u = 27, = J, 
3e+5y+ 72+ us 3, \ = Q, 
5a+8y+10z—2u = 65, | = 3, 
Te+6y+ 52+4u = m4 za 4 
(27) Tx-2z+3u = 17, 2: 
4y—22+t = n, y = 4, 
5y—3x—-2u= 8, z= 3, 
Ay —3UuU+2t = | | = 3, 
32+8u = 33, t= 1, 


(28) Shew that the following equations are not sufficient to determine 
a, y, % (Art. 198.) 


Qe+y —8z = 10, 6a—4y—3z = 15, 


QM) 3¢-2y+5z= nm (2) 3x—-2y+52= a 
8x—3y+2z = 38. Qx—6y—T2 = 


8) 2¢—Yy+22z = 8, 


x 
6y+13— a Ax—1 | (Comp. p. 38.) 


QUADRATIC EQUATIONS OF ONE UNKNOWN QUANTITY. 


(1) 5a°-127+2 211, em 3, or -. 
(2) a = 52+6000, 7 «= 80, or —75. 


(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 


(18) 
(19) 
(20) 
(21) 


OF ONE UNKNOWN QUANTITY. 
32°—530+34 = 0, 
450°-252 = 1000, 


110z°—21z+1 = 0, 
7802°—73a%+1 = 0, 


125a°—7x = 174, 


x—1 
xa+1- 


x+1 


——a—n 


x—1 1, 


Z2+2 4-2 
x—1 24 
3 Q 


gs ees 
3-x 2-x ; 


= 24, 





——_— 


YD Oe? 
Q7+1 11 38a—5’ 
12 8 _ 32 

5—-xv 4-2 


Lend 9 


x+2 
1 ] 1 

— + ——— — ——_—- = 0, 
38 342 34+2u 
+ 32°+6 
+ 10— 4 





= 7°+2x"+15, 


0,/da47 = 94+,/20 23, 
Masha 1664) = +1, 
G1) e=B) + /(@=B)@—A) = V3 


a+ Jo®—5 = 11, 
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2 
x=17, or 3° 


x= 5, or —44. 


x=11, or —13. 
1 

w= 5, or = 
w= 2, or 455. 
Lace tal a 
a = 3(— on 2). 
v= 2, or —Qy%. 


= 14, or 243. 


x =10, or —117. 


£3, or wo /14. 


4s QUADRATIC EQUATIONS 





‘ 
(22) #+2-——= =1, mel, or —4. 
42 ) 
(23) #+e+1= oe = 2, or —83. 
(24) Qcc+ 20, /Ga44 = 152°—4, x= 14, or ~5; or d&. 
(25) 2°—x+3,/2x"—3xa+2 =S+T, a= 2, or —4, or &e. 
(26) x(fe+1)? = 102(z+,/x)—2576, = 49, or 64, or &e. 
(27) (9+5,/3)a®—(1547,/3)2+6 = (0), a= 3—,/3, or 2~,/3. 
(28) 5,/62+3a—4,/952—5a = 41, x= 64, or ke. 
(29) 8Ja—xt _ 12+3,/ 0-22 1 
“e412 aIn 3” ia eer T 
(30 : Gye =0, (C 3 
) rigs figere ae isese OO 8) ) 


= +8, or #1" 


Se eee ' 








(31) ret aeG, vet, re — 
(32) ere q oot, or &. 
(34) a pete, . sa 


36) ax+2,/n3a+nax’ = (32—1). se. Gp ee, 
(36) niet? (3a%—1).n, aw ear Ie ei 


(37) 2+Jfa*-ax+b* == 48, x=, or a, or a1 feet 


(38) 


(39) 
(40) 
(41) 


(12) 


(43) 
(44) 


(45) 


(46) 


OF ONE UNKNOWN QUANTITY. 439 


+ 6 


( +(45)= nu{n—1), (Comp. p. 39.) 


wna JZ, ora, fH, 


x on a* x a 2a 

A Ee te (Comp. p- 39.) x = 6a, cE gs 

(2 +m)&—mé = 3méx, x= 0, or {322,/3}.m, 
32°—6ax 


at+a+,/2ax+a' = 


ae eee eee 2 /3- 

4/2040"? gene (sv3 12a 
ab\* a a” 

( -=) = sla+o)(1+5), (Comp. p. 40.) 

a = /2ab+a", or Ws 5(6-a). 





max —mnx+pgye—np = 0, c= 7? or -f, 

Re ay ae a me A ae ee 
+,/2x-1" 8 

(w—a)?+2,/a.(e—a) = a®+,Jz, x= 0, or 1, or 2a+14+,/2041}. 
2 a” a 

a*(a +2) +ba(a+ax) = b—(a:+2b), x 2 —b, or ni Jonee, 


Ja+a+ Ja-x = b, © ms r/ a-( ta,/ are), 


J2e—1+/1-@.,/1—a = ax, pe {anos —6+2,/2.a(a*— ied 











8a’*—9 
oes ae 1 Ss 
2e°—2—2a,/1—2* = 14, a = = oa/3, or rie #,/'7). 
“Toa 7 ees oleae a 2 (=) ~ af ° 
1+0* 1-a® oe eMat1+,/8 
(i+2)" (1a ~% ae = ae 
16(a*+ 284+ — 322°+48, % mm ee or &e. 
{a+ 2 Q 


(53) 
(54) 


(55) 


(56) 


(57) 


(58) 


(59) 


(60) 


(61) 


(62) 


(63) 


(64) 


QUADRATIC EQUATIONS 
(a+ 3)’—2(x"+ 3) = 2a(x+1)%, x= 1, or —3, or ~% : 


Jita.J/1—x—J/1l—a.J1+x = 2a, 2 = A3—4a"), or —a. 
/24+2,/1—a%} 
Ga ? 


fl id 1 1)8 


(1—x) /a®+a®_(1 +2) /a?—a = 


Jitat—aJi+e _ eet. op 2158" 
Ji¢e—-aJj/iza  ” — O & HSB 
(a+2) /a*+o* = 6(a—zx)’, = (9+4,/2). ; : 


a—,/2ax—a — x" wv 
zeae w= ad, or - 


a+,/2ax—a* ~ ax" 4 


C B ae is 
Jai —fat—i - , (Comp. p. 40.) = / 212 
w+] 4: 
nal a*+ 22+ (20-1) / 2 2(0— Lu? = 2n—1, 
n= J (nen—1.,/ 1—a*)*_a? 





7u—1 
NA+N.—>— Ta 


= P 


r= (nr) +(e+0)-2t/G-z) GE) 


(L+atat) = ee (APPE PN) = “ G)-» 


l+mnr 


v= nalya’. 





~ fa eke Beta eS 
Ne = Ja a. { /a®+ ax — Jax, (App. p. 324.) 
J+ Jaa 
er (asm 
2 


7 ————-- 2 


(65) 


(66) 


(67) 


(68) 


(69) 


(70) 


(71) 


(72) 


(73) 


(74) 


(75) 


(76) 


(77) 


(78) 


OF ONE UNKNOWN QUANTITY. 441 


1 
7 a+ 
AetyBl +s) = at (Comp. p. 41.) C= 1, or ——. 
—& a 


(varZ,) 


(a+b), /a*+b*+x*—(a—b),/a+b*—a" = a+b", (Comp. p. 42.) 


0 = Pr st V3 (as b*) —ab. 


8, ~8\ 2 
ES (* — ) +122 (B)= = ake (Comp. p. 42.) 


AX 





2 =a, or (2+,/3).a. 


b= ,/n?—1. C 
c+,)n*—1 1. a 


a "J 1 1 
m™_l= as Sener = nae = 
a = Oe oe : yy 


Nata) +/(a—x) = 3ifa*—2?, (Comp. p. 43.) 2= 2a 5. a. 


(274+ 8x)3 Sais 
neal BesSied 


= + Eon eee paces 
3 
1 5xits 3y/ 270+ Sat = 5; 


f(b +0*)(a?+2*) = n(act+bz), (Comp. p. 43.) x= 


» (Comp. p. 44.) 
, 3 ‘ 
ns gg + 21}.a. 


= pry Z I 
c'b"e'—4(ab) .27! = (a—b)’. a’, (Comp. p. 44.) v= (Fj + 


1) 
—_—— [UF 
Jo fal — 
cc] er 1 a— 6° 


3pq_ 
9 Tey pe | (c/e+,/2) = = 0, (Comp. p. 45.) a= (= \r 


ab 
2m 
(a*"+1)(a*—1)? = 2(a+1), 2 = eosit 
al 
alt oT oh SS m | -———3, 1+,/5)"—2 
1+2)*—/(1—ax)? = ./1-—2", (App. p. 320. Pep eal A) Ba 
MTP IT=aF = JIM, (App p. 920) 2 OEE 
2 
z-1= oe ee (App. p. 317.) xe 1, or 4, 
a 
a— 3 = 2, (App. p. 318.) z= 2, or —1. 





= _ 2  1,/10 
w= = 1h, (App. p. 318.) Ba 4s OP a 


442 
(79) 
(80) 


(81) 
(82) 
(83) 
(84) 
(85) 


(86) 


(87) 


(88) 
(89) 


(90) 


(91) 


(92) 


(93) 


(94) 


QUADRATIC EQUATIONS OF ONE UNKNOWN QUANTITY. 








23 = tte om eld 

xv 2 4. 
a+ teti = 4, x= 1, or sen LO 
a*—8(2+1),/e+18x+1 = 0, = 7a 4/3, 
32°(x"+ 3) = 20+5}.2, x= 3, or —2. 
+7 Je = 22, 2 = 8, or {-1+,/—10}%, or &e. 
(2+ $)*—2(a7+3) = 2a(a+1)’, 21, or —3, or —}. 
ee ae az=I1, or 16. 

x fx—2 
20°(a¢-23) — 102s? 24) = 649, — 5 (5+3,/29}. 
#3, ah _ 2 _ & 
Q00° (a*+a°)* = 2a°(2+2a)+a7(a—a), we, or —@ 
e—7 = /{a°—42x+ 89}, 2% = 2, or —5, or &e. 
(2° 5)? = — Ly, a2 = 3, or —1, or *,/6-1, 
4 49,./a- 1196, 
2° Je Je 
= 1 es! 

a = 2401, or igi TaN ON or 3 f-7+./37}*. 
1+2° 1+2a+,/12a—3 
_—,, = @, es ——__ 

(1+) 2(1—a) 
1+2* 
(say = % (App. p. 321), c= px,/p—1, 
2ax ,/2(1 +a) +a) 
where p= er ee = 
liao? 
(i+a)P ” 
we MSHI J5+/4a+1)+[10(6a—1)+2,/5(4a4 1)8] 
4(1—a) ; 
eae - 1 31£5,/37 
lat+ Jac = 2~143,/x, emt, or —Ts7* 


QUADRATIC EQUATIONS OF TWO OR MORE UNKNOWN &c. 443 
(95) 2—2./a+2 =1+,/2?—3x+4+2, (App. p. 325.) 
oe = 5(8+4/i3), or 94/7, 
(96) 2a,/1—a' = a(1+a*), (App. p. 327.) 


= 2 {(JT tat 1)(/T—a% 1)}t 
2 of 3a" + - 
(97) ( -5) os ——. (App. p. 328.) 


1 Q -- 
2 = 3, or —g° 8 3 (2*/13). 


os) CDA. (e 1)/-2), Capp. 528) 





(n+ 1)(a*—a’x’+ 2") n/\a*—2 
Diane” Se} lates 3h 
(99) — b°— 22x(a—cx) Z 2 + (3) + —_ (a—cx)* = 0, 
(App. p. 329.) c= sad . 


(100) (1-2) rf al 2) 9 = Jc+1+/3x—1, (App. p. 330.) 


_*Ja+1-1 1 
~ at /a—141- 

QUADRATIC EQUATIONS OF TWO OR MORE UNKNOWN 

QUANTITIES. 
(1) aay =10, { = +5, (2) w+y* = 13, i = 3, or 2, 
eas y= +3. ety wz 5, \ y= 2, or 3. 
(3) ay’ =9, { = +5, (4) 2u*+3ay = | ° mm £2, 
xy-y = ra y = £4, Sy?+2Qxy = 39, Y mm x3, 
= 2 1 

(5) syt+ay’ = 4 ‘eich 2 
x+y? = 18, y = 2, or 3° 
(6) x’—axy = 27y, {° = 132, or 63, 

ay—y" = 32, } a= 4d, or 24. 


444 QUADRATIC EQUATIONS 


(7) 2y—Sa = 32°+2(y—11)*= 14, a= 2, or 14; y= 10, or 8¢. 


(8) 2y+8x = 8, , = 2, or 2x5. 


3y*4+ 20° = 11, ym, or 2. 


35 


(9) @t+ayt+4y' = re i = or +4,/10, 
82°+ 8y" = 14, yres, or #%,/10. 


13 ;— 
(10) 227+ 3xy+y' = pg % = +1, or #7 V21, 
52+ 4y? = 41, 


2 ,— 
2 2t3 r at us : 
J =o, O me l 


(11) #-y=a4, } fx =a—b, or 0, 
y'+ay+bx =°0, ly = —b, or —a. 

(12) icles: (2 = 8, or 1, 
a+y = 9, ly =1, or 8 


(13) L+Y =O, } : (x = 
(x? + y*).(a°+y’) = 4555 (Comp. p- 45.) ly a 2, nee 


xv y O61 
(14) Jz Jha Fsth (x = 81, or 16, 
ip pee ly = 16, or 81- 
Jay + Jay? = 78, 


(15) g+yi=s ion tebe 


xy + ya — 290, y = 9. 
ae Am = A c= 11, 
cap & on (App. p. 331.) i. ce 
a —_ a a 
(17) L+Y = A, [. = 5(+/3+1), or G(3+./3), 
s+y* = ee, 


FE = 5 (#a/ B+ 1), or = (3 +,/3). 


70+ Joy = = (a+y) = a b, (Comp. p. 46.) - x = (Ja+,/b)* 
(18) Jan+,/by g(zty) =a+b, (Comp. p. 46.) { = (/a=,/b)*. 
(19) vem y* 


c=t1, or 9, 
(s+y)(z—-x—-y) = | (Comp. p. 46.) y = 2, or —6, 
(w+y+z2)(e-x—y) = 7, zo 4, 


(20) 


(21) 


(23) 


(24) 


(26) 


(27) 


(28) 


(29) 


OF TWO OR MORE UNKNOWN QUANTITIES. 445 


etyt+z = 216, 


a+ Jy+ Jz = 12, 


Jyp+ Je = fe+ dyz-12, 
(a—2)°+(y—3)*+(z—1)? = 24, 
cy +net+y2 = 63, 

22+ 3y+z = 30, 


c+ 02 + 27 = 28, 


c+ acy ty? = = 
y+ yz+2? = 19, 


a+ y+ay(e+y) = 13, ) 
(a+ y")aty* = 468, J 





y  @ _at—-y? 
o 2ty y 
a vty Yy 
y “2 & 


—_—-—— -—- jo 











a*—6 Ja®y = es 
a—2,Jxy = 3, 


(x+y)* = ottatytty’, 
att+4y* == 4a0y(2y*—x’), 


Be oe ae 
+ Jay? = jWaty+Je-y) 


(a+y)*—(a—y)* = 26, 


xa = 125, 
y = 64, or 27 
z= 27, or 64. 


x= 6, or 34, 

y = 5, or 64, 

z= 3, or 4h. 

l* or = /3, 
1 

y = +3, or + =/3, 
8 

|. = 2. or + 3/3. 


fx = 3, or —Q, 
ly = —2, or 3. 
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a ee ee 
(30) waft = ary Jey) 4, wei} a+?’ 
a 





corer at 8 
Jaty+ Joy = y, yYy=oua ae, 
a+ 
(31) xy? = ljay+3y° + 4a,/2ay—y%, : ie 
m+ y! = 2ay+8/y(eJa—yJ/y), y =a 
ae b+2a 
(32) t— /x*— = very + fa— ™ 3/40” 
(e+ yh(e-y)t =o, = Via. [= 
(38) aty—JSa'+y? 24 —114£3/17 , 
ade ee ae Se 3 iS, ’ 
x+y+fa*+y? a 10 
yV any? Se 
(34) — Ja+Jay+Jy = x = 144, or 9, or 92+32,/7, 
w— Sey +y+ Je Jay+Jy = a = 9, or 144, or 92+32,/7, 
(35) fa—JSy = J y+, , =e 
e+8 = 8,/y+2 Y=% 
(36) ee = Pe eey tony, } fe =2, or —]1, 
a+ y? = Qy*n4 Qy?4 041, ly = 1. 
syst 
[* = 110 (Fea 
(07) stay! Sey) is 
x’ +y° = 2, js as 10 5-1 
» 2fgv ) 
OF Cys ahe bala of yg 1 j- 
(38) ae = 6, ad F =+6, or +5,/2, 
c+y* = 61,) . 
|» = +5, or =—,/2 
(39) af*¥ = y'0, (App. p. 336.) ° = 4(40+1+,/8a+ 1), 
oft) = x, y = 4(—1+,/8a+1). 


1.41 7}? 

40) (fz)7*45 = (/pyh fe={daty ih 
Pr ee ie (Comp. p. 47) 

(Spe = (Jaf, y={-5+ 557}. 


OF TWO OR MORE UNKNOWN QUANTITIES. 447 


(41) 5ax+12y(a—x) = is 


a? — y* + 0° = 0, | = oo ee 
y = 3” or — A 
6 
2 4e y a 
(42) axty’—4 = 4ay?— 4 (See App. p. 338.) o = 
a'—3 = xy(a—y), 


cm = 4 at —pi' 
(43) la? + Yury sal y?+c/aty* eet (Comp. | a ea, 


+43 \buy = hf Po 48) —— 
y+3/baey y = | (rh aJeat_—ahy 


(44) (a? +y’).% = 83, . 
; (Comp. p. 49.) ‘ 2 
Ym wt. 
(ax* -¥)-5 -= 74, : 
(45) (a? +y*\(e+y) = 15ay, a 4 {r= 2, or 4, 
(att y*)(2?+y*) = 85x*y’, OEE Be TD) y =4, or 2. 
(46) («—2)y—,/xy.(y?—-1) = 2y°—2, c= 8, or —12, 
ty, Ney 12 y = 2, ee. 
4 xy—18 3 
jee Ox* a —\9 
(47) 5-2/y+2 = ye —-(/a-3,/y) | f = 4, 
1 
Y= 4 


Y Y 


1 
(48) Ja+y+iJ/x-y = rhea (Comp. p. 50.) [r=20 /3)a, 


Jar+y? + J—y? —y? = Va’, aa 
Y= 1+ /3.a. 


(49) (b+x)e+ay = (w+ y)—2,/axy. /a—a.,/b-y, ; ° 
20 omp. p. 51. 
Jy- Jase See we (Comp. p. 51.) 


y 


0 om ee {Joe J -0-my\, y = b—n. 


448 QUADRATIC EQUATIONS 


(50) a’+y* = we, 
(Comp. p. 52.) 






b 
a*'(e—2)+ 6y*a(a—1)+y* = 3 _2, | 
eles stare 2,/8a°—4a—86+1 
x= 9 A ~ F a —-40—- 3 
1 SEE Senenaeeee ears 
ly = sary 40+2+2,/8a?—4a—8b + 1. 


a ee 


= 2 flax xXa— eae (ae— joal== (Comp. p. 53.) 
xy = 4ab, 
fx = 2(a+b+,/a®+ab+b*), 
lpia eas Jatead 0). 


(52) atat+y"b" = 2(ax)*. (by), | (Comp. p. 53.) 
xy = ab, 


- = Brg F (ag "— pes) wae 


2 
y = arth Feb ar yh, 


Jy itl _ Je+9+3 | 


¥y 


[>= s09=/708, 
y = 1(34,/105) 
; . 


(App. p. 336.) 
sey +1)? = 36(y"+ *) | 
(54) 2. - y—Ja-1 _ve+l | 


Qa: 3 ye ~2,/x7—-1 x 





je = 14, 
(App. p. 338.) ly = 2. 


ch = y'x—l, 
(55)~ a(1—ay) = x /1—y’, (App. p. 389.) 
»/ (1 —ay) = y—a, 


cater a 2a 
= Motel @Ta), y x41, or Ma! 


2 1 9 or joe pe . 
e J (a2+1+a,/a*+4) —1—2a 


(56) (a+b) vIn ew ay =a i—y = (a—2).” yrfi—at+aJ1—y | (Comp. 





xy +J1—at.J1—y" xy—JI—e.J1—¥* > p. 54.) 
a(2y?—1) +B(2x°-1) = ¢, 
= (b+0)"—a* _1 /(a+c)*—6* 
2 be » Y= Q ac : 


(57) 


(58) 


(59) 


(60) 


(61) 


(62) 


4 4 4 
4 (2-1) +4 (ead 1) = a (yhs-ad) 4244 | 
y ZX: a 
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Comp. p. 55.) 
ee | fener or -8, 
y" 4 y* an yf at xt y = 8, or —27. 
y* = x*(ay—bex), ae 
x’ = ax—by, \ (App. p. 840.) a=y=a—b, 


or a3 (me Jind), y = s{a—Z (me Jn —A)\(m= Jin? —4), 


] 
where m = 95 (eb, Ja? + 2ab + 5b"). 


cf = mxt+ny, ) 
y* = my+nzx,§ 


¢ eae 8 
or 2= uf es tend, y= n/ m+ = (ax,Ja*—4), 


_ —(m+n)=,f/m—2mn+ bn? 
where a= ac "aaa 


(Comp. p. 56.) ecmys Im+n, 


5 
ame y® = wy(e+y)” UA B41) w= b/ 100% Yi 5, 
at PP. Pp. 
pfe ( +9)" J y=5 a+=/5. 


a+ l)y = (y"+1)2", 
ad a _ feet (App. p. 342.) 


ot 5 W/8+8+N /3-1} 5 y= a (/3.V/3+84N 9-1}. 


(2+ 4ay — 32°)? = 2—4a2%y*+ 32“, 


App. p. 343.) 
yt Ie Sa ‘sas | ( P 





xe sz 2, yel-z 6 
29 


450 MISCELLANEOUS QUESTIONS ON EQUATIONS. 


34 2x*~ Aa 


(63) —4>—— = y¥'(1-2y’), 


(2a°—1)(2y°—1) = 3, 


iy 1 
am J, or wh) f33); y=+5/6, or wh suns/35 


(App. p. 346.) 















44 a8 Bai 
(64) 30,/ = _ +40 te = 241, 
ary ee 
AD fata, oa iy \ = (8) -at yf 5 
{1+ (2) : {se y+ ae PY Te a ees (Comp. p. 57.) 
8 1 1 8 
om ROT? On ge yas OE Ba 


(65) (a*+2ba°y+aty*)(y*+2bxy? +072") = 4(a*— b°\(b+¢)*(ay)’, \ 
x+y” = 2cxy, J 

(Comp. p. 58.) a y/p*. Jex, [—p’, 

y =p Vex Jo—p', 


where p* = a’—2be—20". 


(66) a*— ae! = 3axy, : 
(/y—Ja\a—x) = 3Ja(x+y), 


a — a 
tes, or +a,/—2, y=e-s, ors 


\ (Comp. p. 59.) 





a 
f-2 
(67) (1—a°).(1+y*)—(142°).(1—-y*) = 4° JT 477, 
any = f2(1—2°\(1—y’), } (Comp. p. 60.) 
_ #2, /8~2.42,] 342 


ae TM f/8-2N 2/3822 1 /f8-1 


J2/3"(/3-1) | 2/8 
MISCELLANEOUS QUESTIONS ON EQUATIONS. 


(1) Wuat is the quadratic equation whose roots are 17 and ? 


Ans. 3as'— 53x2+384 = 0. 


(2) What is the quadratic equation whose roots are 3 and ~5 ? 


Ans. 52*—-127~—9 = 0. 


MISCELLANEOUS. 451 


(3) The trinomial axz’*+bx+c¢ becomes 42, when x=4; 22, when z=3; 
and 8, when a2 =2; what are the values of a, 6, c}? 


Ans. a=3; b=-—1; ande=~2. 


(4) Solve the equation a*°—52—24=0, without completing the square. 
Ans. x= 8, or —3. 


(5) Prove that in stmple equations of two unknown quantities there 
is only one pair of values of the unknown quantities which will satisfy the 
two equations. 


(6) Ifz, x, prepress the two values of x which satisfy the equation 


az" +bxe+e = 0, prove that ~! +o! ese and verify this formula by the 


equation 22°—77+3 = 0. 
(7) If a, B, represent the two roots of the equation 
x —(1 +a)n+5(1 +a+«a") = 0, 


shew that a’+f’ = a. 


(8) Shew that n+ cannot be less than 2, whatever positive quantity 
be substituted for 2. 


(9) If a proposed equation be reduced to the form ax =ax+c, what 
conclusion is to be drawn as to the value of a? AUS. 2 =O. 


(10) Shew that there can be no more than three distinct values of x 


which satisfy the equation az*+bz*+cx+d=0, and that their sum = a ‘ 
(11) Find the sum of the four roots of the equation 
a(pa'+ge+r)+(px?+qu+r)+e = 0. Ans. = 


(12) Is 2{(w—a)(x—b)+(a—x)(a—b)+(b—x)(b—a)} = om b)?+(x—a)*+ 
(x—6)* an ‘Identity’ or an ‘Equatiow ? . The former. 


(13) Given x+y+2= i = ly, find aaa Ha (Comp. p. 61.) Ans, 2. 


(14) Given x—y = 72, and x—2z = 4y, find i. (Comp. p. 61.) Ans. 5: 


(15) Given 2°+7? = 1232, and a°—y" = 272, find = . (Comp. p. 62.) 


Ans. 60. 
(16) Given that ab—d(a+b)(p+gq)+pq = 0, } 
and ed—Ke+d)(p+q)+pq = 03) Come P 0) 


‘p— qn’ _ (a—c)(a—d)(b—cXb—@) 
show “that (25%) = came 7, eon | aa 


452 EQUATIONAL PROBLEMS. 


(17) If the same value of 2 satisfies both the equations ax’+ba+c=0, 
and a’x*+b’x+c = 0, what is the relation subsisting between a, b, c, a’, b’, ¢? 
(Comp. p. 63.) Ans. (ac —a’c)’ = (ab’—a’b)(be’ — Bc). 

(18) Find the relation subsisting between the coefficients in the equa- 
tions ae+by=c, axr+by=c,, ae+by=c, that they may be satisfied by 
the same values of «and y. (Comp. p. 63.) 

Ans. a,(6,c,—b,c,)+a,(b,c,—6,¢,)+a@,(b,¢,—6,c,) = 0. 


(19) Find the relations subsisting between the coefficients, when the 
equations 
at+by+cz = aautbyt+c2 =a'’xt+b’yt+c'2 =1, 
are equivalent to no more than two distinct equations. And shew, that in 
this case the values of x, y, z, assume the form 0+0. (Comp. p. 64.) 
a—a’ b-v _c-d 
en ol ee ee 
(20) Eliminate d and c from the equations, a+b+c=—p, abt+ac+be=4q, 
abe = ~—r. Ans. a®+pa?+qat+r = 0. 


(21) Find the value of az’ +by’+cz’, when az* = by’ = cz*, and 


Lh rae ere 
Sg ee Ans. (ab +t3+c)*. d?. 


(22) Eliminate a, b, c, from the equations 


a m y” z a 2 a n y n c n oo” _ y" 7 a 
=) " ¢ - G) pit (5) (5) a (5) : and a” _ pm ie ont : 
(Comp. p. 65.) Ans. aa gh oe fe 


EQUATIONAL PROBLEMS. 


(1) I HAVE six times as many shillings as half-crowns, and together 
they amount to £8. 10s. How many have I of each ? 
Ans. 20 half-crowns, 120 shillings. 


(2) Divide £25 among 3 persons, A, B, C, so that B shall have twice 
as much, and C three times as much, as A. 
Ans. To A, £4. 38. 4d. To B, £8. 6s. 8d. To C, £12. 10s. 


(3) Divide 20 into two such parts that one of them shall be exactly 
20 times as great as the other. Aus 192, ~ 


(4) A boy is exactly one-third the age of his father, and has a bro- 
ther one-sixth his own age—the ages of all three amount to 50 years. 
What is the age of each ? Ans. 36, 12, 2, years. 


(5) Of two brothers whose ages differ by 20 years, one is as much 
above 25 as the other is below it. What is the age of each? 


Ans. 35, and 15, years. 
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(6) A is twice as old as B. Twenty-two years ago he was four times 
as old as B. What is A’s age}? Ans. 66 years. 


(7) Nine years ago A was three times as old as B, but now he is 
only twice as old. Required the respective ages of A and B&B. 
Ans. A is 36, B is 18. 


(8) Seven years ago a father was four times as old as his son, but in 
7 years more he will be only twice as old. What is the age of each? 
Ans. 35, and 14, years. 


(9) The ages of a father, and his son together are 80 years; and if 
the age of the son be doubled, it will exceed the father’s age by 10 years. 
Find the age of each. Ans, 50, and 30. 


(10) A certain party is composed of three times as many men as 
women ; and when four men have left together with their wives, there 
remain four times aS Many men as women. How many were there of 
each sex at first? Ans. 36 men, 12 women. 


(11) Divide the number 90 into two such parts, that if half of the 
greater part be added to the double of the smaller, the regult is the 
original number 90. Ans. 60, and 30. 


(12) Find two consecutive numbers, such that the half and fifth parts 
of the first taken together shall be equal to the third and fourth parts of 
the second taken together. Ans. 5, and 6. 


(13) The product of two numbers is 180, but if the lesser of the two 
be increased by 1, the product is increased by 20. What are the numbers } 
Ans. 9, and 20, 


(14) Find two numbers in the ratio of 4 to 5, such that if 6 be added 
to the greater number, and 1 to the smaller, the square roots of the result- 


ing numbers shall differ by 1. Ans. 24, and 30; or 8, and 10. 
(15) There is a certain number of which the cube root is one-fifth of 
the square root: find it. Ans. 15625. 


(16) A certain fraction becomes } if 1 be added to its numerator; but 
if 1 be added to its denominator, it becomes }. What is the fraction? 
4 
Ans. Ts" 
(17) A certain fraction becomes 4 if 1 be taken from its denominator, 
and added to the numerator; but, if 1 be taken from its numerator and 
added to the denominator, it becomes 4. What is the fraction? 


7 
Ans. ii’ 


(18) The numerator of a certain fraction being multiplied by 3, and 
the numerator and denominator added together for a new denominator, 


the resulting fraction = 4. Find the original fraction. Ans. a 
uv 
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(19) A person distributed £5 among 36 persons, old men and widows, 
giving 3s. each to the men, and 2s. 6d. each to the women. How many 
were there of each? 

Ans. 20 men, 16 women. 


(20) <A person distributed p shillings among 7 persons, giving 9d. to 
some, and 15d. to the rest. How many were there of each? 
Aus. 4(5n—4p) at 9d., and 4(4p—3n) at 15d. 


(21) Divide the number n into two such parts, that the quotient of 
the greater divided by the less shall be q with a remainder r. 


(22) Divide the fraction : into two parts, so that the numerators of 


the two parts taken together shall be equal to their denominators taken 
together. Ans. 2. UJ 
"2? 10° 
(23) Divide 20 in two such parts that one is the square of the other. 
Ans. 5, 25. 


- (24) A certain number of sovereigns, shillings, and sixpences together 
amount to £8. 6s. 6d., aud the amount of the shillings i is a guinea less than 
that of the sovereigns, and a guinea and a half more than that of the six- 


pences. Find the numbers of each coin. 


7 Ans. 4 sovereigns, 59 shillings, 55 sixpences. 


(25) What is the number from the 2 part of which if a be taken, a 
times the remainder is equal to 0 1 A ( =) 
ns. n{ a+ = ). 


(26) A person sells @ acres more than the m' part of his estate, and 
there remain 6 acres less than the a” part. Of how many acres does the 
whole estate consist? ee mi(a—b) 

" mn—(ne+n) | 








(27) A labourer is engaged for x days, on condition that he receives 
gw pence for every day he works, and pays g pence for every day he is 
idle. At the end of the time he receives a pence. How many days did 
he work, and how many was he idle? 


Ans. He worked ae 








and was idle ~ , days, 
+g’ re : 


(28) A person, being asked what o'clock it was, answered that it was 
between 5 and 6, and that the hour and minute hands were together. Re- 
quired the time of day. (Comp. p. 66.) Ans. 27m. 16,48. past 5. 


(29) Find the time after h o'clock at which the hour and minute hands 
of a watch are distant d of the minute divisions from each sea eg 


p. 67.) | - 12 shied). 
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(30) There are two places 154 miles distant from each other, from 
which two persons A and B set out at the same instant with a design to 
meet on the road, A travelling at the rate of 3 miles in 2 hours, and B at 
the rate of 5 miles in 4 hours, How long and how far did each travel 
before they met ? Ans. A travelled 84 miles, and 56 hours, 

DD ishesecasie TO woe Saeien Crea Ot eae, 


(31) Find a number, such, that whether it is divided into two or 


three equal parts, the continued product of the parts shall be the same. 
Ans. 63. 


(32) A person bought a certain number of sheep for £94: having lost 
7 of them, he sold one-fourth of the remainder at prime cost for £20. 
How many sheep had he at first ? Ans. 47, 


(33) A farmer buys m sheep for £p, and sells n of them at a gain 
of £5 per cent.: how must he sell the remainder that he may clear 10 per 


i 22m—21 
cent. on the whole ? Ans. aCe .p£ each. 


(34) <A boy at a fair spends his money in oranges. If be had received 
5 more for his money, they would have cost a half-penny cach less ;_ but if 
3 less, a half-penny each more. How much did he spend? Ans. 2s. 6d, 


(35) A hare is 80 of its own leaps before a greyhound, and takes 
8 leaps for every 2 taken by the greyhound, but the latter passes over 
as much ground in one leap as the former does in two. How -1any 


leaps will the hare have taken before it is caught? (Comp. p. 67.) 
Ans, 240, 


(36) A courier passing through a certain place (P) travels at the 
rate of 5 miles in 2 hours. Four hours afterwards another passes through 
the same place travelling the same way at the rate of 7 miles in two 


hours. How far from the place (/) is the first overtaken by the second ? 
Ans. 35 miles, 


(37) A person has just a hours at his disposal ; how far may he ride 
in a coach which travels 6 miles an hour, so as to return home in time, 
walking back at the rate ofc miles an hour? Ex. a=2, 6=12, c= 4, 

a) Ans. ae. miles, (@) Ans. 6 miles, 
b+e 

(38) A banker has two kinds of money, silver and gold; and 4 pieces 
of silver, or 6 pieces of gold, make up the same sum S. A person comes, 
and wishes to be paid the sum S with ¢ pieces of money: how many of 
each must the banker give him? (Comp. p. 67.) 

a—c 


; c—b 
Ans. Of silver, a. 53 of gold, b.—. 


(39) A certain number being divided into both n and n+1 equal 


parts, the product of the n parts is n times the product of the 2+1 parte. 


. n+1 
Find the number. Ans. n * *) 
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. (40) Two travellers, 4'and B, set out from two places P and @ at the 
same time; A from P intending to pass through @, and # from @Q intend- 
ing to travel the same way. After A had overtaken J, and they had 
computed their travels, it was found that the distance A had travelled 
together with the distance B had travelled made up 30 miles; that 4 had 
passed through @ 4 hours before ; and that B at his rate of travelling was 
9 hours’ journey distant from P. Required the distance between the two 
places P and Q. Ans. 6 miles, 


(41) The rent of a farm is paid in certain fixed numbers of quar- 
ters of wheat and barley: when wheat is at 55s. and barley at 33s. per 
quarter, the portions of rent by wheat and barley are equal to one an- 
other : but when wheat is at 65s. and barley at 41s. per quarter, the rent 
is increased by £7. What is the corn-rent } 

Ans. 6 qrs. of wheat ; 10 qrs. of barley. 


(42) A constable in pursuit of a thief at a uniform pace finds by 
inquiry that the thief is travelling 14 miles per hour quicker than him- 
self; he therefore doubles his speed after the first 4 hours, and takes 
the thief at the end of 6 hours and 20 minutes from the time of his 
starting. Given that the thief had a start of 1 hour, and never varied 
his speed, find the rates of travelling of the two parties, and the distance 
at which the capture took place. 


Ans. Constable’s speed at first, 81 miles per hour, 
Thief’s speed throughout 92 ..............000e 
Required distance 713 miles. 


43) At an election where each elector may give two votes to different 
candidates, but only one to the same, it is found on casting up the poll, 
that of the candidates A, 8, C, A had 158 votes, B had 132, C had 58. 
Now 26 voted for A only, 30 for B only, and 28 for C only. How many 
voted for A and B jointly; how many for A and (’; and how many for 
Band C! Ans. For 4 and B, 102; A and C, 30; Band C, 0. 


(44) During a panic there was a run on two bankers, A and B; B 
stopped payment at the end of three days, in consequence of which the 
alarm increased, and the daily demand for cash on A being tripled, A failed 
at the end of two more days. Now if A and B had joined their capitals 
together, they might both have stood the run as it was at first for 7 days, 
at the end of which time B would have been indebted to A £4000. What 
was the daily demand for cash on A at the beginning of the run ? 


Ans. £2000. 


(45) There is a waggon with a mechanical contrivance by which the 
difference of the number of revolutions of the wheels on a journey is 
noted. The circumference of the fore-wheel is a feet, and of the hind- 
wheel 6 feet; what is the distance gone over, when the fore-wheel has 
made 7 revolutions more than the hind-wheel ? ee abn feet 


b~—a 
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(46) A person has two casks containing a certain quantity of wine 
in each. He wishes to have an equal quantity in each; and in order 
to have this, he pours out of the first cask into the second as much as the 
second contained at first; then he pours from the second into the first as 
much as was left in the first ; and then again from the first into the second 
as much as was left in the second. At last there are exactly a gallons in 
each cask. How many gallons were in each cask at first? 

Wee lla a 5a 
8 » an 3 . 

(47) A person rows from Cambridge to Ely (a distance of 20 miles) 
and back again in ten hours, the stream flowing uniformly in the same 
direction all the time ; and he finds that he can row 2 miles against the 
stream in the same time that he rows 3 miles with it. Find the velocity 
of the stream, and the times of going and returning. 


(1) Ans. > of a mile per hour. ( Ans. 4 hours. (3) Ans. 6 hours, 


(48) The Gas Company engage to light a shop, for 6 days in a week, 
with 5 large and 3 small burners, but having by them only one large 
burner, they supply the deficiency with 5 small ones. The shopkeeper, 
not finding this light sufficient, procures two small burners more, and at the 
saine time agrees for the lights to burn double the usual time on Saturday 
nights, for which additional gas he was to pay £1. 11s. How much did 
he pay a year altogether ? Ans. £5. 58. 


(49) A shopkeeper, on account of bad book-keeping, knows neither the 
weight nor the prime cost of a certain article which he had purchased. 
He only recollects, that if he had sold the whole at 30s. per lb., he would 
have gained £5 by it, and if he had sold it at 22s. per lb., he would have 
lost £15 by it. What was the weight and prime cost of the article ? 


Ans. Weight 50lbs. Cost 28s. per Ib. 


(50) A book is so printed, that each page contains a certain number of 
lines, and each line a certain number of letters. If we wished each page to 
contain 3 lines more, and each line 4 letters more, then there would be 
224 letters more than before in a page; but if we wished to have 2 lines 
less in each page, and 3 letters less in each line, then the page would con- 
tain 145 letters less than at first. How many lines are there in each page, 
and how many lettcrs in each line ? Ans, 29 lines, and 32 letters. 


(51) When wax candles are half-a-crown a pound, a composition is. 
invented of such a nature, that a candle made of it will burn two-thirds 
of the time in which a wax candle of the same thickness and one-fourth as 
heavy again will continue burning. Supposing the two candles give an 
equally bright light, what must be charged per lb. for the composition 
that it may be as cheap as wax? (Comp. p. 68.) Ans. 28. 1d, 


(52) A, B, C, D, £ play together on the condition that he who loses 
shall give to all the rest as much as they have already. First A loses, then 
B, then C, then D, then #. All lose in turn, and yet at the end of the. 
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fifth game they all have the same sum, viz. £32. How much had each 
before they began to play ? 
Ans. A £81, B £41, C £21, D£11, EF £6. 


(53) A man at his death leaves property to the amount of £5850 to 
be divided among three sons, four daughters, and his widow, in manner 
following :—viz. the share of two sons is to be equal to that of three 
daughters, and the mother’s share half that of a son and a daughter taken 


together. Find each person’s share. 
Ans. Each son £900, daughter £600, mother £750. 


(54) A and B engaged to reap equal quantities of wheat, and A began 
half an hour before B. They stopped at 12 o'clock, and rested an hour, 
observing that just half the whole work was done. J’s part was finished 
at 7 oclock, and A’s at a quarter before 10. Supposing them to have 
laboured uniformly, determine the times at which they commenced. 
(Comp. p. 69.) Ans. A at 3 past 4, B at 5 o'clock. 


(55) <A cistern can be filled by three different pipes; by the Ist in 14 
hours, by the 2nd in 33 hours, and by the third in 5 hours. In what time 


will this cistern be filled when all three pipes are opened at once? 
Ans, 48 minutes, 


(56) If Aand B together can perform a piece of work in a days, A and 
C' together the same in 6 days, and B and C' together in ¢ days; find the 
time in which each can perform it separately. (lpp. p. 350.) 

Ans. Ai 2abe : Qabe : 2Qabe 

me A act+be—ab?~ ab+be—ac’? © ab+ac—be’ 

(57) Ina tithe-commutation the rent-charge was apportioned so as to 
be 3s. an acre, and in the Ist year the rates payable on the rent-charge 
wanted £6 of 10 per cent. on the whole receipts. The next year the 
rates were doubled, and amounted to 15 per cent. on the receipts; what 
was the number of acres ? Ans. 1600. 


(58) Aand # drink from a cask of beer for 2 hours, after which A 
falls asleep, and B drinks the remainder in 2 hours and 48 minutes: but if 
B had fallen asleep, and A had continued to drink, it would have taken him 
4 hours and 40 minutes to finish the cask. In what time would each singly 
be able to drink the whole? Ans. A in 10 hours, B in 6 hours. 


(59) There is a number composed of two figures, of which the figure in 
the units’ place is triple of that in the tens’, and if 36 be added to the num- 
ber the sum is expressed by the same digits reversed. What is the number? 

Ans, 26. 


(60) The fore-wheel of a conch makes 6 revolutions more than the 
hind-wheel in going 120 yards; but, if the circumference of each wheel be 
increased 1 yard, the fore-wheel will make only 4 revolutions more than 
the hind-wheel in the same distance. Find the circumference of each wheel. 
(App. p. 351.) Ans. 4, and 5, yards. 


(61) The mail-train upon a railway starts a certain time after a 
luggage-train from the same terminus, and the time is so adjusted that, 


days. 
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before arriving at the other terminus, the trains will exactly escape col- 

lision and no more. It happens, however, that from an accident to the 

engine the speed of the luggage train is suddenly reduced one-half after 

performing two-thirds of its journey, and a collision takes place a miles 

from the end of it. The proper speeds of the trains being m and n miles 

per hour, (m>7n) find the length of the railway, and the difference of times 
of starting. (Comp. p. 69.) 

a) Ans. 3( 2— a, @ Ans 3." (2-2 Na. 

m mn m 
(62) Three persons divide a certain sum of money amongst them in 
the following manner :—<A takes the x part of the whole together with 


=f ; B takes the n™ part of the remainder together with ~ £ ; C takes the 


n part of what now remains together with <£ ; and then nothing remains, 
d 


Find the sum. on? 341 
Ans. ———~,,- .a£. 
(n=1) 

(63) Find two numbers whose product is equal to the difference of 
their squares, and the sum of their squares equal to the difference of their 


bes. (App. p. 353. 5 5 
cubes. (App. p. 353.) Ans. 5/5, and {(5+4/3) 


(64) A pack of p cards is distributed into 2 heaps, so that the number 
of pips on the lowest cards, together with the number of cards Jaid upon 
them, is the same number m for each heap, and the number of cards remain- 
ing is found to be 7; required the number of pips on all the lowest cards. 
(Comp. p. 70.) Ans. (m+1)n+r—p. 

(65) Ifa men or 6 boys can dig m acres in » days, find the number of 
boys whose assistance will be required to enable a—p men to dig m+p acres 


in n—p days. (Comp. p. 70.) Ree (1 z nin 2) 
a n—p mM 











(66) Supposing the sum of 51 cards in a common pack to be 10n+a, 
(where a<10), prove the value of the last card to be 10—a, the court-cards 
reckoning for 10, and the others for as much as is the number of pips upon 
each. Find also the value of n. (Comp. p. 71.) Ans. n = 33. 


(67) If @ oxen in m wecks eat 6 acres of grass, and ¢ oxen eat d acres 
in » weeks, how many oxen will eat ¢ acres in p weeks, supposing the grass 
to grow uniformly? (Comp. p. 72.) 


or toe ne nN-p ma)e 
m-n d m—n b Jp 


(68) The distance between two places is @, and on the first day —th 


of the journey from one to the other is performed; on the 2nd day “th 
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of the remainder; then th and “th of the remainders alternately on 


succeeding days. Find the distance gone over in 2p days. (Comp. p. 73.) 


wm af-(-8) (8) 


(69) Two labourers A and 2, whose rates of working are as 3 to 5, 
were employed to dig a ditch; A worked 12 hours and # 10 hours a day: 
B being called away, 4 worked one day alone in order to complete the 
work : when they were paid, B received as many pence more than A as the 
number of days they worked together. Now had £ been called away a day 
sooner, 4 would have received 3s. 11d. more than B at the conclusion of 
the work. What are their respective daily wages on supposition that each 
is paid in proportion to the work performed? (App. p. 354.) 

Ans. 4’s daily wages 1s. 6d. B's Qs. 1d. 


(70) To complete a certain work A requires m times as long a time as 
B and C' together ; #& requires 2 times as long as A and C' together ; and C’ 
requires p times as long as A and B together. Compare the times in which 
each would do it, and prove that 
1 1 Be oe, 1 0 3 
m+1 "ead * pel =1. (Comp. p. 73.) 
(71) S, S, S,...S,, are 2+1 stones placed in a straight line a yard 
from each other, and Y is another assumed station in the same line pro- 
duced ; two persons set out from S,, the one to carry the stones separately 
to S, and the other to X ; find the distance from S ,, to -Y, that the latter 
may travel exactly twice as far as the former. (Comp. p. 74.) 
An n(n +2) 
S On+l * 


(72) <A steam-boat’sets out from London 3 miles behind a wherry, and 
having got to the same distance a-head it overtakes a barge floating down 


the stream, and reaches Gravesend 14 hours afterwards. Having waited 
to land the passengers 1 th of the time of coming down, it starts to return, 
and meets tlie wherry in 3 of an hour, the barge being then 54 miles a-head 
of the steam-boat, and arrives at London in the same time that the wherry 
was in coming down. Find the distance between London and Gravesend, 
and the rate of each vessel. (App. p. 356.) 

: a) Ans. 30 miles, (@ Ans. 9, and 3, miles per hour. 


(73) Two clocks are striking the hour together, and are heard to strike 
19 times. There is a difference of two seconds in their time, and one 
strikes every three, the other every four, seconds. "What is the hour they 
strike? it being observed that, when the clocks strike in the same second, 
the sounds cannot be distinguished, so as to determine whether one or both 
strike in that second, and that this is the case with the last stroke of the 
faster clock. (Comp. p. 75.) Ans. 11 o’clock. 


(74) A and # travelled on the same road and at the same rate to 
London. At the 50% mile-stone from London A overtovk a flock of geese, 
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which travelled at the rate of 3 miles in 2 hours; and 2 hours afterwards 
he met a stage-waggon which travelled at the rate of 9 miles in 4 hours. B 
overtook the flock of geese at the 45% mile-stone from London, and met the 
stage-waggon 40 minutes before he came to the 31% mile-stone. Where was 
B, when A reached London? (App. p. 357.) 

Ans. 25 miles from London. 


(75) The hold of a vessel partly full of water (which is uniformly 
increased by a leak) is furnished with two pumps worked by A and 3B, of 
whom 4 takes three strokes to two of #’s, but four of B’s throw out as 
much water as five of A’s. Now # works for the time in which 4 alone 
would have emptied the hold. A then pumps out the remainder, and the 
hold is cleared in 13 hrs. 20min. Had they worked together, the hold 
would have been emptied in 3 hrs. 45 min., and A would have pumped out 
100 gallons more than he did. Required the quantity of water in the hold 
at first, and the horary influx at the leak. (Comp. p. 76.) 

Ans. Quantity in the hold 1200 gallons. 
Horary influx 120 gallons 


INEQUALITIES. 


(1) Ir 4e—-7<2x+3, and 3x+1>13—a, find the integral value of x. + 
Ans. x = 4, 


I 1 
(2) What is the integral value of x, when get 2)+ ze< ges) +3, 
1 1 
and > (e+ 1)+ 3! Ans. % = 5, 


(3) Which is greater x—y, or (/z—,/y)*? Ans. The former, if #>y. ° 


(4) Shew that oe => eae 3? if a+b be positive. (Comp. p. 78.) ~ 
(5) Which is greater — » or —? Ans. The latter. 
a+s a 
b+ -- 
c 


(6) Shew that ,/a’—0*+,/a*—(a—6)’>a, if a>b. (Comp. p. 78.) 
(7) If a=a?+b’, and y*=c*+d’, which is greater, xy, or ac+bd} 
(Comp. p. 79.) Ans. xy. 
(8) Which is greater, °+1, or n’+n? (Comp. p. 79.) ” 
Ans. n°+1, unless n = 1. 
(9) Which is greater, 3(1+a'+a*), or (1+a+a%)*? (Comp. p. 79.) ° 
Ans. The former, unless a = 1. 


* 
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36, (10) Which is greater, 2(1+a°+a*‘), or 3(a+a°)? 
Ans. The former, unless a = 1. 


a’ 2b 6° a : 
(11) Shew that a(F+5+2) > or <a(-.+5+2 , according as 
a> or <b. (Comp. p. 79.) 


nv—n+1 


je (12) Shew that ~ 7 lies between 3 and | for all real values of m. 


(Comp. p. 80.) 
(13) Shew that abe>(a+b—c)(a+c—b)(b+c—a), unless a=b=e. 
(Comp. p. 80.) 


(14) Shew that abc>(2a—b)(2b—c)(2c—a), unless a =b =, each of 
the factors being positive. (Comp. p. 81.) 


15) Shew that ab(at+b)+ac(a+c)+be(b+c) is between 6abe, and 
2(a*+b°+c°); a, 6, ¢, being positive quantities. (Comp. p. 82.) 


(16) Shew that (a+b+c)">27abe, and < 9(a°+6*+c*), unless a = b =, 
(Comp. p. 82.) 

(17) If a<x, shew that (x+a)*-2*<7ax*. (Comp. p. 83.) 

(18) Shew that Jn>J/n+1, for all values of nm not less than 3. 
(Comp. p. 83.) 

(19) Shew that (a’+6’+1)(c?+d?+1)>(ac+bd+1)*, unless a=c, and 
b=d. (Comp. p. 83.) 

(20) Shew that ae +b+c+d)>,/abcd, unlessa=b=c=d. (Comp. p. 84.) 


(21) Ifa, a, a,...a@, be positive quantities, shew that 


A (atajta,t. cabs ee ta,4, ata/a,a,+ ke. (Comp. p. 84.) 


I 


<1, for all real values of a. (Comp. p. 85.) 


» 


(23) The double of a certain number increased by 7 is not greater than 
19, and its triple diminished by 5 is not less than 13. What is the 
number? Ans. 6. 


RATIOS, PROPORTION, AND VARIATION. 


a“ (1) WuucH is greater, 3:5, or 5: 8? yi ck “s Ans, The latter. 


ii (2) Prove that a:b is a greater ratio than az : ba+y, and & less ratio 
than ax : be—y, if y be positive. 


(3) Prove that a°+0* : a'+b’>a'+d* : a+b, unless a = 6. 
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(4) Find the ratio compounded of a:%, x:y, and y:b. Ans. a:b. 
(5) Find the ratio compounded of z+a: 2+, and a(x+ He B{a +a). 





Ans. a: 
(6) What quantity must be added to each of the terms of the ratio 
a : 6, that it may become the ratio ¢ : d3 m ad—be 
na ———. 


(7) Prove that, if a : 5 is a greater ratio than ¢:d, a+c:b+d is a 
less ratio than a : 6, but a greater than ¢ : d. (Comp. p. 85.) 


(8) What is the proportion deducible from the equation ab = a*’—a*} 
Ans. @:a+a@::a—-%: 5, 


(9) What is the proportion deducible from the equation z’+y* = 2ax? 

Ans. 2: yi: y 3 2a—m, 

(10) Four given numbers are represented by a, b, c, d; required the 
quantity which added to each will make them proportionals. 


be—ad 

ane LEP T § 
(11) If four numbers be proportionals, shew that there is no number 
which, being added to each, will leave the resulting four numbers pro- 


portionals. isp fais Bag” fLemadkt -. 220: 


2a+3b _ 9c+3d lt 
(12) If @:b=c:d, shew that eh deed WB 








(13) If four quantities of the same kind be proportionals, prove that. 
the greatest and least together are greater than the other two together. 


(14) If (a+b)? : (a—b)® :: b+e : b—c, shew thata:b:: /2a—-c: Je. 


(15) Ife:y:@:B,anda:b:: Je+ax : J/d+y, shew that cy = dz. * 
(16) If@:6::¢:d, shew that a(a+b+e+d) = (a+b)(a+e). 


(17) Ifa@:6::¢: d, shew that Ja—b : Je—d :: Ja— Job : Je-Jd 
JatJso: Je+Jd. 

(18) If Sa iceat au —b-—c+d) = (a—b+c—d)(a+b—c—d), shew that 
a:b: 

(19) Ifa:b::¢:d, ri that 
1 1 1 1 fo. b re “\ 
na ab a “7 re ee - se 6 (Comp. p. 86.) 

(20) Ifa, :}b, ::4,:5, 1:4, : 0, :: &e., shew that (Comp. p. 86.) 


(a,*+a,°'+a,'+ dec.)(b,°+b,+b,'+ &e.) = (4,b,+-.4,5,+.4,5,+ &e.)’, 
and /a,+a,+a,+&c.)(0,+6,+0,+&0.) = /a,b,+/0,b,+/a,b,+é&e. 
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(21) If the difference between a and 5 be small when compared witk 
either of them, shew that the ratio °/a— “lb : Ja—./b is nearly equal tc 
nija:mj/a. (Comp. p. 86.) 


af » Qn &n P 
(22) If Je—mily _ ale tin] 2—Y | shew that x: y:: 1#,/5 : 2 
Ja+m/y a+me/x—y 
(Comp. p. 87.) 
#(23) Find the number to which if 1 and 3 be successively added, the 


? resulting numbers are in the proportion of 2 : 7. A 1 
Peet HPS SEE re seaelie 7 





(a4) Find two numbers in the ratio 3 : 4, and of which the sum : the 
sum of their squares :: 7 : 50. Ans. 6, and 8. 


(25) Distribute s soldiers among ¢ towns in proportion to their respec- 
tive populations p,, 7.) Pao-+-Pr 
Ans. As, os, os, ae Es, where P = p,4+p,t+Pat ---+Pe 
(26) Ifm shillings in a row reach as far as 7 sovereigns, and a pile of 
p shillings be as high as a pile of g sovereigns, compare the values of equal 
bulks of gold and silver. (Comp. p. 87.) 
Ans. Val. of gold : val. of silver :: 20n°q : m’p. 


(27) A person in a railway carriage observes that another train running 
on a parallel line in the opposite direction occupies 2 seconds in passing 
him—but, if the two trains had been proceeding in the same direction, it 
would have taken 30 seconds to pass him. Compare the speeds of the two 
trains. (Comp. p. 88.) Ans. 7: 8. 


(28) A person, having travelled 56 miles on a railway and the rest of 
his journey by a coach, observed that in the train he had performed one- 
fourth of his whole journey in the time the coach took to go 5 miles, and 
that at the instant he arrived at home the train would be 35 miles farther 
than he was from the station at which it left him. Compare the rates of 


the coach and train. (Comp. p. 88.) Ans. 1: 34. 
(29) Given that yew, and when x=2, y=10, required the equation 
between x and y. Ans, y = 5a, 


(30) Given that y°ca*—2"; and when «= ,/a’-U',y = ° ; find the 
equation between x and y. Ans. y = 2 Jaa, 


(31) Given that scct*, when / is constant; and secf, when ¢ is con- 
stant: also 2s=/f, whent=1. Find the equation between /, s, and ¢. 


Ans. 8 = 5 Jt. 
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(32) Given that y is equal to the sum of two quantities, one of which 
varies as x, and the other varies inversely as x’; and when # = 1, 2, y=6, 5, 


respectively. Find the equation between a and y. Ris. aja 4 
e — a e 


(33) Given that y is equal to the sum of three quantities, the Ist of 
which is invariable, the 2nd varies as 2, and the third varies as x. Also 
when x = 1, 2, 3, y= 6, 11, 18, respectively. Express y in terms of a. 

Ans. y = 8+2x427, 


(34) Given that we . and yee os also when «=a, z= c; find the 
y” z ‘ 
equation between 2 and z (Comp. p. 89.) Ans. az”™ = c""x. 
(35) If y=rt+s, whilst rocx, and sec fax; and if, when «= 4, y = 5, 
and when x= 9, y = 10; shew that 6y = 5(z+,/z). (Comp. p. 89.) 
(36) If a+baa—b, prove that a*+b’xab; and if accb, prove that 


a’— b’oc ab. 


(37) If suet y, and ccx—y, shew that 2*—y’ is invariable. 


(38) If ax+by = cx+dy, prove that rey. 

(39) If accb, and bec, shew that (a°+b*Fec’. 

(40) If Ax<B, and BC, shew that 
mA+nB+pC cin JAB+n' /BC+p' JAC. (Comp. p. 90.) 

(41) If AcB, and Ba,/AC, shew that Co /4*B+,/4B*, and that 
mf/AB-n/BCxp/At+gJ/B. (Comp. p. 90.) 

(42) If mA+nBepA—qh, and m’A—1n'Cap’B+q'C; shew that 
(a, JA—B,JB+y,J/C)<a,4+B,B+y,C. (Comp. p. 91.) 

(43) A sphere of metal is known to have a hollow space about its 

centre in the form of a concentric sphere, and its weight is H of the weight 


of a solid sphere of the same substance and radius; compare the inner and 
outer radii, having given that the weights of spheres of the same substance 
ec(radii)*. (Comp. p. 92.) Ans. 1: 2. 


(44) Two globes of gold whose radii are 7, 7’, are melted, and formed 
into a single globe: find its radius, having given that the volume of a 
globe cc(radius)*. Ans, s/r+r%, 


' (45) A locomotive engine without a train can go 24 miles an hour, 
and its speed is diminished by a quantity which varies as the square root 
of the number of waggons attached. With four waggons its speed is 
20 miles an hour. Find the greatest number of waggons which the engine 
can move. (Comp. p. 92.) Ans. 143. 


30) 
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(46) The value of diamondsccthe square of their weight, dnd the 
square of the value of rubies < the cube of their weight. A diamond of a 
carats is worth m times the value of a ruby of 5 carats, and both together 
are worth c£. Required the values of a diamond and of a ruby, each 
weighing n carats. (Comp. p. 92.) 


, 3 
Ans. Value of diamond = asta 3 value of ruby = cn 


(m+1)b8" 
(47) If the prices of two trees containing p and q cubic feet of timber 
be a£ and 6£, required tle price of a tree containing r cubic feet, sup- 


posing the values of the timber and bark to be respectively proportional to 
the m™ and n™ powers of the quantity of timber in the tree. (Comp. p. 93.) 


Rite, Cee 
PY-P Y 
ARITHMETICAL PROGRESSION. 
=H 1) Finp the 64 term of the series 4, 63, 9, &e. Ans. 1612. 


(2) Find the 30" term of the series -27, —20,-13, &e. Ans. 176. 


(3) Find the sum of 50 terms in a.p. of which the first is 3, and the 
ast 199. Ans. 5050. 


~~ (4) Find the sum of 100 consecutive whole numbers beginning 
rom 1. Ans. 5050. 


“ (5) Find the 7“ term, and the sum of 7 terms, of the series > 7 d&c. 


1 
a Ans — 5? g) Ans. 0, 


we. 
(6) Find the 6% term, and the sum of 6 terms, of the series = “: : 
4 1 
re ke. a) Ans. “a @ Ans. 1,°~ 
(7) Find the n™ term of 14+345+7+d&e. Ans. 2n—1.~ 
and of 2+21+22+&c. Ans. s(n+5) 
and of 13+123+124 +d, Ans, =(40—n). 
(8) Sum the following series :— 
“0 1424+3444+4...to 2 terms. Kage 
ee : 
(2) 14+34+547+...to ~ terms. Ans. 1’, 
we 


(3) 2+24422+...t0 m terms, Ans. =(n+11), 


rm) Peay 
a = 


SB 
— 


\ 


3 


Fen? 
2] 
— 


~~ 
3 \ 
= 


(10) 
(11) 


(12) 


a3) 
a4) 


(15) 
(16) 


(17) 
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5+424414&0, to 21 terms, 2/ “Keun < O- Ans, 52}. 
13+12§+12}+é&e, to n terms, 24 Kom 42-7" Ans, 2(79-n). 
244+ 2§+31+d&c. to 13 terms. Ans. 584. 
1 2 it 2 
ear ae &c. to terms. Ans. 9 (13-7). 
I 3 J] v 
rica 3 3 +5 +&c. to 1 terms. Ans. 166+). 
5 2 
qtitlit &e. to n terms. Ans, 7 (n+ 4). 
1 5 4 n 
3¢6t3 3 +dé&c,. to m terms. Ans. 79 (3 +1). 
—9—7—5—&c. to 20 terms. Ans. 200. 
Be) 4 z 
a+ aot ag the, to 7 terms. Ans. —2%. 
5.2 
7 tg the. to 101 terms. Ans. —2412%, 
24.4324 +4gb+ ke. to 24 terms. Ans. 297%. 
a=0 ear to » terms. Ans. a ‘ 
a+b a+b a+b 2 

= 3 at 
sc a +d&ec. to n terms. 4 aT: O Ans. ~ Y. 





(-3)+G- "—*) 4 G- oe. —) +o to m terms. 
a Hx a 


Ans. On edi : 
a 2 2 


(18) (8+Q)+(S+G+A)+(S+HO+QA) +... ceccereecerevevees to n terms, where 
2a+(n—1)d} 5. Ans, (n+1)s. 
(9) Prove the following forms in Arithmetical Progression : 


a) aa ba/ (142) 20 208 ; 


(2) 


(4) 


Z 8 ; (Z+a)(l—a) a) | 
eeteinaeD} OO age ‘28—(+a) ° 


1 
ee Ha); 6) neal. 


RN— 9 
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(10) Given the first term (a) of a series in Arithmetical Progression, 
the common difference (5), and (s) the sum of the series to ” terms; find x. 


A 1 Sang | 24 I a\* 
| me n= 2b b a-s 
plain the meaning of the two signs in the value of x. 


(11) How many terms of the series 19, 18, 17, &c. amount to 124? 
Ans. 8, or 31. 


(12) The sum of a series in Arithmetical Progression is 72, the first 
term 17, and the common difference —2; find the number of terms, and 
explain the double answer. Ans. 6, or 12.- 


/ (13) Given s=40, a=7, andb=2. Findn Ans. n= 4, or —10. 


(14) In any Arith® Prog". of which a is the first term, and 2a the com- 
mon difference, prove that the number of terms, which must be taken to 


e 8 e 8 ® 
make a sum 8, 18 qe being assumed such that 7, 18 any square number, 
but no other. 


aa (15) Find the series in a.p. in which 7 and 5 are the 5" and 7% terms 


respectively. (Comp. p. 94.) Ans. 11, 10, 9, 8, 7, 6, 5, &e. 
Y (16) Insert 40 Arith*, Means between 0 and 20. 
Ans, 72, #0) 139, 138, &e. ......1991. 


Al? 4D 

(17) Insert 15 Arith. Means between 3 and 47. 

Ans. 53, 84, 114, &e....... 441, 

(18) If the Arith.. Mean between a and b be twice as great as the 
Geom*. Mean, shew that a : b :: 2+,/3 . 2~,/3. (Comp. p. 94.) 

(19) If the Arith’. Mean between a and 6 be m times as great as the 
Harmonic Mean, shew that a:b :: J/m+Jm—1:,.Jm-—Jm—1. (Comp. 
p. 95.) 

(20) Shew that if the same number of Arith.. Means be inserted 
between every two contiguous terms of an A.P. the whole will be in a.P. 
(Comp. p. 95.) 

~~ (21) Find the series in a.p. having 29 terms, of which the first is 3 
and the last 17. Ans. 3, 33, 4, 44, de....17. 
-244(22) Find the series in a.p. of n+7 terms of which the sum of the first 
m terms is 40, the sum of the next 4 is 86, and that of the last 3 is 96. 
Ans, 2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 32, 35. 
£25) The first two terms of an A.p. are 1894 and 1032; and the sum 
_ of Mil the terms is -147$; what is the last term, and what the number of 
rms} : a) Ans. —238y%5. «@ Ans. 6. 
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(24) Divide =(a+ 4) into m parts, such that each part shall exceed 
the one immediately preceding by a fixed quantity. —— p- 96.) 


Ans > 7 1, 14, &. 


(25) The n™ term of an Arith*. Prog”. is “(8n— 1), prove that the sum 


of 7 terms is i3(8n+ 1), and find the series. (Comp. p. 96.) 


1 5 4 Il 


Ans. 3) 6 3? 6° 


&e. 


(26) : The sum of the first terms of a series in Arith® Prog’. is 


(na stile b)",, find the series. Ans. dP laa Ia ae &e. 
a+b a+b a+b 


(27) There are two series in Arith’. Prog®, the sums of which to n 
terms are as 13—7n : 3n+1; prove that their first terms are as 3 : 2, and 
their second terms as —4 : 5. (Comp. p. 97.) 


(28) The n+1™ term of a series in Arith®. Prog”. is = » required 





ss b 
the sum of the series to 2n+1 terms. Ans. Se ; 





.(2n+1). 


(29) Shew that the sum of the m—n™ and m+n" terms of any Arith’. 
Prog". is equal to twice the m™ term. 


(30) The sum of a certain number of terms of the series 21, 19, 17, 
&c, is 120, Find the last term, and the number of terms. 
* faz ~fe-Yeft; pee A ae ga) Ans, 3, or —1. (2) Ans. 10, or 12. 


—~ (31) In the two series 127, 120, 113,...1, and 2, 5, 8,...56, shew 
that the number of terms is the same in both, and find the number. 


129 ¢lL-WAAJ = 7 Ans, 19. 
Zt fe-]7 = 58 SEL AG Me bole 


(32) Determine the relation between a, 6, and ¢, that they may be the 
p™, g®, and r™ terms of an Arithmetical Progression. (Comp. p. 97.) 


Ans. (q—r)a -(r—p)b+(p—g)e = 0 


(33) In an Arithmetic Progression, if the p+q|" term =m, and the 


— 1 
p—q\* term =n, shew that the p™ term = gim+n), and the g‘* term 


= m—(m—n)--. (Comp. p. 97.) 
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(34) If the m™ term of an Arithmetic Progression = 7, and the n 
term =m, of how many terms will the sum be sm +n)(m+n—1), and wha 


will be the last of them? (Comp. p. 98.) e 
a) Ans. m+n, or m+n—1. (3) Ans. 0, or I, 


(35) The sum of m terms of an Arith® Prog*. is n, and the sum of 7. 
terms is m; shew that the sum of m+n terms is ~m-+n, and the sum o: 


m—n terms is (m—n)(14+—), (Comp. p. 99.) 





(36) In an Arithmetic Progression a is the first term, 6 the commor 
difference, and S, the sum of 7 terms, prove that (Comp. p. 100.) 
S485), +85 


5 

gt &e. to nm terms = (8n—1)- +(Tn—2)(n—1)-% ; 
(37) Drs Os Worse S, are the sums of y Arithmetic Progressions tc 
m terms; the first terms are 1, 2, 3, &c. and the common differences 


1, 3, 5, 7, &c. Shew that §,+5,+8,+...48, = (np+1) . (Comp. p. 101.) 


(38) How far does a person travel in gathering up 200 stones placed 
in a straight line at intervals of 2 feet from each other—supposing that he 
fetches each stone singly and deposits it in a basket which is in the same 
line produced 20 yards distant from the nearest stone—and that he starts 
from the basket ? Ans. 194 miles. 


(39) In the two series, 2, 5, 8, &c. and 3, 7, 11, &c. each continued to 
100 terms, find how many terms are identical. (Comp. p. 101.) Ans, 25. 


GEOMETRICAL AND HARMONICAL PROGRESSION, 


15 


" 1024" 


(2) The first two terms of a series in Geom’. Prog*. are ; and if 
find the Common Ratio, and the third term. a) Ans. 24. (2) Ans. 139 §, 


(3) Find the Common Ratio and the fifth term of 3%, 21, 14, c&e. 


(1) Frxp the 12" term of the series 30, 15, 74, de. Ans 


2 
(1) Ans. . e (2) Ans. —e 
3 3 


(4) Sum the following series: 


Q) 1~2+4-—8+k&kc. to m terms. Ans. al1-(-2)"} 


1 2 4 3 Q\" 
Oh eet ; at Pat Se : 
(2) F + F &c. to 2m terms, Ans 5 5) ( 3) } 


(83 


(4) 


(5) 


(10) 


(11) 


(12) 
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1 l 
1— ~atyg-& to 2 terms. 


1 1 8 
gtgtpr&. to 2 terms. 


5 ; 
oP ag m inf. 
O14 + nf. 
3 ; an inf. 
2 1 8 bs ai 
g7atgt my. 


2448+ /2+k&e. to 12 terms. 


J2+1 | 1 


sa Be 


tn Unf. 


aP+aPti+art%+k&e. to 2 terms. 


am $0-(2)} 
Ans. 313-1} 
Ans, 8%. 

Ans. 4]. 


8 
A ee 
ns. 21 


ae ee 
4—2°/8° 


Ans, 443,/2. 


Ans. 


a nq 
Ans, a? — = 








2 3 
e—ys ~ 2 +&. to n terms. Ans. = {1 -(- ¥) " 
x x 
eee aon af 2 te sine Ans. nee, (20) (3a) 
ne i 63.(3a) * x (2«)'—(3a)k 
(5) Prove the following forms in Geometric Progression :— 
~- n—~1 8—@ 
a) U(s—l)"""—a(s—a)""' = 0, ly fe 
= none a a et ee 0. 
s—l s—l 


(6) 


m terms :— 


(1) 
(2) 
(3) 


(4) 


(5) 


8) 


— 








Of each of the secon serics find the n‘ term, and the sum of 
14+54+13+29+61+&ce. a) Ans. 2"*'—3. @ Ans, 4(2"—1)—3n. 
94+64+14430+dc. aq) Ans. 2"*°-2. (2) Ans, 4(2"—1)—2n. 
14+34+74+154+31+&c. a) Ans. 2"-1. ( Ans, 2(2"—1)—n. 
1 
3+6+11+20+&c. a) Ans, 2"+n. (@) Ans, 2"*'+ git n—At. 
| ees ee Qrn—] 
= . (2 2 1 - a= ° 
rtotats 8 Sai (1) Ans. Qr- 1 (2) Ans. (n— ) g"-} 
14 44 134 oo er 3( 1.) 
2+4t-— + otazr 27 +&. 1) Ans. 5— a=3. @ Ans. 5n—5 1-3). 


472 GEOMETRICAL AND HARMONICAL PROGRESSION. 


(7) Sum (s—a)+(s—atar)+(s—atar+ar')+&0.to m terms, and in 
inf., where sea. (Comp. p. 102.) 


nar" ar ar 
see alee | le e 
a) Ans. = (r—1)" (r' ) (2) Ans, (i—7) — i 


(8) Find the sum of (1°—1)+(2’—2)+(3°—3)+é&e. to m terms. 
Ans. 5 (a~ 1)n(n+1)(m+ 2). 


(9) Given 2—1+2(2—2)+3(a—3)+&c. to 6 terms = 14; find a. 
Ans. «= 5. 


(10) Find the sum of 14+2°+3+4°+5+6'+dc. to x terms, when & is 
au One name: Ans. aAC + 1)\(2x*+ 248). 


(11) The first term of a Geometric Series, continued in inf, is 1, and 
any term is equal to the sum of all the succeeding terms; find the series. 


1 
; Ans 1+5+3+5+ ute 


(12) Insert three Geometric Means between , and 9. Ans. 7 1, 3. 


(13) Insert seven Geometric Means between 2 and 13122. 
Ans. 6, 18, 54, 162, 486, 1458, 4374. 


(14) Insert two Geometric Means between and 2, Ans. : ; = 


27 Q° 3 
(15) The sum of an infinite Geometric Series is 3, and the sum of its 
first two terms is 22; find the series. 
2 2 4° 4 

Ans. Zatti or oe ar fa 

_ (16) There are four numbers in a.p., which being increased respec- 
tively by 1, 1, 3, and 9, are in a.p.; what are the numbers? 

Ans. 1, 3, 5, 7. 


(17) In a Geometric Progression, if the p+g term =m, and the 
p—g® term =n, shew that the p term = /mn, and the q™ term = m(=)*. 
ne if P be the p* term, and Q the qg™ term, shew that the x term 
=( oar (Comp. p. 102.) 


(18) Find the relation between a, 6, and c, that they may be the p*, 
q", and r* terms of a Geometric series. (Comp. p. 103.) 
Ans, ai "hb" PoP"! = 1. 
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(19) Required the sum of the first p terms of the series whose n™ 

e n Pi 
term is na+a", Ana. 4p +1)a+a." -. 
(20) Given = 2 the first two terms of an A.p., find the sum of 15 


terms; and if the same quantities be the first two terms of a a.P. find the 
15 
BAL OE aS ser a) Ans. 15. (2) Ans. {i -1}. 





3 


(21) Ifa, 6,c, dare quantities in G.p., prove that a*+6°+c?>(a—b+c)'; 
and that (a+b+c+d)' = (a+b)*+(c+d)?+2(b+c)*. (Comp. p. 103.) 


(22) If there be any number of quantities in a@.p., 7 the common 
ratio, and S the sum of the first m terms, prove that the sum of the 


products of every two = ——..,.5 (Comp. p. 104.) 


m—1° 

(23) Prove that in any ap. in which the common ratio is positive 
the sum of the first and last terms is greater than the sum of any other 
two terms taken equidistant from the beginning and end of the series. 


(24) If S, S, S,...S, be the sums of n terms of n Geom’. Prog™., of 
which all the first terms are 1, and common ratios 1, 2, 3,...n, respectively, 
shew that 

S++ 25,4 38 +...+ (2-1), = 1°4+ 274+ 34... 40" 


(25) The first two term- of a serics in Harmonical Progression are 
a, b; continue the series to three more terms. 


Rae oF ab ab ab 


2a—b’ 3a—2b’ 4a—36° 
(26) Given a and 6 the first two terms of an Harmonic Progression 


find the n™ term. ror ab 
' (n—1)a—(n—2)b° 
(27) Insert two Harmonic Means between 6 and 24. Ans. 8, 12, 


(28) Insert six Harmonic means between 3 and 59° 
8 6 3 6 8 

Ans. 1}, 4? Ti? 7? 17’ 10° 

(29) If a, b, c, be three terms in Harmonical Progression, @ and ¢ 

being supposed to have the same sign, shew that a°+c’>2b*. (Comp. p. 105.) 


(30) The sum of three consecutive terms in Harmonical Progression is 
ae. : 
1,);, and the first term is 53 find the series. 


1 1 1 Lt =f 
Ss. 9? 3” 4? &e. or 3? 4? 6? 
(31) Shew that the Arith®, Geom®’, and Harm’. Means between any 
two quantities are themselves in Geom’. Prog”. 


An &c. 
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(32) From each of three quantities in H.p., what quantity must be 
taken that the three resulting quantities may be in G.Pp. 4 
Ans. Half the 2™ term. 


(33) Ifa, 6, c be in s.p., and a, mb, c in G.P., then a, m*b, ¢ are in K.P. 


(34) If between any two quantities there be inserted 2n—1 Arith‘,, 
Geom‘, and Harm’. Means, the 2" Means are in a.p. (Comp. p. 105.) 


(35) There are four quantities, of which the 1" three are in Arith®, 
and the last three in Harm‘, Prog*., prove that the 1%; 2"9:: 3": 4% 

(36) If there be five quantities a,, a, a, @%, @,, such that a@,, a,, @, are 
in A.P., @, @, a, in GP. and a, a, a, in H.P., shew that a, a, a, are in 
ap. (Comp. p. 106.) 

(37) Find the relation between a, 6, and c, that they may be the p", 
gq, and 7* terms of an Harm’. Prog’. (Comp. p. 107.) 

Ans. (p—q)ab+(r—p)act+(q—r)be = 0. 

(38) If a, 6, ¢ be in ap, shew that log,», log,n, log, are in H.P, 
(Comp. p. 107.) 

(39) Find the sum of 27 terms of the series whose 2" term is 

sf/_1r\y" dr bh om fod 2) 
of [(—1)"+1]n+2}. (Comp. p. 107.) pom 2? (ap + 1)(2p+5), 


PERMUTATIONS AND COMBINATIONS. 


(1) THe number of Permutations of 2 things taken four together 
= six times the number taken three together; find x. Ans. 2 = 9. 


(2) The number of Permutations of 15 things taken r together = ten 
times the number taken r—1 together; find 7. Ans. r = 6. 


3) How many days ean 5 persons be placed in different positions 
about a table at dinner ? Ans. 120. 


(4) The number of Permutations of 21+1 things taken n—1 together 


: number of Permutations of 2n—1 things » together :: 3 : 5; find n. 
Ans. 1 = 4, 





(5) How many different sums may be formed with a guinea, a half- 
guinea, a crown, a half-crown, a shilling, and a sixpence? (Comp. p. 108.) 


Ans. 63. 


(6) In the Permutations formed out of a, b, ¢, d, e, 7, g, taken all 
together, how many begin with ab? How many with abc? How many 
with abed? (Comp. p. 109.) , 


a) Ans. 120. (2) Ans. 24. (3) Ans, 6. 
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(7) Of the Combinations of 10 letters, a, b, c, &c. taken 5 together, 


in how many will a occur? (Comp. p. 109.) Ans. 126, 
(8) How many different Permutations can be formed from the letters 
of the word ‘Algebra’ taken altogether ? Ans. 2520. 
How many from the letters of ‘Proposition’ ? Ans. 1663200. 


(9) At an election, where every voter may vote for any number of 
candidates not greater than the number to be elected, there are 4 candi- 
dates, and 3 members to be chosen; in how many ways may a man vote ? 


(Comp. p. 109.) Ans. 14, 


(10) From a company of 50 policemen 4 are taken every night to 
guard the police-station. On how many different nights can a different 
selection be made; and on how many of these will any particular man be 
engaged ? a) Ans. 230300. (2) Ans, 18424, 


(11) How many combinations are there of 52 things taken 13 together; 
that is, how many different hands may a person hold at the game of whist ? 
Ans. 635013559600. 


({2) Find the number of different triangles into which a polygon of x 
sides may be divided by joining the angular points. (Comp. p. 109.) 


Ans. n(n—1)(n—2). 
(13) Prove that the total number of different combinations of 7 things 
taken 1, 2, 3, ... n ata time is 2-1. (Comp. p. 198.) 


(14) The total number of combinations of 2n things = 65xthe total 
number of combinations of 2 things ; find x. Ans. n = 6. 


(15) Shew that the total number of combinations that can be formed 


out of +1 things is more than twice the number that can be formed out 
of v things. 





(16) If there be any unknown number of beans in a bag, prove that 
the chance of bringing out an odd number taken at random is greater 
than that of bringing out an even number, excluding the case of bringing 
out none at all. (Comp. p. 110.) 


(17) In how many ways can & persons be seated at a round table, so 
that all shall not have the same neighbours in any two arrangements ? 
(Comp. p. 110.) Ans. 2520. 


(18) Out of 17 consonants and 5 vowels, how many words can be made 
having two consonants and one vowel in each? (Comp.p.111.) Ans. 4080. 


(19) Find the number of words of 6 letters which can be formed from 
an alphabet of 19 consonants, and 5 vowels, each word containing two 
vowels and no more. Ans. 27907200. 


(20) Find the number of combinations that can be formed out of the 
letters of the word ‘Notation’ taken 3 together. (Comp.p.111.) Ans. 22, 
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(21) If there be two dice, one of which has ” and the other n+r faces, 
each die being marked in the usual manner from 1 upwards, find the 
number of different throws which can be made with them. (Comp. p. 111.) 


1 
Ans. gn+1)+nr. 


(22) Find the number of Permutations with repetitions (that is, allow- 
ing quantities which recur to be combined as if they were different) of 
things taken 7 together. Ans, 7’. 


(23) Find the total number of different combinations of ” things taken 
1, 2, 3, ... m together, of which there are p of one sort, g of another, 7 of 
another, &c. (Comp. p. 112.) Ans. (p+1)(¢+1)(7r+1).&e.—1. 


BINOMIAL THEOREM, &c. 


7 
(1) Expanp (a+5), (a—l)?, (2e—3y)', (5—40)*, and (1- =). 


a Ans. a+ 8a'b+ 2807+ 560°b?+ 70a1b'+ 560°b*+ 28a°b"+ 8ab7+ b°. 
@ Ans. a’—7a°b+21a°b—35a'b?+ 35a°b*—2107)*+ Tab —b". 

(3) Ans. 32a°~240a%y +7202°y?— 1080a°y*+ 81 0xy*—243y*, 

@ Ans, 625—20002z + 2400x*—12802°+ 256x . 


7.21 35 35 21 7 #1 
(5) Ans. a amr aie a ae ae 


(2) Required the coelPerint of x’ in the expansion of (#+a)*. Ans. 56a’. 


(3) Expand (Jas /b* ” Ans. a'+Gab+b'24(a+b) Jab. 
4) E d (1 3) ; Ans. Lape 2,1 ee 2 aA). 
(4) xpan ( 3): n 4% ak 16 one 


(5) Find the 5“ term of the expansion of (a*—6’)". Ans, 495a'°D*, 


(6) Find the 7" term of the expansion of (a*+ 3ab)’. 
Ans. 61236a"b’. 
(7) Find the 5" term of the expaosion of (3a°—72°)'. 
Ans. 13613670a‘x"’, 
(8) Find the 6" term of the expansion of (av+ by)". 
Ans. 252a°b*a'y’, 
(9) Find the middle term of the expansion of (a"+2")"*. 
Ans, 92402. 


(10) Find the middle term of (at +34), Ans. 70a%b* 


(11) 
(12) 
(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


(23) 
Theorem. 


(24) 
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Find the two middle terms of (a+a)". Ans, 1716a’x°, 1716a°a’ 


1 18 203 14 a8 
Expand ===. —ti‘«sACsgw. ——, 4 =. t+ tee tee 
a Ts — a" one (ax Bq Oak 81 a 





1 Gxt 2104 
Ans. a Seinen 


Ex 
pand ai a a 


1 


Find the middle term of the expansion of (1+2a)”. 


1.3.5...(2n—1) _, . 
Ans. ies. 2x". 


Find the r term of the expansion of (3a—2z)*. 
1.4.9...(5r—11) _, (2a\7 
Ans. —- 23... (re 1) (3 ays (F) ° 


1 
Expand rere to 5 terms; and find the 5+7|" term. 
wu —x 


ss. whine 13 x 3 wee 11 2% 44 a 
ANS Ba 25a” 125 a" Gap al 


1.6.11.16...... a. 20 p20 5 


Q) Ans, ———————___ ae 
12. SH chases (44+r) St Ghter’ 


Find the term which involves a'*b’ in the expansion of (a’+ 3ab)’. 
Ans. 78732a"b", 
Expand (a+2b—c)* by means of the Binomial Theorem. 
Ans. a'+6a7b + 12ab?+ 8b°— 3a’c— 12abc—1267¢ + 3ac*+ 6bc*—c*. 
Find the term which involves a*0’ in (7a*— 3ab + 46°)’. 
Ans. 777a°d’. 


Find which is the greatest term of the expansion of (1 + 3) 
Ans. The 2nd. 


11 
Find which is the greatest coefficient in (1+a)V2. Ans. The 5th. 


At what term does the series for (3 + PA )’ begin to converge ? 
Ans. The 3rd. 


Find an approximation to the cube root of 31 by the Binomial 
Ans, 3°14138. 


Find, an approximate value of ,/108. (Comp. p. 112.) 
Ans. 1°9520. 
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(25) Find the sum of 1+ 5 +B, z +d&c. 1, a, 8, y, &e. being the 
coefficients taken in order of the expansion of (a+6)*. (Comp. p. 113.) 


grtt 1 
Ans. : 
m+1 





(26) Prove that the coefficient of the r+1 term of (1+2)"*' is equal 
to the sum of the coefficients of the r® and +1 terms of (1+2)". 


(27) If a, 6, ¢, d, be the 6", 7, 8%, 9, terms respectively of an 





eee bac 4a 
expanded binomial, shew that apd Ga (Comp. p. 113.) 
me 3 
(28) Find the coefficient of x" in the expansion of 7 a . (Comp. 
p. 114.) Ans. =(n—6)(n'—-1). 


Pp 
(29) If r be the greatest whole number contained in . (a+x)’ has 
the first r+2 terms of its expansion positive, and the r+m*" of the same 


P eee 
sign as (—1)"; but (a—x)! has the first ++1 terms alternately positive 
and negative, and all the rest of the same sign as (—1)’**.. (Comp. p. 114.) 


(30) Given that the coefficient of the »+1 term of the expansion of 
aan n 
(1+)" is equal to that of the p+3” term, shew that p= 5-1. (Comp. 
p- 115.) 


(31) What is the meaning of (1+2)¥*? Has the Binomial Theorem 
been proved in any sense to extend to such a quantity ! 


32) If x>a, prove that the sum of all the terms of the expansion of 
(x+a)", after the first two, is less than (2"—-n—1)aa""'. (Comp. p. 116.) 


e@eees 


(33) If Pipe 1Np 8) fpoeey) be represented by », prove that 
(P+9), = BAP.LtR_9st+--+-+D,P,.+9, (Comp. p. 116.) 


(34) If ent DB) (ete) be represented by ,P, shew that 
ie yy ae = dale (Comp. p- 1 17.) 


(35) Prove that 
1.3.5...(@r—1) , 1.8.5...(2r—8) 3 1.3.5..(2r—5) 3.5, 
E ee ee 
is equal to 2°(1+7). (Comp. p. 117.) 


@eseaee 


BINOMIAL THEOREM, &c. 479 


(36) Shew that if ¢ denote the middle term of (1+2)”, then will 
t+t,+t,+...... = (1—4a)4. (Comp. p. 118.) 
(37) If x be very small compared with 1, prove that 


Ji+e+J/G—a _, 


5 
-~zxa nearly. (Comp. p. 119. 
l+at/1l+a 6” le Se a 
ee c= a—b, and is very small compared with a and 6, shew that 
a 


(natal = a—2c+3cx* nearly. (Comp. p. 119.) 


(39) If a be nearly equal to 1, shew tha me Ne eo nearly. 


m—n 
(Comp. p. 120.) 
(40) If a>b, prove that a*—b">nb""'(a—b) and<na"~'(a—b). 


a’ bt'—a? 





, and z is very nearly equal to 1, shew that 


Pp 
(nm) 


wade very nearly. (Comp. p. 120.) 


(42) If : =1+h, h being very small, find the value of 








- ) 
(2ax—2 +-—~s 4%, 
a. (Comp. p. 120.) Ans, 1+ -,—, nearly. 
(a? + b)8 a+b 


(43) If NV represent the x term of the expansion of a’, find m when 
the series begins to converge at that term; and shew that the sum of all 


the succeeding terms is less than (Comp. p. 121.) 


n—x.log.a- 


(44) Required the term involving * in the expansion of (1+2+2")”. 
Ans. 452%. 


(45) Required the term involving x* in the expansion of 
(1 + 20+ 320° + 4ach+...)% Ans. 43682", 


(46) Required the term involving ab’c° in the expansion of (a+6+¢)”. 
Ans. 90a*6’c*. 


(47) Required the term involving 6°c*’e(f in the expansion of 


(a+2b64+3c+4d+ 5e+6f)". Ans. 51030000000’c*e*/. 

(48) Find the coefficient of x‘ in (2+,/a—2)*. (Comp. p. 122.) Ans. 0. 

ie yz 5 « (eo xP 2° 

(49) Find the terms which involve = , and y’z, in (= at) 
80y2’ 





(Comp. p. 122.) a) Ans. — wo? Ans. —60°2. 
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Ds : b c¢ a\° 
(50) Find the coeff*. of = in the expansion of (a+5 +3 +=3)- 


(Comp. p. 123.) Ans. 66°d+15b*c?+120ab*cd + 60ab*c’ + 90a7b*d? + 1 5a7c% - 


60a*cd? + 180a7%be*c 
(51) Find the coeff*. of z’ in the expansion of (a+ bx +ca"+ &e. in inf.) 
(Comp. p. 124.) Ans. 4a°h+12a°%bg + 120°%of+ 12ab?/+4b%e+1 pote 
+ 24abce+12ac*d +1 2abd*+ 4bc* + 12b%cd 
(52) Find the coefficient of a* in (a+ba+ cx*)#, (Comp. p. 124.) 
Ans 3 bc aun Zs 
40 at 1602 


(53) Find the coefficient of a‘ in (1+ba+cexz?+dx*+&e.)“. (Comp. p. 125. 
Ans. 350‘—60b°c + 10c* + 20bd — 4e 


(54) In the expansion of J/a+ba+cau"+dx*+ex*+... find the coefficients 
of x* and x“. (Comp. p. 125.) 
-(d 2be 50° 
Ree eS, 
(1) Ans Ja \3a sat Fiat 
—- 2bd ct De 1 008° 
n Ans Jal SO + oa Sagat 
@) Ans, fa (3a Qa? Ga®* 274° 243" 
(55) In the expansion of (1+a”+2x?+3a°+...)? find the coefficient of a”. 
(Comp. p. 126.) Ans. z (n+ 110). 


(56) Find the coefficient of 2” in the expansion of (1+2x+327+...)’. 
(Comp. p. 127.) Ans. (rt 1)(r+2)(r+3). 
(57) In the expansion of (a,+4,7+a,2°+a,2°)*, find the number o 
terms. (Comp. p. 128.) Ans. 35. 


(58) Find the number of terms in the expansion of (a+b+c)’. 
(Comp. p. 128.) Ans. 36. 


(59) With » dice how many different throws can be made? 


Mas (n+1\n+2)(m+3)(n+4)(n+ 5) 


MISCELLANEOUS QUESTIONS ON SERIES. 


Write down the n™ term of each of the following series which proceed 
according to the law indicated by the terms given :— 
x" a? on} 


H #3 
iy. ee es eT 
(1) 1. 1.2°123° scale Pea 


(2) 1434+64104+154+21428+4......... Ans, 5r(n+1). 


(9) 
(10) 


same law, and verify the result, 


(11) 


n(n—1).. 
we (7-1) “\14+2e 


Creve een 


(13) 
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1+ 


a 
mae 
+ 


1.2.442.3.543.4.6+...... 
3x5 5x7 7x9 
1°x3? a 2°42” 32x 5? 


1.6.11 1.6.11.16.21 





1+ 

123 1.2.3.4.5 
FO 
5 8 11 14 °°" ° 
sa ea ee 
2.7.8 8.9.10 10.11.12 
19 aan 28 oo 39 ot 
— xX = +—-~—x 
1.2.3 47 2.3.4°8 3.4.5 16 


Pai, 2=34+5, = 


eee 8 ee 


eeeeene 


7+94+11, &c. 
(Comp. p. 128.) 


Ans. : 





n+ 1) 


Ans, n(v+1)(n+8). 
(2n+1)(2n+83) 
= n(n+2) 
1.6.11.16...(102—9) 
1.2.3.4... (2n—1) © 
vids 
" 8n+2° 
1 
ns. =... . 
(270 + 4)(27 + 5)(27 +6) 
: _(n+3/4+3 1 
* (n+ 1Xn+2) 20" 
Write down x’ after the 


Ans 


Ans. 


Find the first three terms of the series whose n+1 term is 
(n+7)(n—5) , 
(n+1)(n?+1)°~ 


(12) Find the n+1™ term of the series whose r™ term is 





(n—-r+2) f 2 yo 


Ans. —35, —16, —7}. 


x n 
Ans. (55) . 


ea the first three terms of the series whose 7** term is 


oe 1.4.7.. {Gre 2) 


1 eT TES, 


_ 93 7 tl 
Ans, 23, Ee 43°? 


EVOLUTION OF SURDS. 


Extract the square root of each of the following surds :— 


(1) 
(2) 
(3) 
(4) 


(5) 


Qn 


1§ —22x ee : 
»/27+2,/6. 
/32—-,/24. 
3,/5+,/40. 


(a 242, /ato—2attts "6 — 2a*b?+ 


Ans. *(/3-1). 
Ans, /12+4/3. 
Ans, /18—,/2. 


Ans. /204+.,/5. 


Ans. Ys (2-2) as +,/ab. 


31 
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6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 


(18) 


(19) 


(20) 


(21) 


EVOLUTION OF SURDS. 


° 
12a°b* 4a‘b* ab 8a a’b 
= Fa eae ane a 2 Cc 








ab -+4c'—d*+2,/4abc"—abd’. Ans, Jab+/4e—a 
Prove that Jbe+2b,/be—b' + bco—2b,/b0—5* is equal to +20. 

Extract the cube root of 7-5,/2. Ans, 1 —J% 

4.5 29,/2. Ans. 3%,/% 

148446,/11. Ans, 2/2{24+,/11- 

Extract the 4 root of 14+8,/3. Ans. J 7 

Extract the 5" root of 41 +29,/2. Ans. 1+,/¢ 

228 +132,/3. Ans. (1+,/3)</< 

Extract the 6" root of 2889—1292,/5. Aus. ,/5-2 

Extract the 7" root of 239+ 169,/2. Ans. 1 +,/ 2 

Extract the square root of 9+2,/34+2,/5+2,/ 15. 


Ans. 1+,/3+,/5 
Extract the square root of 6+2,/2+2,/34 2,/6. 
Ans. 1+,/2+,/3 


= 4 2 
Shew that =) is equal to v2 ~. (Comp. p. 129.) 


+,/3 14+,/3 
If c= Tr Jags r—Jrsg, shew that 2*+39a—2r = 0. 


Prove that /2+,/8 may be expressed by J 1+ xf ees eet 


Does it follow that /2+,/8 is “impossible” ? 


(22) 


Prove that /,/b+a may be reduced to the form /a+ JB, wher 


1— isa complete square. 


b 
(23) 


(24) 


Prove that (20+,/392)3+(20—,/392)3 is equal to 4. 


es aaemnemnmmmnnrnmneeaccetmenennemennent 


aa aownremmmmeinamendias os wa 3 aay, cote S, es 
OE ae EY RE AR e 
Ame a7 * 3 737” and r = 0, 








Ife@= 


shew that the values of x are 0 and +,/g. (Comp. p. 129.) 
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(25) If (x2 {o-y-(a-aip}ec’, and p=, /¥ 1 —"Y,, prove that 
J (b-y)a—Ja—a)y xs (Comp. p. 129.) 


(26) Given 2{x°+y'—x—-y}+1=0; find the real values of a and Y. 


(Comp. p. 130.) oe nek, y=. 


(27) Given (a+y/—1)*=a+6,/—1; find the real values of x and y. 
(Comp. p. 130.) =,/3 F = Ji Jab a 3 
Ans. “= 5a +b +4); y= 5 (/a" +b°—a). 


(28) Given =e =, find wand y. (Comp. p. 180.) 


5,/-1-2 8x+ 3y.f— 
Ans, =1, y= 3. 


(29) Find the relations subsisting between a, 6, c, d, when the square 


root of at+Jb+Jc+Jd can be expressed in the form Jars B+a/y. 
(Comp. p. 131.) 


Ans. Each of the quantities ae ei oe ; Re rational, and 


the sum of them equal to 2a, 


INDETERMINATE COEFFICIENTS. 


By the method of Indeterminate Coefficients shew that 
8+2e 3 11 7x1l, 7x1l , 7xil, 


= m—_ een 4. 


OD Gaye 6 gh ee age 














(2) aay = 174 27,004 B70? + At Saft... 


x+3 4 1 
(3) Gx1)(er8) = Rent) ~ 342)" 


e+] 3 1 
(4) a(e—2) 2(x—2) Qa’ 


1 1 1 
() (ar Batab = (@—bie—a) (a—bye—6)" 


(6) x+)1 5 4 
— or , 
w—Tx+12 «2-4 x3 


32-5 


1 
(7) x*—62+8 


pe ee 
2° a—4 


1 


“ga-—, 


wo 


wl 


312 
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(Sy ag. 
(w+1)(@+2)(e+3) Qae+l) x+2° Wae+3)’ 
(9) Sx*—T2+6 2 1 3 
(a—1)° (a—1)® (a— Tal xz—1" 
1 1 1 1 
M70) wat 4c" (a +2) - 40"(&—x) i 2a7(a*+ ac) * 
x—x2+1 1 2 3 
(1) Best) "2 et at 
(12) dad = x+(a—b)x*+(a*—ab—c+d)ar+...... 
1—ax’*+ca* 
1 1 1 1 x—2 e492 ae 
(19) Fi "Blaci-asi*# "e+ tat 
a eg 
(x—a)(u—b)(x—c)  (a—b)\(a—cl(x— a) (b—a)(b—c)(x—6) 


c+pet+g 


Ten (c—a)(c— Y(e—b)(«—c)’ 
Site Sie 
(15) 1424+2°4+2 veoone LOY Sith aa eseoesd 


(16) Resolve 72*—62—1 into two factors of the first degree. 
‘Comp. p. 132.) Ans. («—1)(7«#+1). 


(17) Resolve 22°—2lay—11ly*’—x+34y—3 into factors of the first de- 
gree. (Comp. p. 132.) Ans. («—lly+1)(2e+y—3). 
(18) Given y = av+b2*+ca*+da*+..., find x in a series of powers of y. 
1 6 2b°—ac , 5b°—5abe+a’d 
Ans, «= ~~ aut aaa ea ‘ 





19) Given 7°—axy—b* = 0, find y in a series of powers of x. 
K Y ? Yy 
A J -_— b+ an _ ax" + “ae! 
ns, Y —_ 36 31h 5 3557 °"° 


; | 1 ‘ . 
(20) Given # = n—=n'+ stints... , find 7 in a series of powers of x. 


2 3 4, 
on” oct 


is 
Ans nett+roties+ieaat 


(21) Given «= 2z— Bett ema and y = z,/1—y’, find y in a series of 


yowers of x, 3 5 


x 


H 6 
Aaa ape 
Me Y=%—TostTes4as 


CONTINUED FRACTIONS. 48? 


CONTINUED FRACTIONS. 


(1) Fron a series of fractions converging to a ; also = ° 
1 22 23 114 112 7 16 
m Ans 3) 67? 70? 347° a Ans. 5) 4) 7 a5 57 


4 j . 
(2) Express os in a continued fraction, and find the convergents. 
Ans. The quotients are 2, 1, 2, 2, 1, 3, 2. 
1 1e3 7 #10 = 37 84 
The convergents are — 2’ 3? 8’ 19 27’ 100’ 227 
(3) Find the convergents to the continued fraction whose quotient 
arc, 1, 4, 9, 2, 1, 1, 4 
rer 1 5 46 97 143 240 1103 
"1? 4? 87’ 78’? 115’ 193’ 887 
(4) Find a series of fractions converging to ,/2 ; also to ,/45. 
1 3 7 17 = 41 7 20 47 114 


a Ans. =, @’? 5? JQ? 99? &: @) Ans. ee Lee 7) 7? 


34/7 


(5) Express aria in a continued fraction. 
Ans. The quotients are 2, 1, 4, 1, 1, 1, 4, & 
(6) Find the convergents to 0:2422638...... 
Agee ey ee ee, le ge 
4? 29? 33’ 161’ 194? 
(7) rom the last example deduce an explanation of the Julian an 


Gregorian corrections of the Calendar, having given the true length of th: 
year to be 365°2422638...... days. (Comp. p- 133.) 


&o. 


bund 


&ec 


55 ,. 
(8) Prove that ~ differs from 3:14159 by a quantity less than 0°:00001 


(9) The lunar month, calculated on an average of 100 years, is 
27°321661 days. Find a series of vulgar fractions approximately neare 
and nearer to this decimal fraction. 

Ans, 2%, 82, 765 3907 

"17 8? 28? 143? 

(10) The sidereal revolution of Mercury is 87-969255 days; and that 

of Venus 224°700817 days. Represent these quantities approximately by 
less numbers. 


&c. 


281 
Ans. For Mercury alt ; 7 ; se , &e. 
224 225 674 1573 


For Venus —— ceo Se oe Ke. 
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(11) Find the least fraction with only two figures in each term, ap- 
1947 Ane 
3359" 19° 

(12) Given 2*= 6, required x in the form of a continued fraction ; 
and find the convergents. 


proximating to 





2 3 5 13 31 
Ans, x = 2+ Convergents are qi go Br ee qe? &c. 
1+— > 
145+... 
(13) If ae =<, find x. (Comp. p. 134.) Ans. 0:53. 
(14) If 3°=15, find a. Ans. 2°465. 
(15) If (5) = 2, find «. Ans. 0°787. 


(16) Approximate by continued fractions to the roots of the equations, 
a) 52°-3 = 0, Q) 2—5e+3=0. (Comp. p. 135.) 
3B 4 27 B81 213 244 
5’ 5’ 35” 40’ 275’ 315’ 
alas 222) ie 
"1? 3’ 10’ 33’ 


qa) Ans. 


v 


2 7 23 


I 
&c. and 1? 3° 10’ 33° &e. 


88 
io a3 and that 


e * . e 1 

t differs from the latter fract b tity less th 

i atter fraction by a quantity less than 2x505x1202 
(Comp. p. 136.) 


-- and less than ia 


(17) Shew that ,/5 is greater than a 
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(1) 142%-—5y = 7; find the least positive integral values of # and y. 
Ans. x = 3, y= 7. 


(2) 27x+16y = 1600; ........ . somes Ans. «© = 48, y = 19. 
(3) 19@—-LI7Ty= 115 ose isan Ans. «= 56, y= 9. 


(4) 3xu+5y = 26; find al/ the values of x and y in positive integers. 
Ans, ©=7,2. yol, 4 


(5) llav+13y=190; ... re ee .. Ans. 2=9, y= 7. 
(6) 13e+16y=97;  ... re a .. Ans. c= 5, y= 2, 
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(7) 11la+7y= 108; find all the values of 2 and y in positive integers. 
Ans. «= 6, y= 6. 


(8) Shew that there is no solution in whole numbers for the equation 
40a—35y = 11. 


(9) Given « = 4, y= Q, one solution of 2a+3y = 35, find all the solu- 
tions in positive integers, 


ro te 1, 4, 7, 10, 13, 16. 

y=11, 9, 7, 5, 3 1. 

c=l, 2, 3, 

Ae find 2, ¥, % Ans. 4y=5, 8, 1, 
z= 8, 4, 5, 


(10) Given 7+2y+3z = 2 
and 4x%+5y+62 = 


(11) Given 62+7y+42 = 122 


and 1lx+8y—6z = See find x, y, %. 


Ans. ©=9, y= 8, 2=38. 


(12) Find all the positive integral solutions of 20x—2ly = 38, and 
By +42 = 34, Ans. c=4, y=2, 2=7. 


(13) Find all the positive integral solutions of xy+x* = 2%+3y+29. 
(Comp. p. 137.) Ans. w= 4, 5. y= 2, 7% 


(14) Find all the positive integral solutions of 7ay—5xa = 3y+39. 


Ras r= 1, 3, 5, 21, 
‘ly#Ill, 3, 2, 1. 


(15) Find the number of solutions of 11%+15y = 1031 in positive 


integers. Ans. 7 
(16) Find the number of solutions of 3x+7y+172 = 100 in positive 
integers. (Comp. p. 137.) Ans. 12. 
(17) Find the number of solutions of 20x+15y+6z = 171 in positive 
integers. Aus. 6. 
(18) Find two fractions having 7 and 9 for their denominators, and 
thei ae Ans eo 
eir sum &; - 79° 
(19) Find three fractions with dendminators 3, 4, and 5, of which the 
133 Agia 2 3 4 
sum is 60 ° 3 9 4 3 5 ° 
; ‘ . 401 2 3 A4 
(20) Find the three fractions whose sum is aie Ans. Bo? 9° 


(21) Find a number which upon being divided by 39 gives a re- 
maindcr 16, and by 56 a remainder 27. Ans. 1147, or 3331, or &e. 
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. (22) Find a number consisting of two digits which shall be equal to 
four times the sum of the digits. Ans. 12, or 24, or 36, or 48. 


(23) Find the least number which, upon being divided by 11, 19, and 
29, gives the remainders 3, 5, and 10, respectively. Ans. 4128. 


(24) Find a number less than 400 which is a multiple of 7, and upon 
being divided by 2, 3, 4, 5, 6, always leaves 1 for a remainder. Ans. 301. 


(25) Shew that the solution of ax+by = c in positive integers is always 
possible, if a be prime to 6, and c>ab—(a+b). (Comp. p. 138.) 


(26) In how many different ways is it possible to pay £20 in half- 
guineas and half-crowns! Ans. 7. 


(27) A certain sum consists of £2. y shillings, and its half of 
Ly. x shillings; find the sum. (Comp. p. 139.) Ans. £13. Gs. 


(28) Find two numbers such that their sum shall be equal to the sum 
of their squares. - 


ne ee 26 20 5 15 
peas ke ee a a 
(29) What value of x will make az*+bxz+c*? a complete square ? 


(Comp. p. 139.) Pe ee: bn?—2emn 


, or &e. 


m—an® * 
(30) What integral values of 2 will make 22°+2%+8 a complete square? 

(Comp. p. 139.) Ans. 8, —4, —1, and 23. 
(31) What value of & will make b°-4ac a complete square? 


a Ans. O6= am+ — : 


(32) Find three square numbers which are in Arithmetic Progression. 
(Comp. p. 140.) Ans. (m?—n*—2mn)’, (m?+n’*)’, (m?—n?+2mn)*. 


SCALES OF NOTATION. 


(1) 17486 is in the denary scale, find the equivalent number in the 
senary scale. Ans, 212542. 


(2) 215855 is in the denary scale, find the same number in the 
duodenary scale. Ans. t4tee. 


(3) 3¢4e2 is in the duodenary scale, find the same number in the 
denary scale. Ans. 80198 


(4) Transform 15384 from the senary to the denary scale. Ans. 418. 
(5) Divide 14332216 by 6541 in the scptenary scale. Ans. 1456 
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(6) Divide 95088918 by é£4 in the duodenary scale. Ans. t4tee. 
(7) Multiply 64ft. Gin. by 8ft. 91 in. Ans. 565ft. 8’. 7”. 6”. 


(8) The difference between any number (in the denary scale) and that 
formed by reversing the order of the digits is divisible by 9. Prove it. 


(9) Extract the square root of 25400544 in the senary scale. 
Ans. 4112. 


(10) Extract the square root of 32e75721 in the duodenary scale ; and 
then verify the result by squaring it. 


Ans. 62¢ée. 
(11) The number 124 in the denary is expressed by 147 in another 
scale, required the radix of the latter. Ans. 9. 


(12) In what scale of notation will a number that is double of 145 be 
expressed by the same digits? (Comp. p. 141.) Ans, Radix = 15. 


(13) Find the scale to which 24065 belongs, its equivalent in the 
denary scale being 6221. Ans, Radix = 7. 


(14) The area of a rectangle is 20ft. 4in., and its length is 12ft. 8in.; 
find its breadth. Ans. 2ft. 3in. 6. 


(15) The area of a rectangle is 971 ft. 120in., and breadth 24f¢. Qin. ; 
find its length. Ans. 39ft. 3in. 2’. 3”. &e. 


(16) The area of a square is 17ft. 54in., what is the length of the side? 
Ans. 4ft. 2in. 0. 2”. 10”. &e. 


(17) What is the cube of 6ft. 6in.? Ans. 274ft. 1080in, 


(18) Prove that any number of 4 digits in the denary scale is divisible 
by 7, if the first and last digits be the same, and the digit in the place of 
hundreds be double that in the place of tens. 


(19) Any number is divisible by 4, if the last two digits, taken in 
order to form a number, be divisible by 4. 


(20) Any number is ‘divisible by 8, if the number, consisting of the 
last three digits in order, be divisible by 8. 


(21) There is a certain number consisting of two digits, which is equal 
to four times the sum of its digits; and if to the number 18 be added, the 
digits will be reversed. What is it? Ans. 24. 


(22) There is a certain number, a multiple of 10, which exceeds the 
sum of its digits by 99; find the number. Ans. 100. 


(23) Prove that the sum of all the numbers which are composed of the 
same digits is divisible by the sum of the digits, when the digits are all 
different. 
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(24) “Find the greatest and the least numbers of 4 digits in the senar, 
scale, as expressed in the denary scale. Ans. 1295, 21€ 


(25) A certain number consists of two digits such that when the digit. 
are reversed the number is divisible by 3, and is to the former number a 
23 : 32. Required the number. (Comp. p. 141.) Ans. 9€ 


(26) Any number consisting of an even number of digits, in a syste 
whose radix is 7, is divisible by 7+1, if the digits equidistant from eacl 
end are the same. 


(27) If N, WV’, be any two numbers in the denary scale composed o 
the same digits differently arranged, prove that V~’ is divisible by 9. 
(Comp. p. 141.) 


(28) The square of any number which has less than 10 digits, (in the 
denary scale) each of which is 1, will, when reckoned from either end, fori 
the same Arithmetic Progression whose common difference is 1, and greates’ 
term the number of digits in the root. 


PROPERTIES OF NUMBERS. 


(1) Prove that »* divided by 4 cannot leave 2 for a remainder, 7 being 
any of the natural numbers. (Comp. p. 142.) 


(2) No number can be a square which has any one of the numbers 2, 3 
7, 8 for its last digit. 


(3) Prove the following properties of a square number :— 
a) A square number cannot terminate with an odd number of ciphers 
(2) Ifa square number terminate with 5, it must terminate with 25. 


(3) If a square number terminate with an odd figure, the last figure bu 
one will be even; and if it terminate with any even figure excep 
4 or 0, the last figure but one will be odd. 


4) No square number can terminate with two figures the same, excep 
they be two ciphers, or two 4’s. 


(4) Any number divided by 6 leaves the same remainder as its cub 
divided by 6. 


(5) Ifm be any odd square number greater than 1, prove that (m+3)> 
(m+7) is divisible by 32. 


(6) If each of the quantities a, 6, m be a whole number, shew tha 


{2a+(n— 1)}5 is always a whole number. (Comp. p. 142.) 


(7) Shew that every perfect cube number is of one of the forms 4m, 0: 
Ay ae 1, 
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(8) Shew that 2°—52z"+42 is divisible by 120, whatever positive whole 
number x may.be. (Comp. p. 143.) 


(9) Shew that = (eat +04 8) is a whole number, if x be odd. 
(Comp. p. 143.) 
(10) The difference of the squares of any two odd numbers is divisible 


by 8; and the difference of the squares of any two prime numbers, of which 
the less exceeds 5, is divisible by 24. 


(11) If ke any whole number, one of the three n’, n*+1, n?—1 is 
divisible by 5. 


(12) If nm be an odd number not divisible by 7, either n?+1, or n?~1 is 
divisible by 14. 


(13) Shew that, when m is any even number greater than 2, m*(m*—4) 
is divisible by 192; and, when m is any odd number greater than 8, 
mm*—1)(n’?—Q) is divisible by 1920. 
v—J 


(14) Ifmn be a prime number greater than 3, Fr 


(Comp. p. 143.) 





is an integer. 


(15) Ifa and 6 be prime numbers, the number of numbers prime to ab 
and less than wb is equal to (a—1)(b—1)-1. 


(16) Ifthere be two binomials cach of which is the sum of two squares, 
their product is the sum of two squares. (Comp. p. 144.) 


(17) Neither the sum nor the difference of two irreducible fractions, 
whose denominators are different, can be an integer. (Comp. p. 144.) 


(18) If be any number, and a the difference between 7 and the next 
greater square number, and 6 the difference between nm and the next less 
square number, shew that 1—ab is a square. (Comp. p. 144.) 


(19) Prove that the product of two different primes cannot be a square. 
(Comp. p. 145.) 


(20) Decompose 831600 into its prime factors; and find the multiplier 
which will make it a perfect cube. 


a) Ans. 11x7x5?x2*x3*, e Ans. 118580. 

(21) Find the number of divisors of 1000. Ans. 16. 
(22) Find the number of divisors of 30030. Ans. 64. 
(23) If WV is a number of the form ab", where @ and 6 are prime 
numbers, shew that J. “— ; ee is the number of integers not greater than 


N and prime to it. (Comp. p. 145.) 


a) How many numbers are there not greater than 100 and prime to it? 


Ans, 40, 
(2) How many less than 360 and prime to it? Ans. 96. 
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24) Jf one number (A) have exactly as many places of figures as 
another (2), and also have more than the first half of its figures identical 


with the corresponding figures in B, shew that the difference between SA 
and ,/B will be less than = if m be any whole number not less than 2. 
(Comp. p. 146.) 

VANISHING FRACTIONS. 











r— ~ 1 
(1) Finn the value of Ve-Ja+ Jama when x = a. Ans. 
Jaa {2a 
3 3 
(2) Find the value of 7, when a =, Ans. 3° 
(3) Find the value of ss when a = 6. Ans. ~ a". 
, a” te r+1 y+] 
(4) Find the value of at(a—b) when a = b. Ans. oe 
2 
(5) Find the value of antee) when x = 0. Ans. _— : 
” 
ae many Pe 
(6) Find the value of J 2aa~at— Jas when x = 4a. Ans. 5a. 
a— fax 
3 2 2A 3 
(7) Find the value of si Rd when « = a. Ans. a ; 


when 2 = 0. 


Ans. fa. 





: 2 TT, ea 
(8) Find the value of Ja?+ax+a'—Ja —AXL+2 


a+a—Ja—a 


(9) Find the value of Jit+a-w atta+ Jara" 


~—_____*_. when “2 = @. 


Jar—x* 
- Js 
ns. yeceatcaar | 
3a 


CONVERGING AND DIVERGING SERIES. 


ce 
1) Prove that 1+~—+— +——— 
(1) OVE that tet ao yea 
some point for any value of x, however great. 





‘gta will begin to converge at 


__ (2) Shew that the series for (1+2)", given by the Binomial Theorem, 
will always be “convergent” when x<1; and determine after how many 
terms the convergency will begin. (Comp. p. 147.) 


Ans. After r+1 terms, r being the next whole number which ae 
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(3) Shew that both the following series are convergent; 


a) 1 rea ae (2) & es a 
(a*(a [er Cae ee 
and if 2 = 264, at which term will the former series begin to converge! 
(Comp. p. 148.) i 
DS. 7556" 
_ (4) In the expression aa"+bz"~'+cx"~*+...... if a be any fixed quan- 
tity however small, and 0, c, d, &c. any fixed quantities however great, shew 
that 2 may be taken so great that aa” shall contain ba"~'+ca""*+...... as 
many times as we please. (Comp. p. 148.) 
(5) How small must x be taken, so that the third term of the infinite 


series 1+ S.c+ 527+ 7a"+...... mmay contain the sum of all that follows 500 
times at least? (Comp. p. 149.) 








1 
Ans, e< 702" 
LOGARITHMS. 
Appiy the Logarithmic Tables to find, 
(1) 2%, Ans. 18446750000000000000. 
Cael seca Ans. 83069°32. 
76x17 : 
(3) /235°78. Ans. 2°485522... 
(4) (3) Ans. 11°86322... 
; 
(8) / S46 Ans, 1:295695... 
(6) */132x(7'356)" Ride TAU SOHat 
w/(3:25)° 
_1:05)'-1 Ans, 5°79... 
(7) (05) x0-05 


°/ 7233 Ans, 0'17577... 
(8) Ge 


(9) £15. 78. 33d.x(103)™. Ans. £67. 7a. 1d. 

(10) Given 20° = 100, find «. Ans. % = 1°537244. 
log a—logb 

(11) Given e*=a.b"™", find x. Ans. % = —® g 


miloge—nlogb- 
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log =(1+4/5) 
2 
(12) Given a“+a"%=a™, find x. Ans. «= a ° 


; log 5(b=,/6-4) 
( 8) Given a*+ ae 6, find «. Ans. 2 = —— : 


4ar.logb 


(14) Given (./a°)? =b*-", find x. Ans. = aeleb loge) 


(15) Given a =y*, and 2 =y’, find x and y (Comp. p. 150.) 
Ans, 2 = Eye, y= (BE). 
q q 


(16) Given 3%. 5°°~*= 77-11", find x. (Comp. p. 151.) 
Ans. x = 1°242073... 
(17) Given (a*—2a°b’+0*)"" = a find x (Comp. p. 151.) 
Ans. «= Weer? . 
loga+6 
(18) Given 57*’—5°~°+144 = 4739— 5°45 — 5*~*, find x. (Comp. p. 151.) 
Ans. 4°25. 


(19) Given 5x3°—3x2" = 30000, 


° ) 5 ° 
and = 3x3°+6x2! = rg finde and ge. (Comp. Di 122) 


a = 7°94, 
" ly = 8-002. 


(20) Given 3%°-47+5 = 1200, find x (Comp. p. 152.) 
Ans. © = 4°33, or —0°33. 


Given a'.a’.a°.a’.&c. = p, find the number of factors a’, a’, a’, é&c. 


(21) 
(Comp. p. 152.) 
Ans. , [ioe : 
loga 





INTEREST AND ANNUITIES. 


(1) Waar principal put out at simple interest for 3 years, at the rate 
of 5 per cent. per annum, will amount to £8287 Ans, £720. 


(2) A person borrows £450 at 5 per cent. simple interest, and re- 
turns for it £517. 10s.; for what time was it lent? Ans, 3 years, 
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(3) A person returns £610 for the loan of £600 for one month, 
what is the rate of interest allowed ? Ans. 20 per cent. 


(4) What will a capital of £12000 amount to in 10 years, at 6 per 
cent. per annum compound intcrest, the interest being paid half-yearly ? 


Ans. £21673. 6s. 2d. 


(5) Prove that the amount of £1 in n years at compound interest is 
given within less than a farthing by the first four terms of the expansion 
of (1+7)"£, the rate of interest being not greater than 4 per cent. and 
” not greater than 10. (Comp. p. 153.) 


(6) Find in what time a sum of money will double itself, put out 
at 5 per cent. per annum, reckoning compound interest. Ans. 14°2 years. 


(7) Find in what time at compound interest, reckoning 5 per cent. 
per annum, £100 will amount to £1000. Ans. 47:194 years. 


(8) What is the amount of one farthing, for 500 years, at 3 per cent. 
per annum, compound interest 4 Ans. £2731. 28. 54d. 


(9) Shew that the common rule for determining the equated time of 
payment of several sums due at different times is in favour of the payer. 


(10) Required the discount on £160 for a quarter of a year, reckoning 
interest at the rate of 5 per cent. per annum. Ans. £1. 198. 63d. 


(11) What will be the amount of £1212 per annum left unpaid for 
76 years, reckoning 4 per cent. per annum compound interest ? 


Ans. £566702. 14s. 4d. 


(12) What will an annuity of £250 amount to in 7 years, paid half- 
yearly, allowing 6 per cent. per annum simple interest? Ans. £2091. 5s. 


(13) What annuity improved at the rate of 8 per cent. per annum, 
compound interest, will at the end of 10 years amount to £3000 ? 


Ans. £207. 1s. 9d. 


(14) What is the present value of an annuity of £20 to continue for 
40 years, reckoning interest at the rate of 6 per cent. per annum / 


Ans, £300. 188. 6d. 


(15) An annuity of £20 for 21 years is sold for £220; required the 
rate of interest allowed to the purchaser. (Comp. p. 154.) 


Ans. £6. 16s. 5d. per cent. nearly. 


(16) Ifa lease of 551 years be purchased for £100, what rent ought to 
be received, that the purchaser may make 54 per cent. per annum for his 
money ? Ans. £5. 16s. 
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(17) Anannuity A is to commence at the end of p years, and to con- 
tinue g years; find the equivalent annuity to commence immediately and 
to continue g years. (Comp. p. 154.) ae 

ns. Ng @ 

(1+7)? 


(18) The discount on a promissory note of £100 amounted to £7. 10s. 
and the interest made by the banker was £5°405405... per cent.; find the 
interval at the end of which the note was payable. Ans. 14 years. 


(19) <A person puts out P£ at interest, and adds to his capital at the 
end of every year 7 bh part of the interest for that year ; find the amount 


at the end of m years. (Comp. p. 154.) dea B fe i ge 34 


(20) The lease of an estate is granted for 7 years at a pepper-corn 
rent, with the condition that the tenant at the expiration of the lease may 
renew the same on paying a fine of £100. What is the value of the land- 
lord’s interest in the estate immediately after any such renewal, allowing 
compound interest at the rate of 5 per cent. per annum ? 

Ans. £245. 12s. 10d. 


(21) A person spends in the first year m times the interest of his pro- 
perty ; in the second 2m times that of the remainder; in the third 3m 
times that of what remained at the end of the second; and so on. At the 
end of 2p years he has nothing left. Shew that in the p™ year he spends 
as much as he has left at the end of that year. (Comp. p. 155.) 


(22) The reversion of an estate in fee simple producing £60 a year is 
made over for the discharge of a debt of £577. 48. 5d. How soon ought 
the creditor to take possession, if he be allowed 5 per cent. per annum 
interest for his debt ? Ans. 15 years. 


(23) A person puts his whole fortune P£ out at interest, at the rate of 
r£ per 1£ per annum, and requires for his annual expences p£ more than 
the whole interest of P£. In how many years, at this rate, will he have 
spent the whole? and if, when he has spent half his capital, he dimi- 
nishes his expenditure one half, how much longer on this than on the 
former supposition will he continue solvent? (Comp. p. 155.) 


Pr 
(FS +p) —logp 


(2) Ans. log —— : 


log Pr+p—logp 
logi+r logl+r 





(a) Ans. 


(24) Find the present value of an annuity of £20 a year, to commence 
in 10 years, and then to continue 11 years, reckoning 4 per cent. per 
annum compound interest. Ans, £118. 78. 34d. 


(25) What sum ought to be paid for the Reversion of an annuity of 
£50 for 7 years after the next 14, that the purchaser may make 6 per cent. 
per annum of his money ? Ans. £123. 9s. 1d. 
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(26) Ifa person purchase the Reversion of an estate after 20 years for 
£500, what rent ought it to produce that he may make 6 per cent. per 
annum of his money # Ans. £96. 48. 3d. 


(27) A debt of a£ accumulating at compound interest is discharged ir 
log (1 —mr) 


a : 
m years by annual payments of me 3 prove that n = — Tene reyi 


(28) If 44, M, represent the sums to which an annuity would amount 
in 7 years at simple and compound interest respectively, prove that 
2 mr ACs 1)r+2 
MM, 2° G+ry-1- 
(29) If two er eee sie have an equal interest in a freeholc 
estate worth p£ per annum, but one of them purchase the whole to himsel 
by allowing the other an ne annuity of g£ for 2 years, shew that 


(30) If P represent the population of any place at a certain wee anc 











every year the number of deaths is — th, and the number of births th, O: 


the whole population at the fepitu ne of that year; required the amoun’ 
of the population at the end of 2 years from that time. (Comp. p. 157.) 


Ans. PS] +Poa} 
(pq 


(31) In the last problem, if p = 60, and g = 45, shew that the popu- 
lation will be doubled in 125 years, nearly. (Comp. p. 157.) 


(32) What must be the annual increase in the population of any 
country, that it may double itself in a century ? 


] 
ae ¢ th 
Ans. Between wi gid and —— aa i 


CHANCES, AND LIFE ANNUITIES. 


(1) Wuat is the chance of drawing the four aces from a pack of cards 
in four successive trials? (Comp. p. 158.) Aon 1 
" 270725 © 


(2) There are 4 white balls and 3 black placed at random in a line 
find the chance of the extreme balls being both black. (Comp. p. 158.) 


1 
Ans, — 
ale 


(3) Of two bags one contains 9 balls, and the other 6, and in each bag 
the h-" . are marked a, 8, c, d, &c. If one be drawn from each bag, wha 
j- 4 chance that the two will have the same letter-mark ? (Comp. p. 158. 


1 
Ans. 9 
32 
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(4) A plays one game with B, and another with C’; the odds that he 
does not win both games are 4 to 1; the odds that he beats B are 3 to 2. 
What are the odds in his game with C? (Comp. p. 159.) 


Ans. Odds against him 2 to 1. 


(5) From a common pack of cards 12 are dealt to as many persons, 
one to each, the cards collected, shuffled, and the same repeated. What is 
the chance that a given person will on both occasions have the same card 
dealt to him? What is the chance that the two cards dealt to him will 
have the sum of their numbers equal to 32 (Comp. p. 159.) 


1 
a) Ans. (2) Ans. 


2 
52° 169° 
(6) Two dige are placed together at random so as to form a parallclo- 
piped : determine the chance that two or more adjacent faces will have 


the same marks. (Comp. p. 160.) Aga. ae 


(7) From a bag containing 2 guineas, 3 sovereigns, and 5 shillings, a 
person is allowed to draw 3 of them indiscriminately : what is the value of 
his expectation? (Comp. p. 160.) Ans. 323'5 shillings. 


(8) A shilling is thrown upon a chess-board, a square of which will 

just include 4 shillings, find the chance of its falling clear of a division. 
Pp. : 1 

(Comp. p. 161.) Ans. =. 
A 

(9) Three men, 4, B, C, in succession throw a die, on condition that 

he who first throws an ace shall receive £1; what are the values of their 

several expectations? (Comp. p. 161.) 


Ans. A’s = 7s. 103%d. Bs = 6s. Tid. C’s = 5s. 5§ 8d. 


(10) There are 5 persons, out of which 4 are going to play at whist. 
They all cut, and the lowest sits out. What is the chance that two speci- 
fied individuals will be partners? (Comp. p. 161.) 1 

Ans. 5° 


(11) There is a lottery containing black and white balls, from each 
drawing of which it is as likely a black ball shall arise as a white one, 
what is the chance of drawing 11 balls all white? (Comp. p. 162.) 


Ans, 2048 ° 


(12) There is a lottery of 10 green, 12 white, and 14 red balls. Let 
2 have been drawn, what is the probability that they will be green anc 
white? (Comp. p. 162.) Ans. 17 to 4 against it. 


(13) A die is thrown time after time: in how many times have we ar. 
even chance of throwing an ace? (Comp. p. 162.) 


Ans. Not quite an even chance in 3, but more than even in 4, times 
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(14) Two witnesses, on each of whom it is 3 to 1 that he speaks truth, 
agree in affirming that a certain event did happen, which of itself is equally 
likely to have happened or not. What is the chance that the event did 
happen? (Comp. p. 163.) Ans. 9 to 1. 


(15) A speaks truth 3 times out of 4, B 4 times out of 5, C’ 6 times out 
of 7; what is the probability of the truth of what A and B agree in 
asserting, but which C' denies? (Comp. p. 163.) Ans. 2 to 1. 


(16) Thirteen persons are required to take their places at a round 
table by lot; shew that it is 5 to 1 that two particular persons do not 
occupy contiguous seats. (Comp. p. 163.) 


(17) P bets Q £10 to £590 that three races will be won by the three 
horses A, B, C, against which the betting is 4 to 1, 3 to 1, and 2 to 1, 
respectively. The first race having been won by 4, and it being known 
that the second race was won either by B, or by a horse Ff’ against which 
the betting was 6 to 1, find the value of P’s expectation. (Comp. p. 164.) 


Ans. £117. 5s. 534d. 


(18) Supposing the House of Commons composed of m Tories and 2 
Whigs, find the probability that a Committee of p+q sclected by ballot 
will consist of » Tories and g Whigs. (Comp. p. 164.) 

me pX lq 


Ans, ™?.3- 
m+n’ P44 
(19) There are 3 balls in a bag, of which one 1s white and onc black, 
and the third white or black; determine the chance of drawing 2 black 
if 2 fomp. p. 165. I 
ones, if 2 be taken. (Comp. p. 165.) Tvs . 


(20) In a lottery all the tickets are blanks but one: each person draws 
a ticket, and retains it. Shew that each has an equal chance of drawing 
the prize. (Comp. p. 165.) 





(21) A collection is made of ten letters taken at random from an alpha- 
bet consisting of 20 consonants and 5 vowels; what is the probability that 
it will contain 3 vowels and no more? (Comp. p. 165.) 60 


(22) At the game of whist, what is the chance of dealing one ace and 
no more to a specified person ? And what 1s the chance of dealing one ace 
to each person? (Comp. p. 166.) 


si or = near] 2) Ans eee or * near! 
20825’ ° 7g Uy ) ADS: 908257 °° Qu 
(23) There are two bags each containing 4 white and 4 black balls. 
Four are taken at a venture from one of them and transferred to the other. 
Then 8 being drawn from the latter, 6 of them prove white and two 
black ; what is the chance that, if another be drawn, it will be white% 

(Comp. p. 167.) gl 
Ans. 457° 


a) Ans, 
e 


" .C. signifies the Number of Combinations of n things taken r together. 
d2—2 
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(24) At the game of whist what is the chance of the dealer and his 
partner holding the four honours? (Comp. p. 167.) 


hee ee 0 2 ] 
1666’ °* a9 DENY: 


(25) In dealing a pack of cards, what is the chance that all tho hearts 
will be found in the first 20 cards dealt, first without regard to order, and 
secondly in the order of their value? (Comp. p. 168.) 


[f9*[20 (Oe (2) 


a Ana * paraaspa 


[7 [52 : aw Ans, [ix | 13%] 52 


(26) A person puts his hand into a bag containing 12 balls, draws out 
a certain number at random, and transfers them without examination to 
a seco empty bag. He then puts his hand into this seeond bag, and 
draws out a certain number in the same wav as before. Shew that the 
odds in favour of his drawing out an odd number from the second bag 
are nearly 341 to 340. (ump. p. 109.) 


(27) Supposing it an even chance that, on A aged 46 marrying B 
aged 36, they will both be alive at the end of x years; find a, when, 
according to De Moivre’s hypothesis, of 86 persons born together one 
dies annually until all are extinct. (Comp. p. 169.) 

Ans. & = 13, nearly. 


(28)* A person 35 years of age wishes to buy an annuity for what 
may happen to remain of his life after 50 years of age. What is the 
Present Value of the annuity reckoning interest at 4 per cent. and using 
Dr. Halley’s Tablet? (Comp. p. 170.) Ans. 43 years’ purchase nearly. 


(29) An annuity of £10, for the life of a person now 30 years old, 
is to commence at the end of 11 years, if another person now 40 should 
be then dead. Required the Present Value of the annuity, reckoning 
interest at 4 per cent., and using Dr. Halley’s Table. (Comp. p. 170.) 

Ans. £17. 16s. 


(30) An estate or annuity of £10 for ever will be lost to the heirs 
of a person now 34, if his life should fail in 11 years. What ought he to 
give for the Assurance of it for this term according to Dr. Halley’s Table, 
reckoning interest at 4 per cent.? (Comp. p. 171.) Ans. £43°8. 


(31) A person now 40 is willing to pay £200 down, besides &n annual 
payment for 10 years, to entitle him to a life-annuity of £44 after he 
attains the age of 50. What ought the annual payment to be, reckoning 
interest at 4 per cent., and using Dr. Halley’s Table? (Comp. p. 171.) 


Ans. £8°55, 


* This and the three following questions are taken from Price’s Annuities. 
+ See Page 299. 
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MISCELLANEOUS EXAMPLES. 
Ist SERIES. 
(1) Finn the a.com. of 
(ax +by)’—(a—b)(x+2)(ax +by) + (a—b)'xz, 
and (ax—by)’—(a+6)(a+2)(ax—by)+(a+b)*az. (Comp. p. 172.) 
Ans. b(x+y). 


(2) There are four numbers in Arith® Prog". The sum of the two 
extremes is 8, and the product of the means is 15. What are the numbers? 
(App. p. 353.) Ans. 1, 3, 5, 7. 


(3) There are three numbers in Geom’. Prog"., whose product is 64, 


and sum 14. What are the numbers? (App. p. 354.) 
Ans. 2, 4, 8, or 8, 4, 2. 


(4) In what proportion must substances of “specific gravity” a and 
6 be mixed, so that the “specific gravity’ of the mixture may be c? 
(App. p. 348.) Ans. as cubic feet of the latter to 1 of the former. 

(5) From a vessel of wine containing a gallons 6 gallons are drawn off, 
and the vessel is filled up with water. Find the quantity of wine remain- 
ing in the vessel, when this has been repeated n times. (App. p. 349.) 


(a—By" 


Ans. + . 





(6) The advance of the hour-hand of a watch before the minute-hand 

is measured by 152 of the minute divisions ; and it is between 9 and 10 
o’cluck, Find the exact time indicated by the watch. (App. p. 349.) 

Ans. 28 min. before 10 o'clock. 


(7) In comparing the rates of a watch and a clock, it was observed 
on one morning, when it was 12". by the clock, that the watch was at 11°. 
59™. 49".; and two mornings after, when it was 9". by the clock, the watch 
was at 8°. 59". 58". The clock is known to gain 0'1*. in 24 hours, find the 
gaining rate of the watch. (App. p. 350.) 

Ans. 4°9000055°... in 24 hours. 


(8) The product of two numbers is p, and the difference of their cubes 
is equal to m times the cube of their difference. What are the numbers? 


(App. p..352.) Ans, 1. Vm pt J 8p 9g 1 J (4m—1)p—/ 8p 
2 


Jm-1 2 Jm—1 
(9) Shew that a"-na"~'x+(n—1)a" is divisible by (x—a)’, if n be a 
whole number. (Comp. p. 172.) 





@ 


(10) Shew that 2’—y" is divisible by x+y", when p is an even num- 
ber. (Comp. p. 173. 
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(11) If WV and x be nearly equal to each other, shew that 


ie =— re ag very near] 
n N+n 4 n ’ "Y y 
N+n 


, have their first » decimal places the same, 





ee 1 
Also if Wan’ and ry 


this approximation for mf may be relied on up to 2p decimal places at 
least. (Comp. p. 173.) 


(12) Find the value of 2 which, when « is indefinitely increased, 
makes (40+1)(22+1)° = 5(3u+1)(2+3); also find the values of a and y 
20° + (z—a)z+ 2b(a—2e) . 

see Me = independent of s (Comp. p. 174. 
BFe birt sate) independent of x (Comp. p. 174.) 

a) Ans. c=1. (2) Ans. a= a+2ce, y= bt+3e. 


which make 








(13) Shew that s‘+pa"+qu’+rx+s can be resolved into two rational 
2 


quadratic factors, if —s be a perfect square, and equal to a ia 
ry } ne | 
(Comp. p. 175.) 


Hence solve the equation 2*—62°+ 5274+ 8x-4=0. (Comp. p. 174.) 
q DJ 


1 om 
Ans, 2 = 2, or —], or 3 (*s/17). 
2 2 
(14) Prove that the square root of (3) + (v-;) is a rational 


: 1/a b ax—b 
function of a and 6, if «= (5 + -) , and y= ie (Comp. p. 175.) 


4. 
(15) In what cases can ay?+bay+cu*+dy+ex+f be resolved into ra- 
tional factors of the first degree? (Comp. p. 176.) 
Ans. When ae’+cd*+fb" = bde+4aef. 


(16) A number consists of 2 figures ; what is the number of figures in 
its 7" root? (Comp. p. 176.) 


Ans. Not less than , and not more than 





nm+r—] 


(17) In the year 1843 January 1 was a Sunday ; when will this hap- 
pen again? (Comp. p. 177.) Ans. 1854, 1860, 1865, 187], &. 


(18) What day of the week was Sept. 14, 1752? given that, the same 


day of the month a.p. 1846 was a Monday. (Comp. p. 177.) 
Ans. Thursday. 
(19) How often are there five Sundays in February ; and when does 
this happen in the present century after the year 1844, the first day of that 
year being a Monday? (Comp. p. 177.) 
a) Ans. Once in 28 years. () Ans, A.D. 1852, and AD. 1880. 
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(20) If qg be the integral part of B 4? and 7 the remainder when p+q+4 


is divided by 7, shew that in the p™ Be of this century Advent Sunday 
is generally 7—r days after Nov. 27; but, when r = 0, it falls on Nov. 27. 
(Comp. p. 178.) 


(21) It was calculated that, if the gross revenue of a state were in- 
ereascd in the proportion of 21 : 1, after deducting the interest of the 
national debt and the cost of collection (the latter of which varies as the 
square root of the sum collected), the available income would be increased 
in the proportion of 349 : 1. If, on the other hand, the gross revenue were 
diminished in the proportion of 1§ : 1, the available income would be 
reduced in the proportion of 72 : 1, and would in fact amount to only 
4 millions. Find the amount of the revenue, and the interest of the debt. 


(App. p. 355.) . @) Ans. 64 millions £. © Ans. 29 millions £. 


(22) Fine gold chains are manufactured at Venice, and are sold at 
so much per braccio, a braccio being a measure containing about two feet 
English, When there are 90 links in an inch, the value of the workman- 
ship of a braccio is equal to the whole value of a braccio when there are but 
30 links in an inch; and the whole value of the braccio in the former case 
is equal to three times the difference between the cost of the material and 
workmanship of a bracchio in the latter, together with 4§ francs. Supposing 
that the workmanship in each braccio varics as the number of links in an 
inch, and the weight of metal varies inversely as the square of that number, 
find the values of the material and workmanship in a braccio of cach of the 
chains. (App. p. 358.) 

a) Ans. 40 francs @ Ans. 4¢ francs 
\. 60 ...... 


(23) A steam-vessel leaves Oban for Staffa with a supply of whisky b 
above proof (which is assumed to mean that a+b gallons of spirit are mixed 
with ¢ gallons of water), suflicient for two days” consumption, provided it 
receive no addition to its crew. On arriving at Tobermory m of its pas- 
sengers remain behind, but by reason of contrary winds its progress to Staffa 
the following morning is retarded, so that on its return to Oban it is with 
difficulty enabled to reach Iona by midnight. It here receives 2 additional 
passengers, and also p gallons of whisky d above proof. On an average 
each passenger dilutes his whisky with water till it is e below proof, and 
consumes qg pints of the mixture daily. The vessel arrives at Oban on the 
evening of the third day after its departure, by which time the supplies of 
whisky are both exhausted. Required the number of passengers on board 
when it left Oban, and the number of gallons of whisky in the first supply. 
(Comp. p. 178.) 
8p at+d a-e+e 


a) Ans. 2nz—220+4 - 
“a—e at+dt+e' 





q a—e atbt+e at+d at+b+e 


9 cee OF 
@ Ans. (2m— Orr a+b'a—-e+c ! a+b atd+e 
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(24) A pack of mp cards is dealt regularly round to p persons with 
their faces uppermost, every card dealt to cach person being placed upon 
that previously dealt to him; the hands are then taken up, turned so as to 
have their backs uppermost, and placcd upon one another; that hand 
which contains a particular card (4) being always placed below r other 
hands. The cards are then dealt again, the hands taken up, turned, and 
placed upon one another as before; and so on ines if m and qg be 
log 2np 

and — 2 
“logp” ra 


the whole numbers next greater than respectively, the 


card A will, at the end of the m™ and every ee operation, occupy 
the gq place, or be restricted to the g™ and qg—1% pines from the top, 
ais as 7 is indivisible or divisible by p—1. (App. p. 359.) 


MISCELLANEOUS EXAMPLES. 
2nd SERIEs. 
[The Solutions of the whole series will be found in the Companion.] 


Sotve the following equations: 


(1) 27*'+47 = 80. Ans. x= 3. 
3 3 1 1 
(2) w+ 3a = a=. Ans. w= a~=—, oY &e. 
(3) 78) = 9401, Ans. x = 4, 
y = 6. 


6%) = 1296, 
(4) (a—8)(%—4)(a—5)(a—6) = 1x2x3x4. 
Aus. * = 2, or 7, or = 2 (9a/=18). 


rid 


(5)  20*+ a0? + ba0"+ c+ “3 = 0. 


(1 —a°*)(1 —b°(1—c’) ~(c+ab)(b +ac\(a+ bc) 
Jab c—2abet—<CS~S 
Ans. 1+abe. 


(7) Find 2, when (x+a)(%+b)(e+c)(a+d)—(x—a)(a— b)(e—c)(e—d) = = 
(a+b+e+d){(x+a)(x+b)(e+c)+(x—a)(ae—b)(a—c)} is an ‘Kquation’; and 
shew that there are three, and only three, relations between a, 6, c, any 
one of which will cause it to be an ‘ Identity’. 

ag) Ans. «=O. (2) Ans. a+b =0, orate =0, or b+c=0. 


(8) If (a°+bc)*(b*+ac)*%(c? + ab)" = (a?—be)"(b"— ee ab)’, prove that 
either a°+b*+c?+abe = 0, or a7*+ 07 +063 +a7 6 '¢7 


(6) Reduce to simplest form 
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(9) Four bells commence tolling together, and toll at intervals of 
18, 45, 81, 105, seconds, respectively ; what time will elapse before they 
again toll simultaneously ? Ans. ihr. 34dmin. 


(10) A number of wheels commence rolling at the same moment from 
the same place in the same direction, travelling at the same rate, the 
number of feet in their circumferences being a,, a,, a,,...a,, which are 
m different prime numbers. How far will they have travelled, when 
they have all first completed simultaneously numbers of entire revolu- 
tions, and how many revolutions will each have completed ? 


Q) Ans. a,a,a,...a,. (2) Ans. aa,...a, for the Ist; a.a,a,...a for 
2nd; &e. 


(11) Find the sum of » such fractions as 
1 Qu Aa® Sx’ 


— 


lta’? 1427’) l+at’? 14e°’ 


&e, 


m—) 


1 M2 
Ans. —— — ——, where m = 2", 
l-x l-—zx 


(12) Find the product of » such binomials as 


1 1 1 I 
L+-, +5, ai+-,, w+-,, ke. 
x x 2X 2 


3 es oe 
Ans. Goal? where m = 2". 
(13) If a number contain n digits, prove that its square root contains 


ae ae eee 
. Saal asi Ca digits. 


(14) On June 21, a.p. 1851 the Duke of Wellington had lived exactly 
30,000 days. Find the day and year of his birth. 


Ans. May 1, a.p. 1769. 


(15) Apply the method of proof called ‘demonstrative induction” to 


prove that 
1°4+274+ 3°+...427 = (14+24+34+...4+7)%, 


(16) If x be real, prove that «*-8x+22 can never be less than 6. 


(17) Prove that the volume of a sphere whose radius is 6 inches is 
equal to the sum of the volumes of three spheres whose radii are 3, 4, 
and 5 inches; given that the volume of a sphere varies as the cube of 
its radius. 


(18) Standard gold being coined at the rate of £3. 17s. 103d per oz. 
what is the least integral number of ounces that can be coined into an 
integral number of sovereigns 4 Ans, 160. 
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ma+nb 
Ty May be the 





(19) Find m and n in terms of a and 6, so that 
Arith®. Mean between m and n, and the Geom’. Mean between a and 6b. 
2bfa —_2aJo 
fat f8? Ja+Jo 
(20) A vessel contains @ gallons of wine, and another 6 gallons of 
water ; c gallons are taken out of each and tr misforved to the other; and 


this operation is repeated any number of times. Shew that, if c= ab-(a+)), 
the quantity of wine in each vessel will always remain the same after the 


first operation. 


(21) In the last problem, shew that, if ¢ be general in value, the quan- 
tity of wine in the ais vessel after r uae oa will be 


ol —p"), where c= ame —p). 


(22) Divide an odd number, 27+1, into two whole numbers, so that 


their product may be a maximum. Ans. n, and n+1. 
(23) If x be real, prove that oe can have no value between 
5 
1 
—— and 1. 
11 


(24) Eliminate a and 6 from the equations 
ax 2u+3y 2 


by 8a+2y’ B= (x-y), a+b! = af, 








Ans. a+ 3 = 2% 


(25) Eliminate m, n, p, gq, from the equations 


e—p y+9q =n gt m? mae Yq a, 
m n Tbh ge BF gt ge 
Ans. <4 0 = 2, 
b 
(26) If the ie of the equation az*+bx+c = 0 are in the ratio of m 
2 
to n, shew that —- ee, 
mn 


(27) Find the sum of all the numbers of the form 121, 12321, 
1234321, &c. in the scale whose radix is 7. 


I el 7'*—1) pi 
Ans ® Ee r—1 aes r— +9}. 


(28) Shew that 12345654321 is divisible by 12321 in any scale of which 
the radix > 6. 


(29) Find the series in a.p. of which the sum of the first terms is 
equal to n’, whatever be the value of n. Ans. 1, 3, 5, 7, &e. 
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(30) From the last Ex. deduce the integral solutions of the equation 
= y* +2", Ans. ©=5,) x=13,) w= 25, 
Y=4> Y=12ep y= QA, ke. 
z= 3. Bias. z= 7. 


(31) Shew that mint?Vabcd lies between the greatest and least of the 
quantities 7/a, £/6, 7/e, Ald. 


(32) The sum of two numbers is 45, and their L.c.m. is 168; what are 


the numbcrs? Ans. 21, and 24. 
(33) The c.c.m. of two numbers is 16, and their Lc. is 192; what 
are the numbers? Ans. 64 and 48. 
(34) Find x when 18%—3x"> 24. Ans. x= 3. 


(35) Find the values of # which satisfy the tnequality 2?<10x—16. 
Ans. x= 3, 4, 5, 6, 7. 


e*4+1404+9 


(36) Find the greatest value of rE ae a 


Ans. 4. 
x?+ 342-71 


—,————— can have no value between 
xa+2x—-7 


(37) If x be real, prove that 


5 and 9. 





+1\" 
(38) Prove that 1.2.5...n-<(* = ) > 7 
(39) Two smiths begin to strike their anvils together. The one (4) 
gives 12 strokes in 7 minutes, the other (4) 17 strokes in 9 minutes. What 
strokes of cach most nearly coincide in the first half hour? 


Ans. The 11th of A, and the 10th of Z. 


(40) There are n points in a plane, no three of which are in the same 
straight line, with the exception of » which are all in the same straight 
line: find the number of triangles which result from joining them. 


Ans. 4{n(n—1)(n—2)—p(p—1)(p—2)}. 


nm +n 
(41) Prove that [rte 
[7,+[%, 


NAN ANH er +N - ; 
[7% ~——eee if AD integer. 


uae 

| 7,- | 2» [% ree | 7, 

(42) Prove, without the aid of the Binomial Theorem, that if ,C, re- 
present the number of combinations of 7 things r together, 


C+ C+ Cat. + C = 2"—1. 





is an integer; and deduce that 
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(43) Along a straight line are placed » points. The distance between 
the first two points is one inch; and in general the distance between the 


: ] ; 
g* and (r+1)™ points exceeds one inch by mtn of the distance between 


the r™ and (r—1)" points. Find the distance between the last two points, 
and between the first and last points. 


Ex. Ifm =n = 10, shew that the distance between the extreme points 
is 9'87654321 inches. 
1 —mirn) ] 4 1 —y it" | 


a (2) Ans, --~ -- ere a 
l—-m" 7 l—-m| l—-m" 





a) Ans. 


(44) Two straight rods, each ¢ inches long, and divided into m and 
nm equal parts respectively, where m and 2 are prime to one another, 
are placed in longitudinal contact with their ends coincident. Prove 


bats : Cc, 
that no two divisions are at a less distance than a inches; and that two 
mn 
pairs of divisions are at this distance. 


Ex. If m= 250, and nv = 243, find those divisions which are at the 
least distance. Ans. The 107th, and 104th; or the 143th, and 139th. 


(45) Two bells toll together for an hour: one tolls 244 times, and the 
other 251 times, the first and last tolls of each taking place at the beginning 
and end of the hour respectively. Of the strokes (excluding the first and 
last) find those which are most nearly simultaneous ; and determine a person’s 
station in the straight line joming the bells, that those which are most nearly 
simultaneous of all may appear to him absolutely coincident; given that 
sound travels at the rate of 1080 feet per second, and the bells being a miles 
asunder. 


= bas 105th of I, (also the 140th of I, 
a) Ans, { 


and 108th of II; land 144th of IT. 
2) Ans. See Companion. 


(46) Three bells commenced tolling simultancously, and tolled at 
intervals of 25, 29, 33, seconds respectively. In less than half an hour the 
first ceased, and the second and third tolled 18 seconds, and 21 seconds, 
respectively, after this, and then ceased. How many times did each bell 


toll? Ans. 49, 43, and 38. 


(47) Two particles a, b, start simultaneously from the same point, and 
move in the same direction, along the same straight line; @ moves with the 
uniform speed of 2 feet per second, whilst the speed of 6 is such that it 
moves over 1 foot the first second, and the number of feet described by it 
in any time varies as the square of the time. Prove that, during the motion, 
the particles will be three times at any given distance, less than a foot, 
from each other: and interpret the fourth result obtained in the algebraical 
solution of the problem. 
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(48) Supposing the receipts on a railway to vary as the increase of 
speed above 20 miles an hour, whilst the cost of working the trains varies 
as the square of that increase, and that at 40 miles an hour the expenses 
are just paid; find the speed at which the profits.will be the greatest. 


Ans. 30 miles, 


: ee . @ a” a* 
(49) Determine whether the infinite series ——— + —-—— + ——— + 
m+p m+2p m+3p 
is convergent or divergent. Ans. Convergent or divergent as a<or>1. 

(50) Prove that every quadratic surd, supposing the unit to be a line, 
may have an exact geometrical representation. 


(51) A person continually walks at an uniform speed, and always in 
the same direction, round the boundary of a square field: and another 
continually walks, at the same uniform speed, from one end to the other of 
a diagonal of the field. Prove that, according to their relative initial posi- 
tions, they will either (1) never meet at all, or (2) meet once; but they can 
never meet more than once however long they continue to walk. 


(52) A sum of money in £. s. d. is-multiplied by a certain number; 
the pence are now half what they were before, and the shillings and pounds 
each what the shillings were at first. What is the sum, and the multi- 


plier ? qa) Ans. £9. 19s. 8d. (2) Ans. 2. 
(53) If af : a , are any two consccutive convergents to - shew that 

} Sutavine Dieta eee 

the error 1n taking D v5 * DD, u L(DsD)' 


(54) If p =,/a*+f’ be defined to be the ‘modulus’ of a binomial of the 
form «+,/—1, where a, 8, are rational; and p,, p,, ps,---p,» be the moduli 
of n such binomials; prove that the modulus of the symbolical product of 
these 7 binomials ts p,p,p,---Pu-+ 


55) Explain the notation of ‘functions’; and shew that, if (2) =a’, 
F(a)xF(y) = (x+y). 


; : gee). ee shew that 
m+p 1.2 m+2p 





1 
(56) If F(x, m)= at 


F(n, m) = 2. F{(m—1), (m+p)}; 


and thence deduce the sum of tlie series for F(m, m), when n is a positive 
integer. Ans. 1.2.3. 2 — pn 
n(m+p)...(m+2p) 
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(57) The Julian Period consists of 7980 years; the cycles of the sun, 
moon, and the Indictions, of 28, 19, and 15, years respectively. If any 
particular year be the n™ of the Julian period, the remainders after the 
division of x by 28, 19, 15, are the years of the Solar and Lunar cycles, 
and of the Indictions, respectively. Prove the following Rule for deter- 
mining the year of the Julian period when the years of the Solar and Lunar 
cycles and of the Indictions are given. 

Multiply the number of the year in the Solar Cycle by 4845, in the 
Lunar by 4200, and in the cycle of Indiction by 6916; divide the sum of 
these products by 7980, and the remainder is the year of the Julian period 
sought. 


(58) If an import duty of r shillings a quarter be laid on foreign corn 
when the price of corn in the English market is y shillings a quarter, and 
e, f, are the numbers of quarters of English and Foreign corn consumed 
in a year; and if the imposition of such a duty causes the price to rise to 


Y i eo e e e 

p+-— shillings a quarter, and the consumption to sink, so that the same 
n 

sum of money is still expended, the English produce remaining constant; 


find the value of r most productive of revenue. Ans. mpl eZ 1+ id -1} : 
€ 


(59) A square signboard is divided into 16 equal squares by vertical 
and horizontal lines. In how many ways can 4 of these squares be painted 
white, 4 black, 4 red, and 4 blue, without repeating the same colour in the 
same vertical or horizontal row ! 


Ans. 576. 
(60) Shew that the greatest cocfficient, formed from the index n, in the 


expansion of (4,+a,+4@,...+a,)” is where g is the quotient 


[» 
(lg). @+1)"" 
and r the remainder, when 7 is divided by m. 
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[Solutions will be found in the Companion.] 


SoLvE the following equations :— 


8 
1) 2 16.0 = 1. Ans. £= a ae 
( J6 M5 





1 1 
(2) 2-3e= a+. Ans. £= a+, or &e. 


THIRD SERIES. 511 


(3) (e+a)(v+2a)(e+3a)(v+4a)=c*. Ans. a= ae 2 fe c*+a*. 
(4) w+ paP+ (e-1 ony )e+l = 0. Ans, x = 1-2, or &e. 
2,3 1 1 
(5) (p—1)%0c"+ pa?+ (p-1 +o )e+] = 0. Ans. 2 = Tp? or &e. 
(6) x*(y —2) = a, A - _ a’ R 
y?(s—a) ie | Par oae oT (2+b*)(R—-c*)’ ; 

aia —y) = e°. RH 
Y= Rs eyRaay™ 
ee 
(+a)\(h-6% 
37.3 3 
where I? = anes am . 
a'+b'+e 








() ayaa) ge a (Crea R2) 4 _ Urey(ao) 
y(e+x) =O", (b' +e") (a* +e")? 
cys = c°. _ (at +c "Yb + e*)c® 
~ (a*b*— 8)? 
(8) ays = a%(yts) = U'(e+a) = c(et+y). 
age 
be a? 


Ans. Ce ea mmm 
: ] 1 ] 1] ] 1\’ 
ae la" a & 


e e ® +! | 
and similar expressions for y* and =". 


(9) xyz = a(y?+2*) = b(e*+a") = e(a*+y’). 
Ans. 2° = ees eer , and similarly y* and 2”. 


a = +2) ~+575) 
G5 SG b ¢ 


(10) (a@+y)(a+2) = a’, 
(y+a)(y+e) =U 
(staulaty) = c°. 

Ans. © = za (ee = +t +5) , and similarly y and z. 

(11) a+y*+2° = Sxyz, 


Ans. x =a—b, y = b—c, 2 =c-—a. 
30—-U+2 = 38b—y+a = pee) 9 Y = O-C, F=Cc-a 
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_ (12) Obtain in the simplest form the value of x which satisfies the 
equation 
(e+a—b—c—d)(a—a+b—c—d)(x—a—b+c—d)(x—a—b—c+d) 
= (x—2a)(x— 2b)(a—2c)(x—2d) ; 


and investigate three equations, independent of 2, which include all those 
relations between a, 6, c, d, for any one of which the equation becomes an 


identity. 2) Ans. a+b =c+d, 
@ Ans. 2 = d(a+b+c+d). at+e =b+d, 
at+d = b+e. 


(13) Two numbers are as 3: 5, and their ccm. is 555: what are 
the numbers ? Ans. 1665, and 2775. 


(14) Each of two points moves uniformly in the circumference of a 
circl= : one goes round 5 times while the other goes round twice ; and at 
the end of 21590 days they return for the first time to the place from 
which they started. How long does each take to go round ? 


Ans. 4318 days, and 10795 days. 


(15) Four chronometers, which gain 6, 15, 27, 35, seconds a day 
respectively, shew true time. After how many days will this happen 
again } Ans. 43200 days. 


(16) Two points revolve in the circumference of two circles. At 
starting they are in a common diameter of the circles; and before 
arriving again simultaneously in their initial positions, they have been im 
common diameters m times or m times, according as they have revolved in 
the same or in opposite directions. Prove that m+n and m—n must have 
a common divisor 4, and no higher common divisor; and that the ratio of 
the periods of revolution of the points is m+n : m—n. 


(17) Three particles start at the same point to move uniformly in the 
circumference of a circle, and the period of the first : that of the second : 
that of the third :: a prime number : a second prime number : a third 
prime number. The first and second arrive together at the starting-point 
6 min. before the first and third, and 28 min. before the second and 
third arrive there together; also when the first and second arrive 
there together, they have been together as many times as the second 
and third when they arrive there together; and all three arrive there 
together 1 h. 55 min. 30 sec. after starting. Determine the periods of revo- 
lution. Ans. Ijmin., 34min., 5}min., respectively. 


(18) If the acm. of m+n and m—n be 4: prove that the a.c.m. of m 


and n will be either 2, or 4; and that when it is 2, each of = > is odd, 


and when it is 4, one of me ; is odd, and the other even. 
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(19) From the longer of two rods a piece equal to the shorter is cut 
off; with the shorter and the remainder of the longer a similar operation 
is performed; and so on, until the rods are of equal length. Prove that 
if this last length be taken for the unit of measurement, the lengths of the 
original rods will be represented by numbers prime to each other. Also, 


Explain that there are many relative lengths of the original rods for 
which the cut rods will never become equal, however long the operation 
be continued. 


(20) Define commensurable magnitudes; and prove that magnitudes 
which are commensurable with the same magnitude are commensurable 
with one another. 


(21) The adjacent sides of a rectangular parallelogram are respec- 
tively equal to the hypothenuses of two right-angled triangles whose sides 
are commensurable with the unit of linear measurement. Prove that its 
area will be commensurable or incommensurable with the corresponding 
unit of square measurement, according as its sides are or are not commen- 
surable with each other. 


(22) Shew how to find geometrically lines equal to the c.c.m. and the 
L.c.M. of two given commensurable straight lines, 
(23) Prove that 


a‘(b?—c*)+b*(c?—a") +e%(a*—b*) _ 
sas = s ciicsayeca=t) = (a+6)(6+¢)(e+a). 





(24) Obtain the continued product of 


at+b+c+d, at+b—c—d, a—b-—c+d, a—b+c-d; 
also of 
—a+b+c+d, a—bic+d, a+b—c+d, a+b+c—d; 


and shew that the sum of these products = 16abed. 


(25) Find the continued product of 7 such trinomials as 
v—anta’, at—a*z*tat, xz*—a‘et+a’*, 2°—a*s*+a, ke, 
gm mm 2m 
a e+ 
Ans. —-;————_,— » where m = 2", 
e+ a+ 


(26) Find the sum of x such fractions as 


2n—-a 4a —~2a*x 827—4a‘t2® 
e—act+a’ v—aaeta’’ 2'—a'‘et+a’ 
Qma™" "+ ma*a" 24+a 


Ans, —--—___. —_— —- =~, where m = 2". 
c+ a"e"+a™ x*+an+a*’ 


. (27) Prove that enn a a s= (a+b)(b+e)(c+a). 


33 
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(28) For what unit of time will the durations 11574", and 360360*. be 
-epresented by numbers prime to each other? Resolve the same question 
‘or 3°6 hours and 2°76 hours. 


a) Ans. 18 seconds. (2) Ans. 432 seconds, 


(29) Divide 1+2a*'+a"** by 14+22+2°; writing down the (27—m+1)* 
und (227+2+1)" terms in the quotient; the (2n—m)™ and (22 +m)" remain- 
lers; and the complete quotient. 


q) Ans. (—1)".(2n—m+1).0°"™. 


Qo... (-1)"(2n—m+1).aerrn 


(B) see (H1)"f(2—m +1) 4 (Qe — Maw aM TN ge 2, 
(4) oee (—1)"{(20— m0 +1)?" "+ (2 — m+ 2) gate, 
(6)... 1-Qe4+3a°—...+ (2+ 1)" 2 +... $a 


(30) Eliminate x, y, + from the equations 


(a—y)(y —2)(2—2) = a’, 
(x+y)(y+e)(e+x) = 0° ‘ RS RAT OTS CR BEET 
(2° + y*\(y? +2°)(27 + 20°) = a | Ans. 4e'+4,/2p"—a'b" = {b?+,/2e°—a"}”. 
tw ted — 9 


(oty Ny! +2)(et+2") = p 
- (31) Eliminate x from the equations 
5 3 
322 = (=) +102 +3(2) 
a a a a Ries Hs (2 +a) (: <\f 
5 3 ; ~ la ec 7 a —¢€ ; 
32° = (2) +10245(2) 
c x a 


4b 


» (82) Eliminate x, y, 2 from the equations 


—+-4-—= 8B, Ans. a8 = 1+y. 


GE Gtz) “7 
z/\s a/\a y 


(33) A symmetrical form of the condition, that the equations 
axt+a’ = ba+b = cxet+e 
nay be simultaneous, is a’(b—c)+b'(c—a)+c'(a—b) = 0; 


and a symmetrical form of the value of x is aa’ (b—c)+bb'(c—a)+cec'(a—b) 


(a—b)(b—c)(c—a) ? 
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, 6-0’ —c 
ae = yay = 7 =) » prove that 


ab’—a’b be’—b’c ca’—c'a 


bb” — a’ ab’ aes b’e J ~ be ey! CC a” —c"a’ p] 


and = each of the former ; and each of these six fractions 


(34) If 5, 


_ (at+b4+e)—(a/+U'+c’) 
~ (a +0'+0)—(a"+b"+0")" 
(35) Prove that the six equations 

a,(b,c,—b.c,)+4,(be,—b,c,) +4,(b,e,—6,¢,) = 9, 
b (¢,4,—¢,,) +b,(e,4,—¢,4,) +b (c,a,—c,a,) = 0, 
¢,(a,b,—a,b,) +¢,(a,b,—a,b,) +¢,(0,b,-4,),) = 9, 
d,(b,c,— b,c,) + (b,c, b.c,) + d,(0,¢,-8,¢,) = 9, 
d(c,4,—¢,0,) + d,(¢,a,—¢,@,) + Gy(c,a,—¢,a,) = 9, 
d,(a,b,—a,),) + d,(a,,—a,b,)+d,(ab,—4a,b,) = 9, 


are equivalent to only two independent equations: and find them in the 
most simple syminctrical shape. a] % & & & & 


ee, emer 


ree d, —d, = d. ~ d, _ & d, 


& a, Bb Cy Cy 
d, d, d, d, dd, d, 


(36) There are p coins ¢,, Cy ¢,--.¢» If m, of the coins ¢, =», of c, 
m, of c,=n, of ¢,; m, of c,= M, of RS ee My_, of c,_, = N, ‘of c, Ie 
many of c, =n, of c,4 Rig aa a 


ns. 
T,.1N,. My... My_, 


Establish the “chain rule”. 


(37) There are two amalgams of the same bulk, each composed of 
mercury and gold, in the ratios of 2 : 9, and 3: 19, respectively. If they 
were fused toyvether, what would be the ratio of mercury to gold in the 
resulting amalgam ? Ans. 7 : 37. 


(38) At noon on a certain day a clock and a watch, each of which 
goes uniformly, are set to true time. It was calculated, that the clock 
would be as much wrong when it should shew any time as the watch 
would be when it should come to shew the same time ; and that it would 
be midnight by the clock one second before it would ‘be midnight by the 
watch. Find, in fractions of a second, the daily gaining and losing rates 
of the clock and the watch. 


i 86400 and 86400 os 
DS. 36400—1 > 86400+1 


(39) A shilling’s worth of Bavarian kreuzers is more numerous by 6 
than a shilling’s worth of Austrian’ kreuzers ; ; and 15 Austrian kreuzers 


33—2 
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are worth a penny more than 15 Bavarian kreuzers. How many of them 
respectively make a shilling } Ans. 80 Austrian, 36 Bavarian, 


Enunciate the problem indicated by the negative result. 


(40) From a vessel which will contain a gallons, filled with a fluid a, 
a gallon being drawn off, the vessel is filled up with a fluid a,; a gallon 
being drawn off from the mixture, the vessel is filled up with a fluid a,; 
and so on, until the vessel contains a portion of each of the flui 
a,,%,,,,... a. How much of each fluid does it contain 4 


n=] 1 an—? | n~8 1 2 1 

ans. a(1-2) ’ (1-<) ) (1-5) ? (1 -*) ’ (1-3) » I, gallons, 
respectively. 

(41) Prove that (a+6)(b+c)(c+a)>8abe, and < . (a?+U°+c*), unless 


a=zb=c. 
n n 
(42) Which is greater, mx+ =? oF m+n? TE" + | am or m+n? 


(-a+b+c+d)(a—b+e+d)(a+b—c+d)(a+b+c—d), or 16abed ? 
n 


a) Ans. When x>1, the former or the latter, according as x=: 
m 


when 2<1, the former or the latter, according as aS 2) Ans. The 
former. (3) Ans. The former or the latter, according as the greatest and 
least of a, 6, c, d, together is = the other two together. 


(43) If a, 6, c be in Harmonical Progressiun, prove that 
a b c 
b+e’ c+a’ a+b’ 
are also in Harmonical Progression. 


(44) The relative powers of the instruments a,, a,, a,, ...a,, are expressed 
by saying that generally a,,a,, a,, ...a_,, working together can do as much 
work in one day asa can doin p days. Ifa, can do a piece of work in 


one hour, how long will it take a, and a, where r>1, to do it? 


] } n-2 ar 
a) Ans, 5(1+5) hours. (2) Ans, (3 +*) hours. 
P P Pp 


(45) Ifm and x be any two positive integers, of which m is the greater, 
and p = 2", g= 2"; prove that «*+a?a’+a*? is exactly divisible by both 
x +atst+a™ and 2—aia'+a™, 


7 


[x 
[r|e—r 
a, ay 1 1 | 


ea EE ei a 
7 2 8 ” 2 3 n 


(46) If ae » prove that 
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(47) If p= or), prove that 


] 
Pant it Py Pant Po Pan—ytes t+ P Prag PyProi — P) ° 


(48) If ¢,,¢,, é,, t,, &c., represent the terms of the binomial expansion 


0? “19 %g) 
of (a+2)", prove that 


(é,—t,+¢—d&e.)*+(¢—t,+t,—&e.)* = (a*+20")". 


(49) Ifa,, a, a,, a, &c. be the coefficients in order of the expansion 
of (l+a+a*+...+2")", prove that 


Q) their sum = (p+1)"; 
Q @,+20,+3a,+...+np.a,, = dnp(p+1)". 


(50) Apply the general term in the Multinomial Theorem to prove 
that the coefficient of z*?*’ in the expansion of (a,+a,2+4,x'+...)* is 


Q. (ig. Gye 41+ My By yt Dye yy yt. + +A Dy, ,) 

(51) In the expansion of (1+x”+2°+...+2")", where 1 is a positive 
integer, prove that (1) the coefficients of terms equidistant from the 
beginning and the end are equal; (2) the coefficient of the middle term is 
the greatest ; (3) the coefficients continually increase from the first up to 
the greatest. 


(52) Ifa,, a, a,, a,, &c. be the coefficients in order of the expansion 
of (1+x+2")", prove that 


a, —a,'+a,'—a,°+...+(-1)"'a,_* = da, {1 -(-1)"a}. 


(53) Shew that if m be not less than n, the greatest coefficient in the 
expansion of (a,+a,+a,+...+4,)" is [n; and that the number of terms 


m 
which have this coefficient is le , 
|| m.—7 


(54) Prove by the method of Demonstrative Induction that the num- 
ber of different throws which can be made with dice, on the supposi- 
tion that the sum of the numbers turned up is 7, is equal to the coefficient 
of x” in the expansion of (w+a°+a*+at+u°+2°)", 

Enunciate the corresponding proposition when each die has p faces, 
and the numbers marked on the p faces of each die aru a,, @,, a,...a,, 

Ans. Number of throws = coefficient of x” in the expansion of 





(a: + ot... +a?), 


(55) Prove that the numerators of any two consecutive convergents to 
a continued fraction are prime to each other, as also their denominators. 
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(56) The Cambridge Lent Term always ends on a Friday, suppose 
at midnight. Prove that if it commence on the 2p day of the week, it 
will divide either on the (p—1)" day of the week at midnight, or on the 
(3+p)™ day of the week at noon: but if it commence on the (2p+1)" 
day of the week, it will divide either on the p“ day of the week at noon, 
or on the (3+p)" day of the week at midnight. 


(57) Prove that @) 1+3+5+...... +(2n—1) =n’; 
(2) 194.974 3°4...... 4% (142434......42)% 


Apply ) to find solutions in positive integers of a" = y'—2", where m is 
a positive integer ; and apply (@ to find svlutions in positive integers of 


(58) Prove that the product of any 7 consecutive integers is divisible 
by [a,-|a,-[a,--+++. [o,, if a,ta,ta,+...... +a,= 1, 


(59) In how many ways can a line 100800 inches long be divided into 
equal parts, each some multiple of an inch 7 Ans. 124. 


(GO) How many different rectangular parallelopipeds are there satisfy- 
ing the condition that each edge of each paralelopiped shall be equal tu 
some one of 2 given lines all of different lengths { 

nN n(n+1)(2 +2) 
en 

(61) Prove that if, in any scale of notation, the sum of two num- 
-bers is a multiple of the radix, then (1) the digits in which the squares of 
the numbers terminate are the same; (2) the sum of this digit and the 
digit in which the product of the numbers terminates is equal to the 
radix. 


(62) Acertain number, when represented in the scale of 2, has each of 
its last three digits (counting from left to right) zero, and the next digit 
towards the left different from zero; when represented in either of the 
scales of 3 or 5, the last digit is zero, and the last but one different from 
zero; and in every other scale (twelve scales excepted) the last digit is 
different from zero. What is the nuinber } Aus. 120. 


(63) Prove that every even power of every odd number when divided 
by 8 leaves 1 for a remainder. 


ae “s 2 be a prime number, prove that 1"4+2"+3"+...... +(rn)" is a 
multiple of x. 


(65) If ~ be any prime number excepting 2, and V any odd num- 
ber prime to 2, prove that V"~’—1 is divisible by 8x. 


(66) A gentleman being asked the size of his paddock replied :— 
Between one and two roods: also were it smaller by 3 squave yards it 
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would be a square number of square yards ; and if my brother’s paddock, 
which is a square number of square yards, were larger by one square 
yard, it would be exactly half as large as mine. What was the size of his 
paddock } Ans. 1684 square yards. 


(67) A walks at a uniform speed, known to be greater than 3 and less 
than 4 miles an hour, between two places 20 miles apart. An hour having 
elapsed since A’s departure, B starts after him from the same place, walk- 
ing at the uniform speed of 4 miles an hour. Shew that the odds are 2 to 
1 against B’s overtaking A. 


(68) When 2n dice are thrown, prove that the sum of the numbers 
turned up is more likely to be 7m than any other number; and when 
2n+1 dice are thrown, prove that the sum of the numbers turned up is 
more likely to be 7n+3, or 7n+4, than any other number, these being 
equally probable. 


(69) A handful of shot is taken at random out of a bag: what is the 
chance that the number of shot in the handful is prime to the number of 
shot in the bag? Ex. Let the number of shot in the bag be 105. 


a) Ans. (1-2) (1-7)(1-3) Pree where the number of shot in the 
bag = a’b'c’...... (2) Ans, ge. 


(70) A coin is to be tossed twice: what is the chance that head will 
turn up at least once } ie 3 
ns. a 

Point out the error in the following solution by D’Alembert :—Only 
three different events are possible ; (1) head the first time, which makes it 
unnecessary to toss again; (2) tail the first time and head the second; (3) 
tail both times: of these three events two are favourable; therefore the 


ro) 
required chance is 3° 


(71) In each of » caskets are p jewels worth 1, 2, 3,...... p, guineas 
respectively : a person being allowed to draw a jewel from each casket, 
find @) the most probable collective value of the jewels he will draw: 
(2) the value of his expectation. @) What would be the value of his expecta- 
tion, if he were allowed to draw r jewels from each casket? If p = 2, and 
one jewel be drawn from each casket, what is the chance () that the 
value of the jewels drawn is n+r guineas? 6) that the collective value 
of the jewels drawn is that collective value which is most probable ? 


a) Ans. (p+ 1) guineas, if either » be even or p odd ; 


and = ( pt 1)es guineas, 2 being odd and p even, each of 


these being equally probable. 
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@ Ans. 5 (p+) guineas. () Ans. = (p+1) guineas. 
1 [x _ [2% 
@ Ans oe [nae ieee CA SY 


[~ ; 
= ==, acoording as m is even or odd. 
9.4.6......m—-1x2.4.6......2%+1 : 


or 
(72) A person borrows £c on the following terms. It is to be paid off 
in m years: and at the end of each year is to be paid interest at a given 
rate 7 on the sum remaining unpaid at the beginning of the year, together 
with such a portion of the principal that the whole sum paid on account 
of principal and interest together shall be the same for every year. Inves- 
‘tigate a formula for the sum to be paid every year. 
r(1+r)* 
Ans. ¢.—_—_—- 
(l+r)*~1 
(73) From the gold fields are brought 2n specimens of gold dust, no 
two of which are of the same degree of fineness. Each specimen is divided 
into as many equal portions as is necessary to the following operation, viz. 
to form as many different mixtures as possible by taking a portion of dust 
from some specimen and mixing it with a portion from some other speci- 
men. Lach of these mixtures is now divided into as many equal portions 
as is necessary to the following operation, viz. to form as many new mix- 
tures as possible by mixing together portions from any » of the former 
mixtures. Prove that 1.3.5.7......(2n—1) of the latter mixtures will be 
of the same degree of fineness as a mixture formed by mixing together all 
the dust of 2n specimens exactly like the original specimens. 
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[Solutions of all the following Equations and Problems will be found in the 








Companion. ] 
I. 
ST JOHN’s COLLEGE. June, 1848. 
8 1 2/9 9 
ee) fee a 
F) sy ‘ 6 >; und &. Pee — 662 e 
¢ w 
(2) Ja+e+Ja—a = ite find «. Ans. ¢ = «,/2ab—b', 
(3) oP = 31c*—4y7, 
ae at find x and y. 


- 30, or 15, or 27, or (3/33). 
Ans. : 


y =15, or 30, or 27, or (8/38). 


(4) (w+ y)h+ (w—y)h = at 


find d y. 
ayhs(epheady MET my 


Ans. , : aC! ~v8)a 


y= J (1-3) 


(5) A railway train travels from A to C passing through B, where it 
stops 7 minutes; two minutes after leaving B it meets an express train, 
which started from C, when the former was 28 miles on the other side of 
B: the express travels at double the rate of the other, and performs the 
journey from C to B in 14 hours; and if on reaching 4 it returned at 
once to C, it would arrive 3 minutes after the first train, Find the dis- 
tances between A, B, and C, and the speed of each train. 

Ans. AB = 314 miles, BC = 63 miles: speed of the ordinary train 21 miles, 
seesceseccocess CXPTCSS .ocees » 42, 


(6) To meet a deficiency of m millions in the revenue of a country, 
an additional tax of a per cent. was laid upon articles exported, and the tax 
upon imports was diminished c per cent.: in consequence of these alter- 
ations the value of the imports was increased so as to be » times as great 
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as the exports, and the deficiency was made up. It was afterwards found 
that if the additional tax upon the exports had been a’ per cent., and the 
tax upon imports dimjnished ¢’ per cent., the values of the articles being 
altered as before, the deficiency would not ‘have been made up by m’ mil- 
lions. Find the values of the exports and imports after the alteration of 


the tax. 


, 
Ans. Val. of exports = ,—-, f Oats x100£ ; 
(a—a’) +2(c'—c) g 
Val. of imports = ee eee OE: 
(@—a)+2(¢—c) 

(7) Fifty thousand voters, who have to return a member to an assem- 
bly, are divided into sections of equal size, and each section chooses an 
elector, the member being returned by the majority of such clectors. 
There are two candidates, A and B.,. In those sections which return elee- 
tors favourable to A, the majority is double the minority, while in those 
favourable to B, the minority forms only a tenth of the whole. After the 
primary elections a third candidate C comes forward, and is joined by so 
many electors of each party, that he is returned by a inajority of 3 over A, 
and 14 over B. If ( had not come forward, .f would have been returned 
by a majority 19 less than the whole number of votes actually polled by C; 
and if the elections had been by the 50,000 voters directly between A and 
B, B would have had a majority of 6000. Find the number of sections. 

Ans. 100. 


I. 
St Joun’s Cotutece. June, 1849. 
(1) 2b{fc+a—b}+2cl/c—atc} =a; find x. 
Ans. 2 = (bc)"+ racy 


(2) f2e—1+,/32-2 = f/42-3+,/5e—4; find x. Ans. c= 1. 


5 4 4 
‘(3) 8at+81 = 18e2+45a!; finda, Ans. x = 34, or (5) , or (- 4 : 


y—x2+,/2ay— 324 (2y—3a)? + at 

(4) y — 2% et 3x)\$ xt’ 
a ae find « and y. 

y 16/7, 3) =o, ae Pe 

+43 (2 NE: 4, = oa” xy—r/y); 


|: = “oll a /144,/2)', 
ns 


F = se e4/2)* 


(5) The distance between the two termini A and 7 of a railway is 100 
miles. A train starting from A runs up-hill during the first 30 miles of its 


COLLEGE EXAMINATION PAPERS. 523 


journey, the next 50 miles are on a level, and the remaining 20 are up-hill. 
The train may be supposed to travel 5 miles an hour faster on the hori- 
zontal road than when it is ascending a hill. There are to be stoppages 
at stations B, C, D, and F#, at distances 20, 424, 674, and 90, miles re- 
spectively from A, and each stoppage may be supposed to cause a detention 
of 3 minutes. Find the time of arrival at B, C, D, and £, of the train 
which starts from A at 8". 0". and arrives at 7 at 12°. 42™. 


Ans. At B g', (10°. 3", D 11%. 6", EB 124, 9m 


(6) A number of vessels A, A,, 4,,...4,,4,,,...4, are arranged in 
arow. A, contains a quantity of wine, A, a quantity of water, and the re- 
maining vessels A,,...4,, A_,,,...4,, contain any quantity of any other fluids. 


1 
of the wine in A, is taken from A, and added to the contents of <A, - of 


: : : I 
the mixture is taken from dA, and poured into A,, ] of the contents of 
A, is poured into A,, and so on to the end of the series of vessels. Again, 
] . e bd . . a 1 Ld 
— of wine remaining in 4, is poured into d4,, — of the conteuts of A, into 
n n 


A,, and so on. A, is supposed never to receive any addition. It is found 
that 60 times the quantity of wine in the vessel 4, after r—1 abstractions 
of fluid from that vessel =31 times the quantity of wine in the same vessel 
after 7 abstractions. Also 59 times the quantity of water in 4, after 7-1 
abstractions of fluid from that vessel = 31 times the quantity of water in 
the same vessel after r abstractions. Find the numerical values of r and x. 

Ans. r=n = 31. 


(7) Two points P? and Q are connected by a wire (4), th of an inch 
in diameter and 50 miles in length, which is used for transmitting a 
galvanic current. It is required to replace the wire (d) by three others 
(a), (b), and (c), composed of different metals, and of lengths 50, 60, and 
70, miles respectively. These new wires must be of such diameters that 
the current, which previously passed along (-l) may be divided, so that 
the quantities which pass along (a), (6), and (c), may be as 3, 4, and 5. 
The quantity of galvanic fluid that will pass along a wire is supposed 
to vary inverscly as the resistance, and the resistance to vary directly 
as the length of wire to be traversed, inversely as the sectional area of 
the wire, and inversely as the conductibility. Also the sectional area of 
) wire varies as the square of its diameter. It is found by experi- 
ment, that the quantity of galvanic fluid which will pass along a portion 
of the wire (1), ith of an inch in diameter and 15 yds. long, may be 


: | : a ie 
denoted by 1000k. Also portions of wire 7 oth of an inch in diameter, 


composed of the same metals as (a), (6), and (c), of lengths 20, 10, and 
40 yds. respectively, are capable of transmitting quantities of galvanic 
fluid 750k, 5400k, and 3500 k, respectively. Find the least possible 
diameters of wires (a), (b), and (c), in order that the above conditions 
may be satisfied. 1 1 1 


"8 30’ 30’ 40° 
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Sr Joun’s CoLtece. June, 1850. 








1 —— 1 
(1) (v+a)(14 aap) 2ae(1- sa) = 2; find =. 
Ans. x = 1#,/2a—a'. 
1 1 


an os es 2 ‘ 
@) tee esi 


(3) (at+y*+e")b+ (c—y+e)i = “| 
1 1 1 find x and ¥y. 


a = (1 «/5).c, 
Ans. 


y = 4(-1#,/5)<. 
(4) 2(a2°+xy+y7— a*)+,/ 3(a°—y*) = 0, 


2( 2? s+ 2°—b*) +, /3(a*—2*) = ; find x and y. 
y—c°+ 3(yz'—c*) = 0; 


1 —— 1 
y= im +,/8¢*— Mm), 2 aim ~J/8c— m’), 
1 


Ans. 
e = Bai fa+b— HS8= 1),/8c*—m"}, where m = (,/3+1Xa—6). 
+ “~ 





(5) A lends one-half of his money to B at 5 per cent. per annum 
simple interest, and the remaining half he invests in the three per cents. 
at 90. £B pays the interest regularly during the first five years, but 
afterwards neglects to do so till other five years’ interest is due, when 
A calls in all his money, and B becomes a bankrupt paying 10s. in the 
pound. A sells out when the funds are at 81, and then he finds that the 
whole sum he has received as principal and interest in the ten years ex- 
ceeds the sum that he originally possessed by £34. 138. 4d. How much 
did he lend Bt ‘ Ans. £320. 


(6) A, B, and C are three villages. The road from A to B is level, 
and C’ is on a hill above A and &. The distances AB, BC, and CA, are 
respectively 24, 14°4, and 28-8, miles. walks up hill jth slower, and 
down hill Ard faster, than when the road is level. @Q walks up hill 3th 
slower, and down hill 4th faster, than when the road is level. / travels 
round in the direction ACB in 30 minutes less than Q@ requires to go round 
in the opposite direction. Q travels round in the direction ACB in 1 hour 
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48 minutes more than P takes to make the circuit in the opposite direction; 
find the rates of each on a level road. Also supposing them both to start 
from A in opposite directions, find their points of meeting. 


a) Ans, P’s rate 12 miles, Qs 10 miles, per hour, «@ Ans. At, or 
between B and C at a dist. 54 miles from C, according as P or Q takes the 
direction ABC. 


(7) Suppose that in the course of any one year the number of births 
in Ireland is on an average 32 for 1000 living in the island at the com- 
mencement of that year, the number of deaths and emigrations to the 
colonies 21 in 1000, and of migrations to England 1 in 100. In England 
suppose the number of births in the course of any one year to be 3 for every 
100 inhabitants living at the beginning of the year, the number of deaths 
and emigrations to the colonies 289 in 10,000, and of migrations to Ireland 
1 in 10,000. If the number of inhabitants in England was twice the 
number in Ireland at the beginning of 1850, in what year will the popula- 
tion of the former be three times that of the latter, according to the law 


above stated? Ans. AD. 1957. 


IV. 


St Jonn’s CoLitEcGe. June, 1851. 


e°+2n4+2 o°+8r+4+20 _ 2 +40+6  22°+60+12 
xt+l r+4 ~  4Q xr+3 
Ans, x = 0, or —2}. 


(1) 





; find a. 


(2)  (5a"+0+10)?+ ("+ Ta+1)* = (Sa*—a + 5)*+(40"+ 50+8)*; find a. 
Ans, = 2x,/2, or 3x,/3, 
(3) (a*+4a—2)"+3 = 4a(3x°+4) ; find a. 


Ans. 2 = 5 (otf den 16—7,/2}. 








(4) 3a+3y—z = 3, | ee . 
14—92z 
r+ ye = 3 z ’ find 2, Y; Ans. 1 
= and 2. = 9? or 14, 
aan ae ee 172+44 
yt ae = Sayez+ — a — } z= 3. 


5) A derives his income from a fixed rental, B from his profession, 
from both. In the first year A pays as much income-tax as B and C’ together, 
but in the second year, B’s and C’s professional incomes being doubled, B 
pays as much as C, which is éths of what A pays 3 also the total amount of 
their incomes in the two years is £5500, Assuming that the income-tax 
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is higher for a fixed rental than for professional income in the ratio 3 : 2, 
find the incomes of A, B, C, in the first year. 
Ans. 4’s £1000, B's £600, C’s £700. 


(6) A and 2 start at the same time in a boat-race; A has 100 yards 
sorts and has to row to a post D, Btoa post C. At first d’s rate : B’s 
: 39, but when the distance bee een 4 and / is ith of the remaining 
cone A has to row, A’s speed is diminished in the ratio of 79 : 80, 
that two minutes htereir ds the distance between them is three yards more 
than half the remaining distance # has to row. At this point of 4's course, 
his rate which has hitherto been uniform is Increased cight yards a minute, 
while A’s is still further diminished six yards a minute; and in one minute 
more B arrives at the post C, A being then three yards from the post J. 
Find the distance between C and D. Ans. 116 yards. 


(7) Three men, 4, &, C, walk in the same direction in the circum- 
ferences of three concentric circles, starting simultaneously from = points 
where they are at their least distances from each other, .f walks his cirenit 
in an even number of hours, (greater than four), Band C their cireuits im 
one hour and two hours less respectively. Whenever -f and 2 are at their 
greatest distance from each other, they alter their rates in such a manner, 
that the times they would take to walk their circuits at the rates they are 
then going are interchanged; and whenever A and © are again at their 
least distance their times are interchanged ina similar manner. When A 
and # are at their greatest distance the first time, .f has walked a distance 
equal to twenty-two times C’s circuit; and when they are at their greatest 
distance the third time, B has walked a distance equal to forty-two times d’s 
circuit, and C has then walked ten miles less than forty times B’s circuit, 
aud is at his least distance from 2. Required the rates of l, , C, at first. 

Ans. 3, 4, and 5, miles per ee respectively. 


V. 
St Joun’s CoLtece. June, 1852. 
(1) (a+djrn+( ) ut -5)= Qab ; find x. 
8ab —ab 
Ans. x= (a+b » Or (a—b) ° 


(2) - (2+ 2n/cc)?—(a—2,/a2)$ = 2(x°—4x)5 ; find x. 
Ans. «= 0, or 2(1+,/2). 

(3) (12%—1)(6%—1)(40—1)(3a—1) = 5% ; find a. 
Ans. 2= 7 (5 oJ 52,/ 5). 
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(4) ety xy ie. és 
et PN ei A ia = 
at find x and y. Ans. : ie 
ay? y = 2, or 6. 
"4? = +2 
(ety * 


(5) A and B set out at the same time from the same place, and walk 
in the same direction. Whenever the distance between them is an even 
number of miles, 4 increases his speed } mile per hour, and when it is an 
odd number of miles, B increases his speed 4 mile per hour. When A is 
4 miles in advance, # has walked 302 miles, and A has walked 1} miles 
more than he would have done in the same time, had he walked uniformly 
at his first rate. Required the rates of A and B at starting. 


Ans. A 4 miles, B 3 miles, per hour. 


(6) Three vessels, A, B, C, contain liquids in the proportion 3 : 2: 1, 
and their prices per gallon are as 1: 2 : 3. A certain quantity is poured 
from A into B, and the same quantity from the mixture in B into C; the 
same quantity is now poured from the mixture in C into B, and from the 
new mixture in B into A. The value of the liquid in A is thereby in- 
creascd in the ratio of 35 : 27; but had the quantity poured out each time 
been one gallon more than it was, its value would have been increased in 
the ratio of 3:2. Find the quantity of liquid in each vessel. 


Ans. Quantity in 4, B, C, 3, 2, 1, gallons respectively. 


(7) Reckoning meat by the stone, wheat by the quarter, and hay by 
the load, the price of hay at first was equal to that of wheat together with 
4 times that of meat. The rise or fall of meat is ith of the rise or fall of 


wheat, together with ath that of hay, except during the first month, when 


from scarcity of fodder, hay rose 8s., and the effect on meat from this cause 
alone was a fall of 6d. The variation in hay was 8s. each month, and 
wheat rose 2s. a month from the first, until, after a certain number of 
months, there was the same relation between the prices as at first; wheat 
being now 50s. and remaining stationary. After as many months more, hay 
was 12 times the price of meat. Required the prices of wheat and hay at 
first, that of meat being 6s. Ans. Wheat 448. Hay 68s. 


VI. 


Sr Joun’s CoLttece. Afay, 1853. 








we ———e ee 





(a+2)\(x—4) "9° (a+4)(a—6) 13° (a+6)(a—8) = res} find x. 


Ans, x = 1+,/19. 


(1) 1 (@+1)\@-3) 1 (w+3)(a—5) 2 (w+5)(e—7)_ 92 
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eo a—6\ /2+9\*  . 2°+36— 
©) (Z3)(E5a) + Ge) 5) = 2 Bras He 


Ans, 2 #0, or (1/26 


(8) (a—1)*+(a—1)" = 2(ax+1)+,/3(e+a)*+4a0 ; find x. 
Ans. @ = (a+2),/8a+3 


(4) aftat+y't+b' = ,/2.{xla+y)—b(a-y)}, 


find x and y, 
at—at—y*+ b= /2.{x(a—y)+(a+y)} | a 


Rae {* =a /2+b 


y = b,/2+0 


(5) A rectangular field is divided by two lines parallel to two of itr 
adjacent sides into four parts, of which the least has ity longer side it 
the shorter side of the field. The ratio of the is of the greates 
and least parts is 4: 1, and that of the other two is 3:2. Had howeve: 
the sides of the least part been double their present lengths, the ratio o 
the areas of those parts which would thew have been greatest and leas 
would have been 4 : 1, and of the other two, one would have contained ar 
acre more than the other. Find the number of acres in the field. 


Ans. 53. 


(6) Four points, 4, B, C, D, move uniformly with velocities in Geo- 
metrical Progression in four equidistant and equal parallel lines, whose 
extremities are situated in two parallel lines, from one of which they 
start together, and when they reach the other extremities, they return, anc 
so on continually. After a certain interval 4, C, D, are in a straight line 
for the first time ; after twice that interval - Bb, C, are in a straight line 
for the first time ; 36 seconds after this, A, C, D, are in a straight line 
for the second time, and the space that has been passed over by / is 14 
inches more than that passed over by 4A when d, B, C, WY, are again in 
a straight line. Required the velocities of A, B, CU, D. 


Ans. 1, 2, 4, 8, inches per second respectively. 


(7) A town is supplied with gas at a stated price per thousand 
cubic feet, whenever the annual consumption and price of coaly are certain 
fixed quantities; but it is agreed, that in any year when they differ from 
these values, a variation in the former at the rate of m per cent. shall 
cause an opposite variation in the stated price of gas at the rate of per 
cent. (v<m), and a variation in the latter at the rate of p per cent. shall 
cause a like variation in the stated price of gas at the rate of q per cent. 
After r years the average annual consumption and average price of couls 
haye accorded with their assigned values, and yet the town has paid £P 
more than it would have done, had there been no variation from the assigned 
yalues of the annual consumption and price of coals, But if the above- 
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mentioned relative variations in the consumption and price of gas had beer 
p and g per cent., and those of the prices of coals amd gas m and n pe. 
cent., the town would have paid £@ less. Supposing that in any year (the 
a") there is a variation in the consumption and price of coals from thei 
fixed values of « per cent.; find the greatest sum the town could pay fo: 
the gas it consumed in any given year. 


Ans, The greatest cost of gas in the ¢™ year 





” qd 
P.—+Q.* 
_100f “mY +t) fr-(8-6 
ae aoa ( 100/° am p/100)’ 
2 nm 
where S = 17+ 27+ 37+,.....4+7°%, : 


VIL. 


St Jown’s Cotuece. June, 1854. 


m+1 «2-2 w-3 a-te l ( wi 
Laer eees paseo ea eh a kk Sees ae A, f A = — Lx — }, 
(1) 1 +2) 243 B—4 aad si 7 5 


(2) (a+2)*+(a?+2")* = c’c*; find a. 





c* 3 


a 
Ans. 2 = 3 lm—1+a/ (m+ 1)(m—3)}, where m = (/3+Z.-8 


(3) (%+1)(a*+1)(a*-1) = pa*(a—1) ; find x. 
Ans. x= 1, or 4 (m«,/m*—4), where m = 4(-1 an/524,/p+1). 


8 3 3 
(4) — +8y2 = ; +320 = < + 3ary = xy+yz+ze; find x, y, and z, 


4 z 1 
Ans. ———= 7 =—_, = _____---—, where 


GE EO? eS 


mM m =,/ Ps — SP, Ps—Ps »pP,= a°+6°+ c’, P, = b°c*+c'a'+ a’b*, P, = arb'c?, 
P, 

5) A person starts to walk, at an uniform speed, without stopping, 
from Cambridge to Madingley and back, at the same time that another 
starts to walk, at an uniform speed, without stopping, from Madingley to 
Cambridge and back. They meet a mile and a half from Madingley; and 


34 
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again, an hour after, a mile from Cambridge. Find their rates of walking 
and the distance between Cambridge and Madingley. 


Ans. Their rates are 4, and 3, miles an hour: the distance is 34 miles 


(6) Sovereigns in number equal to four hundred times the numbe: 
representing the ratio of the weight of pure gold to the weight of dross ir 
a Sovereign contain as much pure gold as 133 Napoleons together with 
Napoleons in number equal to six hundred times the number representing 
the ratio of the weight of pure gold to the weight of dross in a Napoleon 
also there is as much pure gold in 400 Sovereigns as in 503 Napoleons 
and 11000 Sovereigns weigh as much as 13581 Napoleons. How much o. 
(1) a Sovereign, (2) a Napoleon, is pure gold}? 


11 9 
ae ° 2 em i 
qa) Ans ; ths 2) Ans : o ths 


(7) Suppose that each of the University Presses at Cambridge anc 
Oxford has a fixed demand, every new year’s day, for 5000 copies of ar 
edition of the Bible containing 30 sheets, the price of the paper for whick 
is 128. 6d. per ream of 500 sheets, the expense of setting up the type £140. 
and the cost of press work 5s. for every thousand sheets printed. The 
custom js, at Oxford to keep the type continually standing, at Cambridge tc 
take it down as soon as the printing of what is thought proper at any parti- 
cular time is completed: in consequence it is necessary tu purchase (suppose) 
twenty times as much type at Oxford as at Cambridge. Assuming that at 
Oxford the 5000 copies are always printed just before they are wanted, anc 
that at Cambridge a supply is printed at one time for the most advantageous 
possible number of years (simple interest being reckoned at the rate of 5 per 
cent. per annum on all money laid out in the material and workmanship o 
any stock kept on hand one or more years), the capital required for the 
above purpose at Oxford is £417. 10s. Od. less than the average capita. 
required for the same purpose at Cambridge. What is the cost of the typc 
for this edition of the Bible at Oxfurd and at Cambridge? 


Ans. Cost of Type at Cambridge = £50. 
Bile Pachoeteuaes Oxford = £1000. 


VIII. 
St Joun’s CoLLeGeE. June, 1855. 


oe 4A 
(1) et wees * 22); finde. Ans, % = 2, OF 5, or dc. 


enklea(- Same) | 


veHer(*-Sae) | 





(2) 2°+Saxy+y? = 6°, 


\ find cand y. Ans. 
L+Y EC; 
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“aA 
1 
he ies a1 J me ay? where a = Fea’ 
(4) *+y?+27 = 38, = 5, 
Q4+ 38y+ 52 = 29, paieg Ans. \y =3, 
1527+ 10y?+62* = 1202+12y2+4+297 ; z=. 


(5) A person who copied a manuscript in a regular manner found 
that the number of lines copied in the first half hour was less by ten than 
the square root of the whole number of lines in the manuscript: and that 
the square of the number of lines copied in the first 49 minutes was equal 
to twice the number of lines then remaining to be copied. How many lines 
were there in the manuscript! Ans. 4900, 


(6) A, B, C, walk uniformly in three roads, starting at the same 
moment from their point of intersection. The roads in which A and 
B walk are at right angles; and the road in which C walks lies some- 
where between them. A linc joining the positions of A and C at any 
time is parallel to the road in which B walks; and a line joining the 
positions of B and C' at any time is parallel to the road in which A 
walks. When C has walked 8 miles more than A, he begins to return ; 
and when he has walked 54 miles more than JB, all three are in the same 
straight line. Find the relative speeds of A, B, and C. 


Ans. 3:4: 5, 


(7) A farmer has between 270 and 280 quarters of wheat, which 
he agrees to sell to a miller on the following terms. Not less than 
20, and not more than 30, quarters (the exact number being at the option 
of the farmer) are to be delivered at the beginning of each month of the 
year, for which the farmer is to be paid according to the market price of 
wheat at the time of each delivery. The price of wheat at the beginning 
of June is the same as the price at the beginning of July; and the price 
increases uniformly a certain number of shillings per quarter each month 
during the first six months of the ycar, and decreases uniformly the same 
number of shillings per quarter each month during the last six months of 
the year. The farmer, by making the most of his wheat under this con- 
tract, receives £7. 8s. more for it than he would have done had he deli- 
vered the same average quantity each month. If, however, the number 
of quarters to be delivered each month had been not less than 20, and not 
greater than 25 (the exact number being at the option of the miller), 
the miller, by arranging the delivery in the way most advantageous to 
himself, would have paid £11. 12s. less than he actually paid: and the 


34—2 
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amount paid in April and September together in the latter case would 
have been £33. 128. less than the amount paid in May and August toge- 
ther in the former case. How much wheat had the farmer, and what 
did he receive for it ? 

Ans. 276 quarters, for which he received £766. 8s. 


IX. 


St Joun’s Cottece. May, 1856. 


1 4 2 5 4 
( pol ’xt2' 2-3 “+l “2-2 a2+3° 


Ans, « = =,/2, or «,/3. 


find 2. 


) ; find 2. Aus, «= 6, or —2, or 34/21, 


x* 48 (5-3 

3 
(2n+a+b)'+(2+ce+d) (a+b—c—d)’ 

(8) (ntate)+(a+b+d) (a—b+c—d)? mn 


Ans, x =—5(a+b+0+d), or—Z(atb+e+d)s ,/5(a+b—e—da—b+e—d)y 


ac+1)(2°+1)  (a*+1)(ay+1 wey. ee... pee 

(4) (oot ee vet | ee or Ta’ or io 
ANS. 

(en) es eye) ~ Ite Ie 

y+ z+l. y = + /-1, or —, ora 


(5) Each of three cubical vessels A, B, C, whose capacities are as 
1:8: 27, respectively, is partially filled with water, the quantities of 
water in them being as | : 2: 3 respectively. So much water is now 
poured from A into B, aud so much from # into C, as to make the depth 
of water the sume in each vessel. After this, 1284 cubic feet of water is 
poured from (’ into B, and then so much from #8 into A, as to leave the 
depth of water in A twice as great as the depth of water in B. The 
quantity of water in A is now less by 100 cubic feet than it was originally. 
How much water did each of the vessels originally contain ? 


Ans. 500, 1000, and 1500, cubic feet respectively. 


(6) A fraudulent tradesman contrives to employ his false balance both 
in buying and selling a certain article: thereby gaining at the rate of 11 
per cent. more on his outlay than he would gain were the balance ¢érwe. 
If however the scale-pans, in which the article is weighed when bought 
and sold respectively, were interchanged, he would neither gain nor lose 
by the article. Determine the legitimate gain per cent. on the article. 


Ans. 10 per cent. 
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(7) A metallic lump m, is compounded of the metals a and 3, another 
lump m, of the metals 6 and c. The ratio of the weight of a in m, to that 
of cin m, is three times the ratio of the weights of 6 in m,, m,, respectively ; 
and three times the weight of m, is ten times the weight of m,. In two 
other lumps p,, 4, of the same volumes and compounded of the same 
metals as m,, m,, respectively, the ratio of the weights of a and 6 in p, is 
equal to the ratio of the weights of 6 and c in m,; the ratio of the weights 
of 6 and c in p, is equal to the ratio of the weights of a and 6 in m,; and 
five times the weight of p, is eighteen times the weight of »,. Having 
given that the weights of equal volumes of a, b, c, are as 3 : 2:1 respec- 
tively, determine the proportions in which each of the lumps is com- 
pounded. 

Ans. m, and m, are compounded of equal volumes of the metals: p, is 
compounded of volumes of @ and 6 in ratio 4 : 3, and p, of volumes of 6 
and c in ratio 3:4. In m,, weight of a: weight of b ::3:2; in m,, 
weight of b : weight ofc ::2:1; in yw,, weight of a : weight of 6:: 2:1; 
and in w,, weight of 6 : weight of ¢ :: 3 : 2. 


».€ 
St Joun’s CoLteGe. June, 1857. 


(1) (w+1)*+(e—1)° = 19{(2+1)+(a—1)}; find x. 
Ans. x =0, or +,/13, or +2,/—1, 


(2) (@+1)(2+2)(x+3)(a+4) = (a+1)?+ (w+2)'+(x+3)*+ (+4); find x. 


5 13 
Ans. <== Fs 15. 


1 yas 

z=0, 1, #2, —3, =(1+,/—15). 

(3) (#+1)(y*+1) = re find x | » +2, -3, 5(1+,/-15) 
pare | — . d i - Ke 

eae re ener on 2, l, 0, 3(1e4/—18) 


\ 


x=”, ort 
2,2 38 i210 ~ Q? Q’ 
(4) x4+y%—2" = (xt+y—s)'+2, : ; 
+ y%—2° = (a+y—z)+9, > finda, y,ands Ans. jy = 5? OF 5: 
x+y'—2t = (xt y—z)*+ 29; 
= 2° 


(5) Alfred, Edward, and Herbert come each witia his pail to a well; 
when a question arises about the quantity of water in the well: but none 
of them knowing how much his pail will hold they cannot settle the dis- 
pute. Luckily Mary comes up with a pint measure, by aid of which they 
discover that Alfred’s pail holds half a gallon more than Edward's, and a 
gallon more than Herbert’s: but before the precise content of any pail is 
found out an accident happens, and Mary’s measure is broken. They are 
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now however in a position to ascertain the quantity of water in the well: 
for they find that it fills each pail an exact number of times; and that the 
number of times it fills Edward’s is greater by eight than the number of 
times it fills Alfred’s, and less by forty than the number of times it fills 
Herbert's. How much water was there in the well ? 

Ans. 15 gallons. 


(6) Seven-ninths of the stronger of two glasses of wine and water of 
equal size is mixed with two-ninths of the weaker, and the remainder of 
the weaker with the remainder of the stronger. The stronger of these two 
pew glasses is a certain number of times stronger than the weaker; and the 
stronger of the two original glasses was twice the same number of times 
stronger than the weaker. Compare the strengths of the two original 
glasses: the strength of a glass of wine and water being defined to be the 
ratio of the quantity of wine to the quantity of the whole mixture in the 
glass. Ans. 4:1, 


(7) Two Tyrolese Jager agree to shoot at a mark on the following 
terms: each is to shoot an even number of times fixed for each beforehand, 
and for every time that cither hits he is to receive from the other a number 
of kreuzers equal to the whole number of times that he misses. They have 
two matches without varying the conditions. In the first match, the 
second Jager misses as often as the first hits in the second match, and the 
first Jager misses twice as often as the second hits in the second match ; 
and the second Jager has to pay to the first a balance of 4 kreuzers. In 
the second match, each hits exactly the number of times most favourable 
to him, and the second has to pay to the first a balance of 36 kreuzers. 
How many times did each hit and miss in each match? 

Ans. In the first match, the first Jager hit 4 times, and missed 16; 
and the second Jager hit 6 times, and missed 10. 
In the second match, the first Jager hit, and missed, 10 times; 

and the second Jager hit, and missed, 8 times. 


XI. 


St JOHN’S COLLEGE. June, 1858. 


a AN ee 
(1) es + (=) = (§ +2) Sp find 2. 
Ans, x = ${+(a+b)+,/a'+6ab+0"}. 


2 = 
he) RS a ei \ find « and y. 


ny"+2mx = N ; 
oe 
jen -14,/%, or l#, / Se 
Ans. isan eee 
we 2m 
yum-iz,/f/—, or lw, / -—. 
n n 
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at+y+z b+u+e c+at+y’) find a, y, and z. 
(s+y+z)" = ax+by+ez ; 


3 2 3 2 2 2 
Ans. #= 1 att bP4 Pt an) 3(ats t+) and similarly for y and z. 
3) atb+c+,/3(a*+b*+e*) 


(4) a(x+b)*—b(2+a)* = b(y+b)—a(y+a)’, 
ot 2y(a+b) = y2+a%+b; \ find x and y. 


Ans. See Companion. 


(5) Lady Sadler’s lecturer, being in haste, had to ascend his staircase 
of three flights, of which the number of steps in the lower flight : that ir 
the upper as 8: 9; and half that in the lower flight is greater by 2 than }* 
of the whole staircase. He begins running at 3 times his usual pace of 
ascent, which would take him up the upper flight in 133 seconds; but for 
the middle and upper flights his pace becomes diminished in the ratic 
6:5:4. When he had ascended 2™* of the upper flight he had to wait 
31 seconds to recover his breath; walks the remainder at the rate of 1 ster 
less than usual in 5 seconds; and discovers that he has been longer about it, 
than if he had walked up, in the ratio of 69 : 50. What was the number 
of steps in the staircase ? Ans. 70. 


(6)- A room is to be papered with paper 2 feet in width at 8d. a yard, 
and carpeted with carpet at 3s. 9d. a square yard; but 3" of the surface 
of the walls is taken up by a door and windows. Now the dimensions 
of the room are taken by an inaccurate foot-rule; hence the estimated 
cost is less than the actual cost in the proportion of 1: 1:0201. Had 
however the Rule been 4 times as much less than a foot as it was more 
than a foot, the estimated cost in this case would have exceeded the 
actual cost by 17s. O4d. Having given that the cost of the carpet 1s 
double that of the paper, and that a square whose side is equal to the 
diagonal of the room contains 84 yards, find the dimensions of the room. 


Ans. 20, 16, and 10, feet. 


(7) nmen 4, d,, A,,...4,, enter into partnership for nm years, the 
capital of the firm at the beginning of the (m+1)" year being £P; and 
they agree, after deducting their respective expenditures at the end of each 
year from their gain in that year to employ the remainder in the trade. 
Now the gain of the firm and the sum of the expenditures of 4, A,,....4,, 
in any year are proportional to the capital employed in that year; and the 
separate expenditures of A,, A,,...m any year are proportional to their 
respective gains in that year. § pposing 4,’s capital at beginning of the 
m+1)" year : A's at beginning of the (2m+1)™: 4,’s at beginning of the 
ae 1)"... a8 @ :a@,:a,...; and that the ratio of the sum of the expendi- 
tures of A,, A,... during the (7—1)™ and (r+1)™ periods of m years to that 
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; 1 
of their expenditure during the r* period of m years is a+ a 243 find the 
original capitals of the several partners. 


: Paa"™ 
ns, Capital of 4, = ——,——! = 
> : 1 aa" +a" F+..+a.? 
a-3 
Awe 
aa g aa" +a,0"*+...4a,’ 
Paa™ 
-? A, a n—t * 


“a '+daa""+...4a° 
n 


XII. 
Str Joun’s CoLueGe. June, 1859. 


(1) 2%(m!—n*)+2{m(2am—p)—n(2bn—p)} 
= (am—ln)(p—am—bn) ; find 2. 
Rie cee bu—am : p—am—bn 


wn oe 9 epee AN eee ceeey em wate 


974 — 22 mM + 7% 


(e+aye+b) _ (ytay(y+s) _ (et+a)(e+b) 
(gy SAK = 


a == m; find x, y, and z. 


y2-—b,-—a, 0, 0, 
zo —a,—b, —a, —b. 


Ans. z= 0, 0, —J, “i 


(3) at+ayty? = m(1—-2,/3)0+ 5my, 
xy = 5mx+m(1—2,/3)y; 


m 4 1 
Ans. c= §(5+J2)=mo/ ro(43- 40/3) 


(4) (/5-1)\(x+y2z)\(yt+eu)(x+ay) = J54+1, 


(JB+1)(1-2\(1-y"\1 2") = J5-1, ! find 2, y, and z, 
at y?+2°4+ Qny2 = /541; 


} find x and y. 





] 
Ans. x = 0, pwned Cet 
ee 
or ¥ = 0, ieiciiniind lant 
or z= 0, pmay enn / 541) 
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(5) The Cambridge University Musical Society consists of half and 
full (or performing) members, who have respectively 1 and 2 tickets each 
to the concerts: a permanent list of persons invited is kept, which may be 
considered as arising from the full members (known to be even in number) 
assigning 1 and 2 names alternately. On the occasion of a concert each 
member applies for an invitation for a stranger; the last 20 are rejected, 
and still, from the smallness of the room, 9 had to stand for every 20 
seated. When the new Town-Hall is built, (to hold 3 times as many 
people as the present one), if we assume the Society to receive an addition 
of 40 half, and 20 full, members, and that each member shall be allowed 
1 more ticket, and shall obtain an invitation for 1 and 2 strangers re- 
spectively, and that the Committee moreover will increase the permanent 
list in the ratio of 10 : 9, and will invite 50 strangers, the Hall will be 
filled, and there will be present 30 more strangers than twice the number 
on the permanent list. 50 full members are to be supposed to perform at 
the first concert, and to sit amongst the audience at the second. How 
many will the Hall hold? Ans. 400. 


(6) The perimeters of three rectangles A, B, C, are as 2:3: 5, and 
their areas as 2:3:7. Now a rectangle, equal in area to A, B, C, to- 
ether, and similar to B, contains as many linear inches in its perimeter, as 
A and B together contain square inches ; also the perimeter of a rectangle, 
equal in area to the excess of B and C’ together over A, and similar to A, 
is 8 inches less than the perimeter of a square equal in area to A, B, C, 
together. Find the sides of the rectangles A, B, C. 


Ans. Of A, 6in. and 4in.; of B, 12in. and 3in.; of C, 21in. and 4in. 


(7) <A railway crosses obliquely a river flowing due East and West, 
and at a certain signal-post a branch turns off, making an angle with the 
main line equal to that made with the same by a road running due South 
from the junction to a wharf 1 mile from the bridge. A barge starts from 
the wharf at the samc time as a train passes a station before it crosses the 
river; 45min. afterwards the train is observed from the barge, and found 
to be on the branch, 9 miles from the junction, and in a straight line with 
the signal-post, having passed the junction when the barge was under the 
bridge. On the return of the barge, which was towed at half its original 


rate (the stream being contrary), when it was = of a mile from the wharf, 
j 


a horseman set out from the junction, and arrived at the wharf simulta- 
neously with the barge, having travelled at a rate which is the mean pro- 
portional between that of the train and the original rate of the barge. 
What was the rate of the train, and the distance of the station from the 


bridge 4 a) Ans, 18 miles per hour. () Ans. 24 miles, 


EASY EXERCISES. 


EXERCISES. A. 


Ir a stand for 10, 6 for 3, and x for 7, what is the value of eacl 
of the following quantities ? 


(1) a+b+z. (5) 2a—x. (9) 2ab—32. 

(2) a+6-zx. (6) 4a+3b—2zx. (10) 244+ 5-—36x +100 
(3) a-—b+e. ! (7) 7a+2b- 2m. (11) Tab—abzx. 

(4) a—b—x. (8) 5a—4b—42. | (12) 8a+be—an. 


(13) What is the coefficient of 2 in 3ux1 


(14) What is the coefficient of x in Gaba? 

(15) What is the coefficient of bx in Gubs } 

(16) What is the coefficient of a in each of the quantities 2a, 2ab, abs, 
Saba, ma, axx, pax, abry | 

(17) What is the coefficient of 25 in 1251 


(18) What is the difference between 3+”, and 3x, when 2 stand: 
for 7? 


(19) What is the difference between 3a+x, and 3a—a, when a stand: 
for 10, and x for 67 


(20) What is the difference between 3a+2, and 3ax, when @ stands 
for 3, and x for 27 


Find the value of each of the following quantities, when a stand: 
for 10, 6 for 3, and x for 7 :— 








(21) 3ax+7. a—« Sx | 4bx 

(22) 3ax+7b. a a (28) 7342" 10a—16" 
Qa+x 3a aba 2a+4b a—2b 

(23) ES (26) b + 2x2— 21a . (29) aa | —_ aap 


3b+ 3x 5a+e 5b+a | (30) ma nb px 


(24) —— (27) 5 ~ a3" bra *a-x a—b’ 


EXERCISES. B. 53¢ 


If a stand for 1, 6 for 9, and c for 8, find the value of each of the 
following quantities : 


(31) a?+5*—c!, (40) ,/ab+./a*. 
(32) 1307+ 3b’—4c%, (41) a+ Jb—Jab+2,/2be. 


(33) 5abc—226*+ 3c°, 


a ara (42) ./2c+b-—,/2b—2a. 
(35) 12ab*+20a*b —2bc’. (43) ™ Jt +n es - — p,/2ac. 





36 7 a ¢ ae ‘ 

(36) a on (4:4) Jac+/4b—2,Je. 

(37) Bab" Qact (45) f/b+c—a—,/3b—2c—3a. 
3c =. &be _ a 

(38) ma’+2b?—~pe*. (46) Jat) 2e. WE 9g tv b=a. 


(39) 2,/6-—/2c. 

(47) What is the difference between 3a and a’, when a stands for 2 ? 

(48) What is the difference between ofa and 2 +,/2, when z is 1002 

(49) What is the difference between 3,/x and 7 x, when a is 644 

(50) What is the difference between ,/a+b and ,/a+6, when a stands 
for 1, and 0 for 8 ? 

(51) What is the difference between / ; and va , when a stand 
for 16, and 6 for 4? 


EXERCISES. B. 
Add together 


(1) a+b, and a+b. (9) 4p—2q+1, and 7~—3p+q. 
(2) a+b, and a—6. (10) 5ab—2be, and ab+be. 

(3) a—b, and a—b. (11) 2ax+3by, and ax—by. 

(4) a—b+e, and a+b—c. (12) 8a—2b+4c, and 2a—3b+¢. 
(5) a—b+e, and a+b+e. (13) xy+x—7, and 3xy—2x+ 8. 
(6) 1-2m+3n, and 3m—2n+]. (14) p+q—pq, and 2pq—3p+2q. 
(7) 5m+3, and 2m—4. (15) p?+2pq+q*, and p*—2pq+q’. 
(8) 3xy—2x, and ay+OGx. °(16) Tab—Suwe+1, and ab+6ac—2. 


(17) 7a—-Gy, —x—3y, —a+y, —2x+3y, and x+8y. 
(18) 3-a, —8—a, 7a—1, —a—1, and 9+a. 

(19) 2a—5b+3c-—d, and a+ 5b—c+2d. 

(20) a?+2ab+6’, and 2a’—ab—36’. 

(21) 32°—6xc+5, 2n—-3—2", and 4-27-22", 
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(22) 


(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 


(32) 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 


(17) 
(18) 


EXERCISES. C. 


ac+bd, bd—cd, and ac+cd. 
32° 4y*, 2? +y*, and 4a*—dy’. 
x — 3ax*+ 3a°x—a*, and 3a*°—2a°x4+ 402° —a"*. 


Smn+m, and 1—2—7mn. 

QOx—8y—7, and 32—9x+6y+7. 
a®—2ab’+a°b, 3a6°—2a°b, and b*+c’. 

a’—3ab’, b°—4a°b, and ab*—4a%b. 

lofi Qay, 22°-axy+y", and mx+ny. 
ad+2bd—3cd, jad—dbd, and 4ab+2cd—ae. 


I received m shillings from my father, the same from my mother, 
and 7 shillings from each of three friends, express the whole suin. 

A certain sum is divided between A, B, and C; B receives a 
pounds more than A, and C’ receives 6 pounds nore than B; if A receives x 
pounds, find an expression for the whole sum divided. 


From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 


From 


From 


EXERCISES. C. 


a take b—«. 

a+b—c—d take a—b+c-—d. 
6a—2b—3c take a—2b+2e. 
a+x—b—5c take x+8b—5e. 
3x+2y—5z take 244+ 3y+4 42. - 
2ax+by—c take ax—byte. 
3be—ab+a take 2bc+ab—a. 
cy+x+y” take vy—a*+y’. 

Qry + 3a°+4y? take xy —2x°—y’. 
2mn+5m—3n take m2+m+2. 
—2Qry+me—py take —3xy—2mx—py. 
5abc—2ab—S3ac take 2abc+ab—ac+1. 
a’—b’+c*® take a’—2b*— 2c’. 
4axn—3a'7+2a° take 2ax—a7+ 4c. 

3a°b +2a°c—5c* take a7b—a*c—7c’. 
Qay+3a—a7b+5 take 2a—a*b+6. 


ae Lae ee take ie : 
gt 3°93 grt gM 3° 


I J | 
at+6b—c take 3% 90-5 


EXERCISES. C* anv D. 541 
(19) The united ages of a father and his son make 60 years, and 


the father was 30 years old when the son was born, what is the age 
of each? 


(26) Divide 1 into two fractional parts, so that one part shall exceed 
the other by 4. 


EXERCISES, C*. 


Simplify each of the following quahtities : 








(1) ab+a(c—Db). (8) (a+7)0'+(b—7) x. 
(2) 4(1—a)+3a. (9) 2-(-4+52). 
(3) 2(a+%)—2(a—a). (10) 1-(1-1—2). 
(4) 2(a+bXa—6). (11) (6a—b+¢)—(a—b—2c). 
(5) a (12) 3(—2)(2a +2x)+ 520+ 2), 
(0). a eae (13) (14+a\1—a)(14.2%), 
(7) L(a+b)— (4-2). (14) 2(a' jr @ettes. 
1fa c\ Ifa ce 
“?) a(g*a)*3G-a): 
a(at+b)+b*)  (b(a+b)+e? 
a ema bs as sae 
3 1 
(17) sana) taasa} 
(18) “asap + 
(19) "(a+ 1)fer2— 5(2a+1)} 
(20) {1—1—a]*}a(2+2). 
EXERCISES. D. 
Multiply 
(1) axy by 0. (3) —2xy by 4a. (5) dab by 2c. 


(2) 3mn by —p. (4) —2xy by —4a. (6) 3mn by mp. 


542 EXERCISES. E. 
(7) min—p by 3. (24) a+2xe by a—3x. 
(8) ax+ba* by p. (25) Tx-1 by 5a—4. 
(9) ad+2bd by 2a. (26) 2ax—3by by 4y—3zx. 
(10) 4a*°—2axy by ax. (27) 1-2mn by 2m+n. 
(11) Se—2xy+6 by —xy. (28) a’—be by ac—b’. 
(12) 1—2a%+3b2* by —3n. (29) 14+2xu+3y by x-y. 
(18) 2ab—3ac+5bd by —2x. (30) ata—y by b-y. 
(14) 2xay—-3 by Tx. (31) ac—be+ad by 2a—b. 
(15) 2ax+by—cz by Qxyz. (32) a®+a?+a4+1 by a—l. 
(16) 2a’—bua+d by by. (33) a*+ax*+a*%a+a® by x—a. 
(17) atx by b+y. (34) 42°-6x2+9 by 2x+3. 
(18) 6x”+4 by x1. (35) 4+2x+2° by 4-2x+20*. 
(19) «2-4 by #4+3. (36) a—22° by a—2’. 
(20) 2x-—5 by 3x—2. (37) 2°+32°+9xu+27 by x—3., 
(21) 1—x by «+1. | (38) 2a‘x?+3b°y by 2a‘x*—3b*y. 
(22) 1l—a@ by w—2a". (39) 2a°—3ab+b? by 2a’+ 3ab—b’. 
(23) ax+by by 2x-y. | (40) a®+a°—a—1 by 1—a+a’*—a*+a*. 
EXERCISES. E. 
Divide 
(1) Tx by 7. (12) —2abs’y by —laxy. 
(2) Tx by =. (13) 3ac—2abd by a. 
(3) Tax by a. (14) 4ac—2abd by 2a. 
(4) Tax by 7x. (15) 82"-6xry by —2a. 
(5) 3abxe by ab. (16) 3bce+24abc*—6b%c? by 3bc. 
(6) 3abe by 3bc. (17) 4a*x*"—8abx—2ax by —2ax. 
(7) —axy by x. (18) a°a*—5abz°+ 6aa* by ax’. 
(8) axy by —2. (19) 27+3a+2 by x+2. 
(9) 6a*mn by —2mna. (20) ac—be+ad—bd by a—b. 
(10) 14a°xy? by Ta*y. (21) 6+3a—2b—ab by 2+a. 
(11) —Tmnipx by Zmmnp. (22) 4a°-15x°—4axz by 2a+3z. 


(23) a’—ax—6x* by a—3a. 

(24) 2ab+6abe—8abed by 1+3c—4ed, 
(25) 30°+16”—35 by «+7. 

(26) 3ac*+140°4+Qa+2 by o°+ 5a+1. 


(27) 
(28) 
(29) 
(30) 


(31) 
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ab +2a’—3b°—4be—ac—c* by 2a+3b+e. 

15a‘+ 10a°x+ 4072°+ 6axc°—3x* by 3a°—2*+ 2am. 
qp’+ 3p*q'—2pq’—2q* by p—q. 

a'ax*+ a —2aba*+b7x*+ a°b*—2a'b by ax—ba+a*—ab. 
320°4+243 by 2x43. 


EXERCISES. F. 


Find the a.com. of 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 


128, and 84. (11) abwy, and 2acay. 
2 
£23 BUG 200, (12) Sa%, and ab. 
80, 100, and 140. 5 5 
ax, and bx. (18) abd, acd, and bed. 
ba, and b%x*. (14) pay, ay’, and apa. 
pas andtne (15) ay’, and 2°+2ay+y’. 
aber eat (16) ax+ba, and ay+by. 
: J: (17) a@—ab’, and ab?+b’*. 
15a°b*, and 3a’7b° 
fe aoe (18) 2a°-2ab, and 5a*—5ab. 
Ja’b'c’, and 27a°b'c’. (19) 14a?—7ab, and 10ac—5be. 
14m*np*, and 7mnp. (20) (x+y), and (a*—y*)*, 
(21) w’—-2e—1, and a*+2x+1. 
(22) a°—32*+32°—-2, and a*~—3x*+ 2. 
(23) 2a°—32°—Qx+5, and 2x’—7x+3. 
(24) 4ac°+ 3-10, and 4a°+72"°—3x—-15. 
(25) a°—Tx+10, and 42°—25x*+ 202+ 25. 
(26) «7+2x—3, and x*+5a+6. 
— (27) aaa, and 2a:°+ 3a°+a. 
(28) «°—3x—2, and a*—a°+x—-10. 
(29) 2a*+a°—-x+3, and 2x°+ 5a°+a—3, 
(30) 2*+ay—12y", and x*—5xy+ by’. 
(31) 6a°-12%+6, and 3a*—3. 


Se 


EXERCISES. G. 


Find the G.c.m. of 


(1) 441274927, and 2413x4152". 
(2) a’+a*b—ab*—b*, and a’—a*b—ab?+b*. 
(3) 3a"+82+5, and 2x°—a*—3ax. 
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(4) a—112"+392—45, and 3a*-22x+ 39. 
(5) 6a°—7a—20, and 42°—-27x2+5. 
(6) 32°—132°+232—21, and 62°+2°—447+421. 
(7) 3a*—-16a—12, and 22°—16x°— 240+ 288. 
(8) 82°+62°—42—3, and 122°+5a°+2+3. 
(9) 3a—-1—22", and 1—x—22"*. 

(10) a*—412°+16, and a‘—72°+28x—16. 

(11) #°—1, 2°—2x+1, and 2*—1. 

(12) @7+2ab+6", a*—6%, and a°+2a%b+2ab?+6*. 


Reduce the following fractions to lowest terms :— 




















ve jets. (ose 
ay te | ay mpntene | oy Sees 
ay Rae Jen 2. | oy SE 
(16) we (26) - (36) Sd 
an Pee. jen Re. (31) =H 
a 2 9 
(19) ! (29) === ae | (39) Sissi 
: 
(20) | 80) Beto | Tent ti 
oy ee fon Me. | an Ee 
co 8 ly See | oot sat 


EXERCISES. H. 
Find the t.c.M. of 
(1) 21, and 24. 
(2) 12, 16, and 20. 
(3) 4, 7, 8, and 14. 
(4) 4, 7, 14, 21, and 24. 


(9) 2x, 6x, and 82. 
(10) ab, ac, and be. 
(11) 2’, y’, and 2auy. 
(12) bd, c’d, cd’, and bc 


(5) 1, 2, 3, 4, 5,6, 7, 8, 9. 
(6) 21, 22, 23, and 24, 
(7) ax, and bx. 

(8) ax, and 2xy. 


EXERCISES, I. 


(13) 2a, a+, and a—x. 


(14) 2a, 4b, 1+%, and 1—a. 


EXERCISES. I. 


Add together 


x 2% 32x 
(1) 5? 3? and 3° 


(2) ae and G° 
(3) 3° 3? and —., 


(4) ——, and —., 





(5) 7? and 








(6) 7 and 3] 
1 2 3 
(7) A ) Ai 9 and a ° 
(8) 
Fe, ee S| and a 
(9 , 


Subtract 


Qa 


Ax 


72 
(20) a from «x. 





4 1 
(21) oe from = : 


22-38 5x-1 
from , 








(22) 





545 


(15) Say, a*+xy, and y*+xy. 

(16) a’b*, a*b®, ab—ba, and a’+an. 
(17) 1+a, 1—a, 1+a+a’, and 1—a+a’%. 

(18) 1—# 1+, 1-2", and 1-2a+2% 

(19) 2:°+8”+2, 15(#+1), and 20(2+2). 

(20) x°—7x—-6, 2°—-22-—3, and a*—a-6. 

(21) 82°~142+6, 4a°+42—-3, and 427+2x-6. 


(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 


(23) 
(24) 
(25) 
(26) 
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(27) 27 trom S8*7 (30) = frori =e 

(28) s5+g5 from ($1) 755 from og 
(29) ;“— from 5. (32) _ from a 

Add together 

(33) —s, and - “5 (37) cone are and — : 
(34) : a —, and 1, (38) aeea and any 
09 Zp Set fom BE Sant 2 
(36) — and ane ; (40) ys and —: 

OY gees Sees ne gg 
(2) oerserH' ree ™ Boers 
(A+1) (x v2) 
EXERCISES. J. 

(1) Multiply 3 by 38 | (11) Multiply a" by 15. 
(2) <adeabiers a by 2. , (12). aceon: a by 15. 
(Vi. adonaven: a by 2. | We). cutee or by 11. 
C3 ee q by 6 (2 gece: a. by 7 

(5) seeeeeeee = by 4 | (AS) daaatevee ae by 10. 
(GO). <cserieias ie by 60. , (16)) Seciehint a by 5 

GQ) seegoet: at by 84. eee by = 

(8). agencies So by 6. (18) 7 by ; : 
CO): wxesweceee — by 80. (19): citeanawes = y=. 
(TO) aiiacievas “ay by 9. (20) sxéesuees oe by ay— Pe 
































(21) 


(31) 











EXERCISES. K. 


Square each of the following quantities: 


(1) 
(2) 
(3) 
(4) 
(5) 


(6) 


Sax. | (7) 
Saxy. 

—7ab. (8) 
a’be. 

—7a*be'*. (9) 
(10) 


Saaz 


Qby ” 


| 
| 
a’b 
aa 
407b 


— Bay" 
Qa" * 








(11) 


(12) 
(13) 
(14) 
(18) 
(16) 





EXERCISES. K. 547 

Divide * by 5 (26) Divide rad by 2z. 

ere a by 5. (27): . suzies Bae iy ak 

ore = by 6 (28)... ay 

— “aa by 7 29) ue PER py -%, 

i nb Qn. (30) ee. 7 -2. 
Multiply += by e+e. (35) Multiply 5+™>" vy 5+, 
siecuaites —+2 by Ze. (20) sain. 01 by Dds 

juietaes — — by 3+ | (87) eeeeeee a ce 

1b a GS) cite eee yo. 

Divide 24 — by 1 -— (43) Divide 5 by 5 =" 

ee = by (4) eee gon by -— 

Stas oa ie i Oy ccna byes 

— by 14 @) a2, Cy = 


5a*be** 
a+. 
ab+1. 
x+3. 
2—Y. 
2m — 2. 


35—2 


548 EXERCISES. K., 


(17) 2a—3y. (21) 2ma—n. (25) w*+ 20-2. 
(18) x. (22) abste., (26) a®—2ab—20*. 
(19) #45. | (28) Say—a. (27) ga-Ry. 
(20) ma+n. (24) Jab+te. (28) «w—Jy+). 


Cube each of the following quantities : 


(29) 3x+2. (33) ab (35) bat+ex’. 
(30) 2a—3. b co ee 
vt) a®—3V- (34) 2.543. 


(32) 2ab+3e. boa’ (37) a@+a-1. 


Find the 4" power of each of the following quantities: 
(38) 2-2. (89) 34+2m. (40) axv—b. 


Extract the square root of each of the following quantities: 


(41) 4a°D°. | (45) 4a*b* (49) 407+ b°—4ab. 
(42) gary’. p 0 Bey (50) 9a%+ 6-41. 
(43) 100a°b*c’ (16) poe (51) ates. 
Qa*sc* (47) 1+2°—22. 

(44) ar (48)  40:74+4041. 2) ae 

Complete the squares in each of the following cases: 

53) 2°—12a. Qu: 7 (5 
a a 140. | OP ee 7 (62) a aw, 
(55) x+11e. F i 
(56) 2?+2a. (60) a*+5m, (63) 2° 7 
(57) 2x°—«a. 

2, 40 s | ¢ (2x 

(58) 2+ 5° (61) «= 3k (64) « -5° 


Extract the square root of each of the following quantities : 
(65) a’—4a'—2a"+120"+ 9a", (66) ats ent—n+2, 
(67)  40°—12a°y + 29x*y"— 302°4/7+25a°y*, 


(68) 9a*bt—120°b*+ 34.a°b?—200°b + 250°. 


‘EXERCISES. 


(69) 2+ 6x—170°-282°+ 492% 


; 7. 49 , 
(70) 3676%t gi%° 


(71) oat QoctyP+ 5 4A 


Extract the cube root of 
(75) 8—36a+ 54a*°—27a’. 


(77) 125a°—3002°y + 240xy*—64y’*. 


K* anp L. 549 


(72) 
(73) 


(74) 34+ 


4a°—Ag+1 
O2*+6a+1° 
Q—12a+ 42" 
25+ 30xa+ Qa" ’ 
a‘+ 64+ 2ab*+ 2a°6. 
a’b® 


(76) a°+3a'°—5a*+3a—1. 


EXERCISES. K*. 


Simplify the following expressions : 


(1) 2a,/6+3a,/b+ a/b. (11) 
(2) TJa+2fa—sJa. (12) 
(3) Ne +10,/2~5,/2. (13) 
(4) 5/5+2/5—5 5 (14) 
(5) /24+,/54—,/96. (15) 
(6) 2,/18-3,/84+2,/50. (16) 
1) 2/2 +.f80— 1/20 (17) 
a (18) 
(8) 8 <4 +10 2D ait 
8/- (19) 
(9) ,/81+,/24—/192. 
(10) 3,/40+2,/625—4,/320. (20) 
| EXERCISES. 
Simplify the following expressions : 
(1) 12x J 3x) 4xJ5. (7) 
(2) 2,/2x3,/3x5,/5. (8) 
(3) ss jax b,/b x Cr/ Ce (9) 
(4) f4x,./2x2,/8. (10) ° 
(5) 3,/2ax5./3ab. as 


1 8 /y 2 ;-—= 
(6) 1 Jape, [YP aay 


(12) 


Jie fPer JF 
2b,/276—,/3b*— /12b". 
/40°b +,/25a7b—,/81a%b. 
Jf 452%+ /80x'+ / Say’. 
/24a°b + 2/8164. 

n/ 8a?— 16xy + 8y*+ /8y*. 
/a*b—Gab +9b+,/90. 
Ma-y\ary)—Sey-¥. 


[4c'— 8a = inde 


‘oie ita forza. 





L. 


1 axn/ ab x,3/ 1°. 
3, far2JaxtJa. 

5 ilaix2 Ja xia. 
2, /a7b®x,/a‘e. 

J 2a—1x fen. 


J art abx,Ja*— ab. | 
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(18) (2/8 +3,/2)x(/3-,/2). (17) V8+./39x/8—,/s9. 

(14) (8,/12-4,/24)x(3,/12+,/6). | (18) Ja? Jaa xJas Jaa 
(15) (fa+b+/Jb)x(Ja+b—/b). | (19) (at+.faz)x(b+./9). 

(16) (Ja+2+/a—2)«(Ja+a—Ja-z).| (20) (fa+a—Ja—x)xJate, 


EXERCISES. M. 
Simplify each of the fullowing expressions : 


OD) ey. (8) iE: 2a “Vl z 


(2) 6,/a%+2,/ab?. 


aes Ax | Qa°a* 
(3) 12ab,/12b%c*= 3a,/be. (9) A/ | 25+ fs : 


(4) 14,/9a+2,/4a. | (10) se Ja" Sax, 

(5) vf 4008+ ~,/ 2m. | (11) Vb, Je+aJe= Jab. 

(6) Ja +,/a. yon PY fs 
(1) oxJa. (12) anf Gy A Dp” 


EXERCISES. N. 
Simplify the following expressions : 


(1) (Ja*y)*. (6) (/—1282%y)", (11) '°/(4a*—1204 9). 
(2) (/ 2a5 ‘bc*)?, (7) fa. (12) J a®*b""c", 


cist Sia |S 
(4) ( 6°c'a)". (9) /2,/32. b° a ° 


©) (./ 2): (10) (as-+b). = (JS 5-4/ ) 
EXERCISES. O. 


Find expressions equivalent to each of the following with rationc 
denominators : 


a 


(1) 275 (3) it (6) a. 
32 2ab 2 
@) 5 Fay (4) 7a" (6) Fax 8" 





9 
0 Tiss 
(8) 3,/2-2,/3 


3,/2+2,/3 


(9) shee 
1 


(10) ee rd 


EXERCISES. 


] 
(11) SPER 
] 
ee aa day, 
3—,/2 


3-2 
1 


(13) 
(14) 


EXERCISES. P. 


P ann Q. 


551 
(15) 


(16) 





(17) 
(18) 


Extract the square root of each of the following quantities : 


1 10. ‘ ef 
(1) 7+2,/10 (5 44—,./3. 
(2) 11+6,/2. (6) 28+5,/12. 

~10,/5 3 1 
(3) 30—10,/5. (7 3-,/5- 
(4) 37+20,/3. (8) 31-,/600. 
(13) 2a—2,/2ax—a4. 
(14) a+b—c—2,/ab—ae. 
(15) 4a0—y—2,/42*— 2xy. 
(16) a+,/at— 40%. 

EXERCISES. 


Q. 


5 2 
) a-a/ 5 


(10) ye +./2. 
/(11) 2-2 
(12) 

ax—2a,Jax—a*. 

1+ /1--2°, 

5 (a+b) +./(a+2)(6—9). 


242(1—a)/1+2x—2°%. 





x-1. 


42x+2 Age? —1. 


Find the value of x in each of the following equations : 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 


6x—10 = 5xa—4. 
13%¢+1 = 92+ 5. 
382+30 = 22+ 306. 
Axz—Qa == 2Q4—aH. 


Tx—-114+5 = 8x-—9. 
15—224+6 = 32+1. 
382-6 = 12—4¢—4. 


| 


(8) 

(9) 
(10) 
(11) 
(12) 
(13) 
(14) 


12—82z = 15—-3z—-8. 

121 = 14%4+1-37+10. 
500 = 30%4+-124+32xa—-8. 
(e—20+5 = 138x%—-—4a—-15, 
12%—6x+40 = 3x+84. 
Qet+4 = 3x-I. 

15a—34 = 3h4+m, 


(37) 
(38) 
(39) 
(40) 
(41) 


(42) 


(48) 
(49) 


(50) 


EXERCISES. Q. 


w+ 


w18 


zx 
22-5 = 18. 


x 
32+ 3= 42—6. 


2 


+ 
I 

8 
+ 
9 


If ols 
| 

Ci ool 
ll 

i 

D> 


8 wl o, 
xi 
O18 
Paseo 
or 


—e 


6+ 2(11—x) = 3(19—<). 
3(a+1)+2(a+2) = 32. 
3x—2(5x+4) = 2(42—9). 


5(2x%—2)—3(2x+1) = 27. 
6(3—2x) = 24—4(40—5). 


45 —4(*2—2) = 5(x+2). 


(26) 


(27) 


(28) 2 


(29) 
(30) 


(31) 


(32) = 


(33) 
(34) 
(35) 


(36) 


(43) 
(44) 
(45) 
(46) 


Se 7m _ Te 
16.15 20 
142% 8a 2x ¥ 


x x 
gsi 3 


26 fe @ 8 
5 15 60. 20° 
—+ 
7 

3 


5 
x 164 


ne. 





x—1 Q2 
= ---+10., 


Q 6 


S 


1 1 
4 (@ +6) — 75 (16-32) = 42, 


I 1 1 
(47) 16 (3%+3)+ [5 (7% - 9) — 99 (7441) == 2. 





re RT 


(51) 


(52) 


(53) 


ee A = a+b’, 
bx ax 
Q1 52-6 7 
Qx—16 a 12—4% «w-—4 
$6 45a 





Tao oe ek 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


(7) 
(8) 


(9) 
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72+16 “+8 _& 38 2 5 

4 ee a, 50) eee 

) ~ 21  4%-11° 8 8) x «etl 4(x%+1) 
= 1 = 

gy) es ese (57) eee ee 
C+7 * Q(a+7) (22-6 6x+17 3x-10 1-—2x% 


EXERCISES. R. 


Find the value of x in each of the following equations : 











Jit+a = 2+,/x. - (10) Jnari+ ne fn+i 
Je Jira =F Jnati-Jnz n-1' 
Hb, 
ele J2n+J/3-24 3 

= ,/< ‘ 1} a 
244/30 ee ( ) /2a— /3—22 On =3 
Se es dea par mes 13— 13-2,/a—5 5 _3- 
J8+0—JSa = 2/1 +2. 134+2fe—5 23° 
(20-45 = 3,/15—,/2x. (13) /4+a—J1+a = 2,/z—2. 


J3a~Bia = ofa 2 ane ae. 

2 14 o —29 xs 2,45, 
Jut+4a+ 4b = 2,/b+2—,J/x. “ Jae etal ¥ J 
ost./x _ 9434/2 (15) f4+a = Afa*+ 20049. 
28— Ja 9+2/x- (16) Y/a+da = 4/160°+ 824320. 





EXERCISES. S. 


Find the values of x and y in the following equations: 


(1) x+y =17,) (8) 35x%+2y = 76, 
Qa—y = 19.5 12y- a= a 
(2) 4xn—-Ty = 0 | (9) Sx2+2y = ay 
4+ 5y = 50 Qy+2x = 31. 
(3) 5a+y = (10) llaz—T7y= ag 
3x—2y = 14 (x—lly = 0, 
(4) 3e-Ty = = (11) 36x-—45y = 0, i) 
lly—32= 22+ 5y = 14.) 
(5) 3x+4y = He (12) 9x+5y=65, 
1l5e—2y = 11. Te-Qiy = ae 
(6) 13x—6y = ag (13) 15e—y = 1483, 
lla—3y = 47. S5Y+2n = 5s 
(7) 7"—G6y = 10,) (14) 11e-18y = 16,) 


6a—-Ty = 8. f 20%—19y = 43, J 


554 
(15) 


(16) 
(17) 


EXERCISES. 


45x+ 8y = 350, 
2ly—-1l3x= 3) 
101x—24y = 63, 
1032—28y = 
642+ QO0y = 237, 
63x—218y = 80. } 


(21) 3(4a—Sy) = W(a+y)+3, ) 
4(3x—2y) = 5(a—y)+11. f 


(22) Sa+2= “| 


6y— 
4 

3x—2y 
2 


(23) 


5xe— Ay 
2 
22— 





(24) 


52a— 
3 


¥ 
ax 


w+ 


(25) 





puod 


(26) 


Ol Sly 


Vs 
+ 


(27) 


trols 


(28) 








+ 


+ 


Qn 
= 8. 


2L—Y 
oe = 3 





a— By 

3 s 
3 
+Yy = 7, 


13y = = 


tri m= Gol a 


4(a+y) = 4(2xe+ ng 


4(a—y) = 4(a—24). 


(29) 


1 1 
g3a—5y) +3 = sate | 


1 1 1 
8— 7 (x—-2y) = Sut oy 


(30) 


4(3a—7y) = 4(2Qx+y+ m 


8—}(a—y) = 6. 


S. 

(18) 
(19) 
(20) 


2y +4 


(33) 


(34) 


(35) 


(36) 


(37) 


(38) 


Sh.a—4d.y = 12, 
T#+9y = ng 
Qhaot By = 45, } 
Ab.c+10y = 216. 
4t.a—3h.y = | 
dx—ty = 2, 


Qe+y  «e£+13 


_——— = ~ ee — ——S—S 


3 8 











10 


oF 
3° 4° 


4, 
TY 414 = 3” 
. ll= 9 +Yy. 


I 1 
gad = 20, 
Ty+42 = 584. 
1 


2 


a 3y =], 
6(a+y)—3(x—y) = 39. 


Qu 
“ 8y = 18, 


——~—Yys 7 


4c 
15 


+ 
eo le 


to to 
a) ww 

es 

eet “geen ent 


+ 


Sik BIS 


i 
ri 
qa 





8 
+ 
4 


5 
¥y—X 


°°) 
i 





i | 
Yo iS 
be uemn* anmeenl 
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5 1 3 | 
3 1 1 2 


EXERCISES. T. 


Find the values of x, y, 2, in the following equations: 


(1) x+y = 6, (3) Sa+5y = 34, (5) y+, = Al, 
u+e = 8, 42+2z = 26, - 
y+z= 10. SY+2 = 32. w+7 = 205, 
y+ = 34, 
(2) 2u+y=9, (4) 9e+10y = | (6) w+tytz2= 15, 
Qy+xe= 15, 10y+11z = 178, “a 
ra) —_ O lle 12 ws 196. xat+s—-y = 5, 
Qety = 27. z+12y = 196. ae 
e+yt+e = 36 ] 
(7) ary , (10) <(e+y)+2z = 21, 
5a—2y = 10, 3 
—T7a = 110. 1 
9y— Tx 32 — (¥ +4) = 65, 
a. a L dhe 1 
(8) Sgt i e+ (e+y—z) = 38. 
1 1 ra) 
3 9) 
oY = 42. l 1 
e+-yt+—z2= 10 
(9) 29° 3 ; att tgs = * 
—(%+2)+y = 9 
al eS (12) Bat Oy + = 14, 
1 
eL—-2)+7 = Qy. 
ile aa 3(x+y) += 


EXERCISES. U. 


(1) What number is that which added to its half makes 24? “ 


(2) What number is that which increased by two-thirds of itself 
pecomes 20 ? 


556 EXERCISES. U,. 


(8) What number is that of which the half exceeds the third part 
by 33 

(4) What number is that of which the fourth part exceeds the fifth 
part by 3? 

(5) There is a certain number which, upon being diminished by 6, 
and the remainder multiplied by 6, produces the same result as if it were 
diminished by 4, and the remainder multiplied by 4. What is the num- 
ber ? 


(6) Divide 40 into two such parts, that one-tenth of the smaller part 
taken from one-fifth of the greater will leave 5 for a remainder. 


(7) Divide 25 into two such parts, that one shall be three-fourths of 
the other. 


(8) Find two numbers which produce the same result, 7, whether the 
one be subtracted from the other, or the latter be divided by the former. 


(9) Divide £1 among 4 children so that the oldest shall have 1s. more 
than the second, the second 1s. more than the third, and the third 1s. more 
than the youngest. 


(10) Divide a line 33 feet long into 4 parts, the second of which is 14 
feet greater than the first, the third 23 feet greater than the second, and 
the fourth 33 feet greater than the third. 


11) A banker was asked to pay £10 in sovereigns, and half-crowns, 
and so that the number of the latter should be exactly twice that of the 
former. How must he do it! 


(12) Thirtcen shillings is the sum of exactly the same number of shil- 
lings, sixpences, pence, and half-pence. What is the number? 


(13) I went to the bank with a cheque for 6 guineas, and asked to 
-have for it exactly the same number of sovereigns, half-sovereigus, shillings, 
and sixpences. The banker was puzzled: what is the number ? 


(14) I have exactly 5 times as many shillings as half-crowns; and 
altogether my money amounts to £3. How many have I of each coin ? 


(15) A father is 4 times as old as his son; but 3 years ago he was 7 
times as old as his son. What is the age of each ? 


(16) The ages of two brothers, who differ only by a single year, 
when added together amount to the age of their father; and if the father’s 
age be increased by one-fourth of that of the elder brother, it will amount 
to fourscore years. What is the age of each ? 


(17) The ages of a man and his wife together amount to 80 years, 
and 20 years ago the woman was exactly two-thirds the age of the man. 
What is the age of each? 


(18) There is a certain fraction whose denominator is greater than ity 
numerator by 1; and if 1 be taken from the numerator and added to the 


denominator, the fraction becomes equal to 4. What is the fraction 4 
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(19) A certain fraction has its numerator less than its denominator by 
2, and if 1 be taken from the numerator, and the numerator be added to 
the denominator to form a new denominator, the resulting fraction is 
equal to 4, What is the fraction ? 


(20) A boy being asked to divide one half of a certain number by 
4, and the other half by 6, and to add together the quotients, attempted 
to obtain the required result af one step by dividing the whole number by 
5; but his answer was too small by 2. What was the number ? 


(21) Find the time between 12 and 1 o'clock when the hour and 
minute hands of a clock point exactly in opposite directions. 


(22) A person, being asked what o'clock it was, answered that it was 
between 1 and 2, and that the hour and minute hands were together. 
Required the time of day. 


(23) A servant is dispatched on an errand to a town 8 miles off, and 
walks at the rate of 4 miles an hour: ten minutes afterwards another is 
sent to fetch him back, walking 43 miles per hour. How far from the 
town will the latter overtake the former ? 


(24) A student has just an hour and a half for exercise. He starts off 
on a coach which travels 10 miles an hour, and after a time he dismounts, 
and walks home at the rate of 4 miles an hour. What is the greatest 
distance he can travel by the coach, so as to keep within his time ? 


(25) A cistern which holds 820 gallons is filled in twenty minutes by 
3 pipes, one of which conveys 10 gallons more, and another 5 gallons 
less, per minute, than the third. How much flows through each pipe per 
minute ? 


(26) A man and a boy engaged to draw a field of turnips for 21s., but 
when two-fifths of the work was done, the boy ran away, and the man then 
finished it alone. The consequence was that the work occupied 1} days 
more than it should have done. Now the boy could do only half a man’s 
work, and is paid in proportion. What did each receive per day? 


(27) The date of the accession of Gro. ITI. is represented by 1800—-2z, 
that of Gro. IV. by 1800+4.2a, that of Wiuu, IV. by 1800+4.3x; and 


if Gro. ITI.rd’s reign be increased by 2x, it will amount to 100 years. 
What are the actual dates? 


(28) Her Majesty QuEEN Victoria was born May 24, a.p. a, and 
Prince Albert was born Aug. 26, a.D. 2+1. Now their united ages on 
the 26th of Aug. 1848 amounted to ¢hree times the age of Prince Albert 
on the birth-day immediately preceding his marriage, which took place 
Feb. 10, 1840. What is the year of our Lord in which each was born? 


(29) The interest of the National Debt being reckoned at 30 millions 
sterling per annum, and 3 per cent. the average rate of interest paid, what 
reduction in the rate of interest would give the same relief to taxation as 
the paying off 200 millions of debt, and allowing the interest to be paid on 
the remainder to continue the same ? 
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(30) Says Charles to William, If you give me 10 of your marbles, I 
shall then have just fwice as many as you: but says William to Charles 
If you give me 10 of yours, I shall then have three times as many as you. 


How many had each ? 


31) A man, who has two purses containing money, receives £10 to 
add to them, and finds that if he puts £5 into each, one will then contain 
exactly twice as much as the other, but if he puts the whole £10 into that 
which already contains the most, its contents will be just three times the 
value of the other. How much was there in each purse to begin with ? 


(32) A party consists of men and women, and there are 6 men to 
every 5 women ; but if there had been 2 men less and 2 women more, the 
number of each would have been the same. How many are there ? 


(33) A clergyman, who had a dole of £5. 10s. to distribute amongst 
a certain number of old men and widows, found that, if he gave them 3s. 
each, he would be 1s. out of pocket; but, if he gave each of the men 
23, 2d. and each of the widows 3s. 6d., he would have 6d. to spare. How 
many were there of each ? 

(34) There is a certain fraction which becomes equal to 4, when both 
numerator and denominator are diminished by 1; but, if 2 be taken from 
the numerator and added to the denominator, it becomes equal to 1. What 


is the fraction ? 


(35) What is the fraction in which twice the sum of the numerator 
and denominator is equal to three times their difference? 


(36) Find two numbers such that one shall be as much above 10, as 
the other is below it, and one-tenth of their sum equal to one-fourth of 


their difference. 


(37) Find two numbers such that the half of one added to a third of 
the other is 12, but a third of the former added to half the other is 13. 


(38) A person has two casks with a certain quantity of wine in each. 
He draws out of the first into the second as much as there was in the 
second to begin with: then he draws out of the second into the first as 
much as was left in the first: and then again out of the first into the second 
as much as was left in the second. There are then exactly 8 gallons in 
each cask. How much was there in each at first? 


(39) In the course of last century the change took place, called ‘the 
change of Style, which consisted in beginning the year with Jan. 1, instead 
of March 25, as heretofore, and for that year only, calling the day after 
Sept. 2, the 14", instead of the 3". Now the year of our Lord in which 
this happened, possesses the following properties:—The first digit being 1 
for thousands, the second is the sum of the third and fourth, the third is 
the third part of the sum of all four, and the fourth is the fourth part of 
the sum of the first two. Determine the year. 
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(40) Iron, worth £10 in its raw state, is manufactured half into knife- 
blades, and half into razors, and is then worth £444. But if one-third of 
it had been made into razors and the rest into knife-blades, the produce 
would have been worth £30 more than in the former case. How much 
is the value of the original material increased by these respective manu- 
factures ? 


EXERCISES. V. 


Find the values of x in each of the following equations : 


3 2 2 





P 82” ew Le 
(1) 3a°-5 = "3 zat (7) es ae 
(2) (+1)? = 2u+17. (8) 133-— = 20°89. 
(3) (x+2)? = 4x45. (9) 3 Pa 


——— + —— 
l+az l-zx 
Q 


(4) (2x—5) = 2®—202+73. 1 5 





0) ae 4(3.0°+ 1)" 











| 
| 
| 
Ba°—2 22° 5 | 
(5) a ee mee ae, | 1427416 Qx°+8 = 22° 
5 3 (1 1) - —_--—- =, 
ra Sx7—11 3 
2274+ 10 5042" 3\*? 1 
OP eer aaa Reo Gar) bert 
13 7 = 324+10. ' 17) 122-20 = 2’. 
~) ee aa nal (21) aft = 3, 
(14) 2? = 5u—4. | (18) 4e¢—-a2° = 4. “ 
(15) o%-Qx=2-16. (19) Tx-2*=6. . 3a 
) : = | o pees (22) aa ei 27. 
(16) «°-14%=120. ; (20) «=2°—30. 2 
2, Ie ot pe 
(23) «x tS = 63. (32) gv 3% = 18. 
(24) Qa—5a* = 21. (33) 5(a®+1)—3(z—3) = 22. 
(25) Tx+3a" =6. (34) 27-4 = 16—(x-2)*. 
(26) i 4 3a a (35) S(x—2)’—3 = 8(x+2). 
) ae —- S Ale 
3 2 a. 1 
(36) aa 3) = g (@ 5). 


2 a — 
a a (37) 3(2-2)+2(3—ax) = 2(4+ 3x’). 


(28) 11a°—Qx = 11}. 


13 
2 3 
(29) Sa*—5a+2 = 0. (38) x +(x+1) = G (a0 + 1). 


1g _ BAR et ses 
(30) gt 52-28 = 0. (39) Soo ee 


1 1 | w—1 
(31) Za’ 5et78 = 8, (40) 3(«— i) a 
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48 165 1 
OU) Gag eri0. a7) Tett 8022 
— 63-32 3 oe 
(42) 40+4,/0+2 = 7. 3 
nee 38a-5 135 3045 
4 A(5—22) 30+ 2 a a eae cae 
(4) oo (9) 358" azee ” d003 
(50) 3Xx-1)(a—2) = 23(a-22), 
(45) seal ea si) 2Ut3 2% 
f ——— = —-—_——_~- + Da. 
" woe Ol) Tosn  oscg 
4¢—3 2-3 ag xr+8 5 _ Se+14 
(46) oe ee of e+12 2+h Bete” 


EXERCISES. .W. 


Find the values of x in each of the following equations : 


(1)* 327+ 2a = 85. (8) t4+ Jat 4 a1o, D2 

(2) 50°Qa+2) = 0. (9) w=2i+/e-9 SF 

(3) Ta’-1le = 6. (10) w—fe+5 =1. 4 

(4) (a—b)x’—(a+b)x+2b = 0. (11) 20+, /2e4+3 = 3, 

(5) 0+6,/x = 27. (12) a+ G,/a*— 2a + 5 = 11422. 

(6) s*—Ga? = 27. (13) 2a°+ 30—5,/2a*+30+9+3 = 0, 
9 (14) Qx—40°+,/4a*-Qx+11 = 5. 

(7) fat =v (15) 30(3—a) = 11-4,/2*-3a4 5, 

sel ee 


2. 


EXERCISES. X. 


/2.,/3. (1) Find the two consecutive numbers whose product is 156. 


' 4, (2) Find the three consecutive numbers whose sum is equal to the 
product of the first two. 


I, b- (3) Divide 20 into two such parts, that one is the square of the other. 
/96, (4) Divide 210 into two such parts, that one is the square of the other. 


/2,/3{5) Divide 25 into two such parts, that the swm of their squares shall 
be 313. 


20,/9. (6) Divide 30 into two such parts, that the diference of their squares 
shall be 300. 


* This and the three following by the Hindoo method. 
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(7) The product of two numbers is 144, and if each number be 
increased by 2, their product will then be 200. What are the numbers? 


(8) Find the number whose square exceeds the number itself by 156. 

(9) Find the fraction which is greater than its square by 4. oa 

(10) The sum of £4. 10s. is equally divided among a certain number 
of persons, and each receives as many half-crowns as there are persons 
altogether. What is the number? 6. 


(11) A person bought a lot of pigs for £4. 16s. which he sold again at 
13s. 6d. per head, and gained by the whole as much 4s one pig cost him. 
What number did he buy? #7 *y- 


(12) <A gardener, who had no knowledge of Arithmetic, undertook to 
plant a certain number of trees at equal distances apart, and in the form 
of asquare. In the first attempt, when he had finished his square, he had 
11 trees to spare. He then added one of these to each row, as far as they 
would go, and found that he wanted 24 trees more to complete his square. 
How many trees were there? 300 . 


(13) A printer, reckoning the cost of printing a book at so much per 
page, made the whole book come to £16. It turned out however that the 
book contained 5 pages more than he reckoned, and an abatement also was 
made of 2 shillings per page. He received £13. 10s. UHow many pages 


: - as Z 4 _ £46 aes 
did the book contain ? 4 ex =fo, - © = 4 


(14) ' There are 4 consecutive numbers, of which if the first two be 
taken for the digits of a number, that number is the product of the other 
two, What are the 4 numbers? 4,2,3,4. Q> S67, &. 


(15) Two trains start at the same time to perform a journey of 156 
miles, but one travels a mile an hour faster than the other, and reaches the 
end of its journey just one hour before the other; at what rate did each 
train travel? 42, /3, fiz Aone. 


(16) A student travelled on a coach 6 miles into the country, and 
walked back at a rate 5 miles less per hour than that of the coach. He 
found that he was 50 minutes more in returning than going. What was 
the speed of the coach? G rh, an 7 


(17) A person distributed £5 in equal portions among a certain num- 
ber of poor men; and another person did the same, but by giving each 
man a shilling less, relieved 5 more. What was the number of recipients 
in each case? ~_x% ai 7 5 4 2Zo 

(18) A person distributed £36 in equal portioas among the poor of a 
certain place. The next year the same amount was distributed, but the 
number of recipients was diminished by 6, and consequently each reccived 
1g. 8d. more than in the year before. What was the number of recipients 


in each year? 52 at +3fy » YP aX 45 


(19) Two travellers A and B start at the same time from two places 
distant 180 miles to meet each other. A travelled 6 miles per day more 


36 
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than B, and B travelled as many miles per day as was equal to twice the 
number of days before they met. How many miles did each travel per 
day? “9, /Z - 

(20) Twenty persons contribute to send a donation of £2. 8s. to the 
Society for Promoting Christian Knowledge, one half of the whole being 
furnished in equal portions by the women, ‘and the other half by the men; 
but each man gave a shilling more than each woman. How many were 
there of each sex, and what did each person contribute? Stue. a4 J/- = 


42 trae 
(21) A person, who can walk forwards four times as fast as he can 
walk backwards, undertakes to walk a certain distance (one-fourth of it 
backwards) in a stated time. He finds that, if his speed per hour back- 
wards were one-fifth of a mile less, he must walk forwards 2 miles an 
hour faster, to gain his object. What is his speed? 47, 4 - 


EXERCISES. Y. 


Find the integral values of x in the following ‘Jnequalities’ : 
“(1) Q4—5>31, and 3x—7<2x+13. 
(2) «#+7<15, and 22+10>20. 


I 
~ (3) T#—15>4x2+30, and at gts d 


1 
~ (4) 2$-0+50<8, and Sha 50> 5. 


Solve the following ‘ Inequalities’ : 


es 5 . ~~, 8 6 —, 3 22 1 
(5) 4”%-3>-— 3% (6) 7 ze <9—3z. (7) gutgrgtts- 
(8) If 5 be any fraction whatever, shew that at ae 2. 

a ‘“™~ 


(9) If a and x be both positive, shew that a°+2°>aa*+a%x, unless 
Gm x. 





“(1 0) Which is greater 2 or NE 
Ys 5 
(11) Shew that 2z*> or < «+1, according as « > or <1. 
(12) Ifa>b, and both of the same sign, shew that 
—b°< 3a"(a—b), and > 36°(a—b). 
~(18) Which is greater _ or /3+./51 


MIL+N 


(14) Shew tha 





ae Y > the least and < the greatest of the fraction. 


18 
Rie 
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EXERCISES. Z. 
Find the value of each of the following Ratios : 








“(1) 8a: 15a. “(7) rt : 3ace. 
~ (2) 22 : 102°. (8) Sa*y? : 12a%, 
“ (3) ax : bx. “(9) no 6s oa 
“(4) abe: be. “(10) 2av+a2" : mo 
“(5) axy : 2x. “(11) l—2* : 1- 
“(6) 3abe : 2a*x. “(12) ath? : a+b. 
Simplify each of the following Latios : 
~“(13) 5axu : 4a. “Ga 7 : Say? 
/ (14) 16xy : 20%. ) Te 2x3x4" 
“(15) Jax : Sbex. ie Us a 
(16) Ray : Le’, a8) ase < mea'ee 
“19) Which is the greater 15 : 16, or 16: 171 “ae > 6 
(20) Which is the greater 2ax : 3by, or 3a: 2b, when x: y ::2:112 
(21) What is the ratio compounded of 2a : 6, and bz : a 
“(22) Compound the ratios a+a : x, and 2” : a’~2"*. 
(23) Compound the ratios a: 1, 2a:1, and 3@:1. 
“(24) Divide 27 into two parts in the ratio of 7 :2.°--" - + * 
“(25 Divide 20 into 3 parts such that the ratio of the first. two shall 


be 2: 5, and that of the last two 5 : 3. 


~(26) Find two numbers in the ratio of 14 : 22, and such that, when 
each number is increased by 15, they shall be in the ratio of 12 : 22. 


H (27 ) The numbers of boys in the three classes of a school were as the 
numbers 5, 7,8. At the next inspection the first class was found increased 
by 4 boys, the 2nd had gained two-sevenths of its former number; the 3rd 
was doubled—and the whole number of additional scholars was 34. What 
were the numbers in the classes at the 1st inspection ? 


EXERCISES. Za. 


“1) Find a4 proportional to a, 2a, and 3a. 7 

(2) Find a 4% proportional to 14, 24,.and 34.~ 
~"(3) Find a 4 proportional to a—a, a*—2*, and a+2. (®t) o 
~ (4) If a: 6::¢: d, shew that 5a : 60 :: 5c: 6d. 

(5) Ia:b::e:d, shew that $a i 3b: Be: $d 


36—2 
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“6) If 24:6 ::6 : 2c, shew thata:c:: 40": 5% AP. 

(7) Convert the proportion a : a+ :: a—x : b into an equation. 
“(8) Convert x: y :: y : 2a—x into an equation. 

(9) If ata :a—x :: 11:7, find the value of a : =, 


(10) Find og numbers in the ratio 2: 3, and the sum of which 
their product :: 5 : 12. 


a (11) The 1st, 3rd, and 4th, terms of a proportion are aa, Scx, anc 
ey , What is the second term ? 2h, 


a (12) There are two numbers in the ratio 3 : 4, and if each of them b 
eee by 5, the resulting numbers are in the ratio 4: 5. What are th 
aati 14,20. 

— (18) Ifa:6::b:c, and 6: ec : d, shew that a+b : b+e :: b+ 
2C+d, 4 4p a bys; a aa ad matips 00 whe by on (Tin AA 


san If 62—-a ; 4%— B: Caceie. 2¢+a, find x. a<- ae 


WY (15) Shew that a : 6 is double of the ratio ate : $28 if c be a mear 
proportional between a and 0b. 





(16) Find the ratio of the value of a gold coin to a silver one, wher 
13 gold coins together with 12 silver ones are worth 3 times as much as £ 
_gold and 40 silver. 


76. (17) es a:6::¢:d, shew that (a+b)? : ab :: (c+d)* : ed. a 


(18) "Find two numbers, the greater of which : the less :: their sum 
pe and :: their difference : 6. Se. He St t+ 3, on % 


(19) Divide the number 7 into two parts so that one shall be to the 
other in the ratio 7 : 1. 


— (20) There are two vessels, A, B, each containing a mixture of wate 
and wine, the wine : water in 4 ::2:3,andin B::3:7. What propor- 
tion of each must be taken to form a third mixture in which the wine 
: water 335: 117 


EXERCISES. ZO. 


(1) Given that yx, and when x = 2, y = 20, state the resulting pro- 
portion. 


P (2) If yeu, and when x = 2, y = 4a, find the equation between x 
and y. 


(8) If yee inversely as x, and when x = 4, y = 8, find the equation 
between x and y. 


(4) If 1+201-—2, shew that 1+2% < x. 
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(5) If 2x+38ya4xu+5y, shew that ray. 


(6) If a’cy’, and «= 2, when y = 3, find the equation between x 
and y¥. 


(7) If y= the sum of 3 quantities, of which the Ist 2*, the 2ndeez, 
and the 3rd is constant; and when x = 1, 2, 3, y = 6, 11, 18, respectively, 
find the equation between x and y. 


(8) If y=the sum of 3 quantities, of which the Ist is constant, the 


Qnde x, and the 3rd« x’; also when x = 3, 5, 7, y = 0, —12, —32, respect- 
ively, find the equation between x and y. 


(9) Given that the solid content of a globe varies as the cube of its 
diameter, what is the diameter of a globe formed by melting down two 
other globes whose diameters are 6 in. and 7 in. ? 


(10) What ratio does the solid content of a globe whose diameter is 
4. in. bear to that of a globe whose diameter is 8 in. ? 

(11) Given that the illumination from a source of light varies inversely 
as the square of the distance, how much farther from a candle must a book, 
which is now 3 inches off, be removed, so as to receive just half as much 
light ? 

(12) Given that the content of a cylinder varies as its height and the 


square of its diameter jointly, compare the contents of two cylinders, one of 
which is twice as high as the other, but with only half its diameter. 


EXERCISES. Zc. 


Find the 15th, and the 20th, terms in each of the following series: 
(1) 1, 6, 11, &e. (4) mx, 2mx, 3mx, &e. 
(5) 1+a, 14+32, 1+5a, &e. 


2) 16, °15, 14, &c. 
( ) ’ ’ y &C mga! ke 


(3) 4 % 1, &e. ©) 3 a? ge © 
Find the sum of 20 terms of each of the following series : 

(7) 1, 6, 11, &e. (14) mx, 2ma, 3ma, &e. 

(8) 5, 8, 11, 14, &e. (15) 3a, 52, 72, dc. 

(9) 100, 110, 120, &c. 1 2 g 

(10) 100, 97, 94, &c. (16) 2, 55 a» the. 

(11) 15, 11, 7, &e. (17) 25a, 24a, 23a, &e. 
(12) 4, 1, we 1g) Gri a-2 a-3 y 
(13) 4, % 1, &. (18) “90> to to? & 


(19) Find the Arith, Mean between 7 and 5: 


(20) Find the drith. Mean between 1+, and 1—zx. 
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(21) Find the Arith. Mean between % and 2. 


(22) Insert 2 Arith. Means between 5 and 14. 
(23) Insert 3 Arith. Means between 1 and 3. 
(24) Insert 4 Artth. Means between 100 and 80. 


(25) There is a series of terms in Arith. Prog. of which the sum of 
the first two terms is 24, and the 4th term is 23. What is the series ? 


(26) The first and last of 40 numbers in Arith. Prog. are 1}, and 
1%; what are the intervening terms? And what is the sum of the whole 
Beries } 


(27) An insolvent tradesman agrced to pay a certain debt by weekly 
instalments, beginning with 5s., and increasing by 3s. every week. His last 
payment was £15. 2¢. For how many wecks did he pay, and what was the 
whole amount of his debt? 


(28) Find the series in a.p. in which the sum of the first 5 terms is 
one-fourth of the sum of the next 5 terms, the first term being 1. 


(29) How many terms of the series 1, 3, 5, 7, &c. amount to 12343211 
(30) The sum of 2 terms of a serics in A.P. is 32+5n", find the 6th 
term. 
EXERCISES. Zd. 


Find the ‘Common Ratio’ in each of the following series in Geom. 
Prog.: 
(1) 100, 200, 400, &c. 1 1 2 


Gy 2, 2. 2 ue, 
(2) 23, 5, 10, &e. 2° 3° 9 
(6) 0:1, 0°01, 0-001, &c. 


(3) 5, 1, 8 de. (7) 1-25, 2:5, 5, de. 
(8) ax, 2a°x, 4a°x, &e. 
1 1 1 ec ne n'a 
(4) Q” 4? 8’ &e. (9) ,? y ’ >? Ke. 


(10) The first two terms of a series in Geom. Prog. are a and 1, 
what are the next two terms] 


(11) The first two terms of a series in Geom. Prog., are 125, and 25, 
what are the 6th and 7th terms? 


(12) oo the sum of 5 terms of a series in Geom. Prog., of which the 
Ist term ise 9” , and the 35th is 9, 


(13) Find the sum of 4 terms of a series in Geom. Prog., of which the 


1st term is Bn , and the 4th is 2 


EXERCISES. Ze. 567 
(14) Find the Geo. Mean between 30, and 73. 
(15) Find the Geom. Mean between 2 and - 
(16) Insert two Geom. Means between 5, and 320. 
(17) Insert two Geom. Means between 1, and : 


(18) Insert three Geom. Means between 6, and 486. 
(19) Insert three Geom. Means between 100, and 23¢4. 
(20) Which is greater the Arith. Mean, or the Geom. Mean, between 


1 and 5! and how much greater ? 


(21) Are ss, x, ey in Geom. Prog.? and if so, what is the ‘Common 
4 
Ratio’? 
(22) <A series of terms are in Greom. Prog.; the sum of the first two 
is 14, and the sum of the next two is 12. Find the series. 


23) A farmer sowed a peck of wheat, and used the whole produce 
for seed the following year, the produce of this 2nd year again for seed 
the 3rd year, and the produce of this again for the 4th year. He then 
sells his stock after harvest, and finds that he has 126561 bushels to dis- 
pose of. Supposing the increase to have been always in the same propor- 
tion to the seed sown, what was the annual increase ? 


(24) If a servant agrees with his master to receive for his wages, a 
farthing for the Ist month, a penny for the 2nd, fourpence for the 3rd, and 
soon; what will twelve months’ wages amount to! 


EXEROCISES. Ze. 


(1) The first three terms of a series in H.P. are 3, 4, 6; what are 
the next two terms! 


(2) The first two terms of a series in H.P. are a, and 6, find the next 
two terms. 


e e L} se e 1 
(3) Two terms in a series, which is in H.P.,, are ~, and r, what are 


the two terms immediately preceding ? 


(4) Continue as far as three terms more the Harmonic series 2 1, 


4 
? 3? 
(5) Ifa, 6, c, be in wp, shew that a:e:: 2a—6: 4. 

(6) Shew that a, 6, c, are in AP, GP, or H.R, according as 
a-b @ a a 


b—C 


re) ee 
a’ 6’ c 
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(7) Find the Harm’. Mean between 2 and 6. 


(8) Find the Harm’. Mean between : 


(9) Insert two Harm’. Means between 1 and 2. 
(10) Insert two Harm’. Means between 2% and 6. 


3 
and 0° 


(11) Insert three Harm’. Means between 1 and 5: 


2 
4 


(13) The Arith’. and Harm’. Means between two numbers are 2, and 
14, respectively. What are the numbers? 


(12) Insert three Harm’. Means between — and = 


EXERCISES. Z/- 
(1) In how many different ways may a class of 9 boys stand up 
to read? 


(2) With a peal of 6 bells what difference will be made, in the 
number of changes which can be rung, by the absence of one ringer? 


(3) If the number of permutations of 7 things 4 together = 12 times 
the number taken 2 together, find x. 


(4) Ifthe number of permutations of » things 3 together =6 times 
the number of combinations of n things 4 together, find 7. 


(5) The number of permutations of n things r together : number 
taken (r—1) together :: 10:1; and number of combinations r together : 
number (r —1) together :: 5 : 3; find n and 7. 


(6) Find the number of combinations of 100 things taken 98 
together. 


(7) In how many ways can 4 men be taken out of 20? 


(8) Out of a dozen friends how many different parties may be made 
consisting of no more than 8 1 


(9) The number of combinations of (n+1) things 4 together = 9 
times the number of combinations of n things 2 together; find n. 


(10) Find the number of permutations of the detters in the word 
‘Susannah’ taken all together. 


EXERCISES. Zg. 


Expand the following powers of a binomial: 
(1) (1+2)* (4) (a—6)*. (7) (1+2z)". | (10) (a@+bzx)*. 
(2) (1+a)’. (5) (%+2y)* (8) (m+n). | (11) (a@—2*)* 
(8) (a+b)? (6) (a—3zx)’, (9) (a°+b*)*, | (12) (at+aty” 
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(13) Find the 6% term (independently of the rest) in the expansion 
of (a+ 2x)’. 
(14) Find the 10% term in (2a +6)". 
(15) Find the 8" term in (@—2/’. 
(16) Find the term containing * in (a—6z)*. 
(17) Find the term containing x“ in (a—<2)”. 
(18) Find the 4 term, and the 98%, in (a—b)'”. 
(19) Find the middle term of (a—6)"*. 
(20) Find the middle term of (2a4 — 58)". 
Expand the following fractional powers of a binomial : 


(21) (a+a)i. | (23) (14+2x)4. (25) (aa+by)s. 





(22) (a—zx)h. (24) (1-32)8. (26) (2a°—3b*)8, 
Expand the following negative powers of a binomial : 

(27) (a+a)~*. | (29) (14+2x)~* (31) (at—aty4. 
(28) (a—x)~*. (30) (1—3a)~’. (32) (a’—a°)-%, 





(33) Find the 5’term of (ax —by)-”. 

(34) Find the 5“ term of (a*—2’)i. 

(35) Find the 4 term of (aa—2*)~3. 

(36) Expand (1+2x+32°)*. (39) Expand (1+2%—3x%)*. 
(37) Expand (a—b-c)’. (40) Expand (1-—x—2*)"". 
(38) Expand (1—,/x+z)*. (41) Expand (1—a—2*)7* 


EXERCISES. Zh. 
Extract the square root of each of the following surds: 


(1) 19+8,/3. (5) 33+,/10. (9) 3/6+4,/3. 
(2) 12-,/140. (6) 11%4,/7, (10) 8,/3-6,/5. 
(3) 2,/21+22, (7) 3f/2-4.' (11) 1}.,/21-2,/3. 


(4) 101-6,/2. (8) 5,/2-4,/3. (12) 4,/3~,/21. 
Extract the 4th root of each of the following: 

(13) 49420,/6. (14) 51-36,/2. (15) 3/5+3%. 
Extract the cube root of each of the following: 


(16) 38+17,/5. (18) 10-6,/3. () 26+15,/3. 
(17) 10,/7+22. (19) 3-18/6. (21) 1648/5. 
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EXERCISES. Zz. 
Expand by the method of Indeterminate Coefficients : 











(Q) jt. “a oS. =, 

we 
® (5) Gs) (8) Jian 
@) qty. 6) (752). ) ire 
Resolve the following into their partial fractions: 
(10) — (12) alae’ (14) Ge 
(1) eames 1 09) Gorey | 0 Giardia 


(16) Resolve 8x°+2x—3 into two factors of the first degree. 
(17) Resolve 10x*—6x-—28 into two factors of the first degree. 
(18) Resolve 527+ 9x+3 into two factors of the first degree. 


2 2 


a 
(19) Revert the series y = 2+ 19 Go9 


3 5 


(20) Revert the series y = x— Soe posal 


EXERCISES. Zk. 


Express in the form of Continued Fractions the following : 


| ae 67 251 
(1) 19° (3) oa (5) 764" 
47 365 907 
(2) 257° (4) po4° (6) 564° 
Find the convergents to the following fractions: 
> 41051 251 182 743 


Express in the form of continued fractions the following: 
(11) ,/10. (12) ,/26. (13) ,/50. (14) ,/101. 
(15) /7. (16) ,/40. (17) ./52. (18) ,/67. 
Find fractions the nearest to the value of the following fractions 
having only 2 digits in their denominators: 


251° 743° 5065 13957 
(19) Faq (20) a. (21) F3861° (22) 50476" 
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EXERCISES. Zi. 


Solve in positive integers the following equations: 


(1) 9n4+7y = 57. (4) 1la4-5y = 254. (7) 82—-23y = 19. 
(2) 5u+2ly=240. | (5) Te+15y = 225. | (8) 39a—56y = 11. 
(3) 30+17y = 121. (6) 3a+4y = 39. (9) 20”—-Sly = 7. 


(10) Find the positive integral values of x for which at the same time 
x-1 2-2 x—3 PRicrecis 
a ar and —z7» are positive integers. 

(11) Find the positive integral values of « for which at the same time 
x-3 wL-—5§ 


x—8 
eae ad itive integers. 
5? 4 an il’ are POsltlv 24 


(12) Find the least positive integral value of 2, which will make 


2-1 4¢-3 Q%-5 (a—1) 
14° 5’ “9 p and 25 








» positive integers. 


Solve in positive integers the following equations : 


(14) xt+y+z = 100, 
(13) 8x2+5y+72 = 560, } 7 

Ox +25y+49z = 2920. tian + 5 = 100. 
(15) Find onze solution in positive integers of 4a—18y+272 = 100. 


(16) Divide 142 into two parts so that one shall be exactly divisible 
by 9, and the other by 14. 


(17) A boy has a certain quantity of nuts, which he knows to be 
between 200 and 300; he makes them into parcels of 13 each, and finds 
that he has 9 over: he then makes them into parcels of 17, and finds he 
has 14 over: how many nuts had he? 


(18) A person having a basket of oranges, between 50 and 70, takes 
them out in parcels of 4, and finds he has 1 over: he then takes them out 
in parcels of 3, and finds he has none over: how many had he? 


(19) A farmer bought nearly the same number of cows and calves for 
£135; each cow cost £8, and each calf £3. How many were there of each? 


(20) Thirty persons in an excursion spend 30 shillings altogether; 
each man spends 5s., each woman ls., and each child 3d.; how many men, 
women, and children, were there! 


(21) An officer of police finds that if he sends his men out 2, 4, 8, or 
10, together, he has always 1 Jeft; but if he sends them 6, or 12, together, 
he has 5 left. How many men had he? 
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EXERCISES. Zm. 


Find the general solutions of the following equations: 
(1) lla+5y = 254. (3) 17e%-23y=19.' | (5) 13e-Qy =17. 
(2) 3xu+7y = 39. (4) Ta—-18y=152. | (6) 27x—-19y = 43. 
(7) 2e+3y+2 = at (8) c+y+z = 30, } 
10x—4y+3z = 10. 7x+5d.y+4d.2 = 180. 








Find the number of positive integral solutions of 
(9) llw+5y=25% | (11) Te+15y = 225, | (18) 138”—Q9y = 17. 
(10) 3x+4y = 39. (12) 5x+ 8y = 42, (14) Qe+7y = 125. 
(15) In how many ways may £80 be paid with sovereigns anc 
guineas? 
(16) In how many ways may £500 be paid in guineas and £5 notes? 


(17) Find the number of ways in which I can mix together 40 gal- 
lons of wine, some at 15s., some at 19s., and some at 12s., per gallon, so at 
to produce a mixture worth 16s. per gallon, an integral number of gallons 
of each sort being always taken. 


(18) How many fractions are there with denominators 3 and 4, whose 
sum is 31? 
(19) How many fractions are there with denominators 12 and 18, 


whose sum 1s 36° 


Solve in positive integers the following equations: 


(20) S3xy—Tx = Ty+5. (24) 4(Sa—2) = 3x°+1. 
(21) 5xy = 2u+3y+18. (25) 3ay+2a? = 3x+2y+4+5. 
(22) xy—(x+y) = 34. (26) x*+ay = 204+ 3y4+29. 
(23) 5xy—3a = 24. (27) xy+2u+ 3y = 42, 


EXERCISES. Zn. 


Transform the following numbers from the Denary to the Senary 
Scale: 


(1) 182061. (2) 5002001. (3) 211115600. 
Transform the following from scale 5 to scale 7: 
(4) 4321, (5) 110423, (6) 100811. 


(7) Transform 37704 from scale 9 to scale 8. 
(8) Transform 13256 from scale 7 to scale twelve. 
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(9) Transform 1341120 from the senary to the duodenary scale. 
(10) Transform 654321 from the septenary to the duodenary scale. 
(11) Subtract 20404020 from 103050301 in the octenary scale. 
(12) Extract the square root of the result in the last Ex. 

(13) Divide 51117344 by 675 in the octenary scale. 


_ (14) Find the radix of the scale in which 40501 is equivalent to 5365 
in the denary scale. 


(15) In what scale is the denary number 2704 written 20304? 


(16) Extract the square root of 1010001 in the binary scale, and 
reduce the result to the denary scale. 


(1 7) Apply the duodenary notation to find the square of 4ft. Qin. 0’. 
210%, 


(18) Apply the duodenary notation to find the cube of 16ft. 10in. 


EXERCISES. Zo. 


Transform the following quantities from scale 10 to scale 5: 
(1) 221°342. (2) 357-234. (3) 101-265. 

(4) Transform 179:25 from the denary to the senary scale. 

(5) Transform 23°32 from the denary to the duodenary scale. 

29 

36 

(7) Transform 21} from the denary to the octenary scale. 

(8) Transform 7304°513 from scale 8 to scale 4. 

(9) Transform 3¢-97e from the duodenary to the octenary scale. 


(6) Transform — from the denary to the duodenary scale. 


(10) Transform 345-6273 from the octenary tq the ternary scale. 
(11) Transform - from the denary to the duodenary scale. 


(12) A certain number is 125 in the scale whose radix is 7, 78 in the 
scale whose radix is y, and 49 in the scale whose radix is x+y; find the 
number in the scale whose radix is 10. 


EXERCISES, Zp. 


(1) Ifpand qare any positive whole numbers, and p+q is even, shew 
that p—gq is also even. 


(2) Shew that the difference between any number and its square is 
always an even number. 
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(3) Shew that the difference between any number and its cube is 
always divisible by 6 without remainder. 

(4) Shew that the product of two odd numbers will always be odd. 


(5) Shew that the sum of any two consecutive odd numbers will 
always be divisible by 4. 


(6) Shew that the product of any two consecutive even numbers is 
divisible by 8. 


(7) Shew that every odd square number, greater than 1, leaves a 
remainder 1, when divided by 8. 


(8) Shew that every perfect cube is of one of the forms 7m, or 7m+1. 


(9) Shew that upon any number, greater than 12, which is a perfect 
square, being divided by 12, the remainder, if there be any, is a square. 


(10) Shew that the difference of the squares of any two odd numbers 
is exactly divisible by 8. 


(11) Shew that the square of any number prime to 4 is of the form 
4p +1. 


(12) Shew that the difference of the squares of any two prime num- 
bers, each of which is greater than 3, is divisible by 24. 


EXERCISES. Zq. 


Find the value of each of the following fractions: 


(1) a, when x= 1. (7) ite when x = 3. 

(2) EaecAa when x = —3. (8) see when a = 3. 

(3) SPAR 8 when w= 5. 9) VEEL WE when w=. 

(4) ete, when « = 2. (10) sre when x= 1. 

(5) aetna when a = 2. (11) J5e-1 = when x = 1. 
x°+ 2ax*—a*x—2a* Pam 


x» when x =a. | (12) 


a 
(0) “Fo 1san+ 120" gicgs? When @ =a. 


2 
(18) Find the value of ee when «= 1, andy = 1. 
xy —ay—ba+ab. 


(14) Find the value of 
xy — ay —cx+ ac 


, when 2 =a. 


(1) 
(2) 


(3) 


(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(18) 
(14) 
(15) 
(16) 
(17) 


(1) 


naterest ? 


2 
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EXERCISES. Z7. 


Given loga, find the log. of 2/a™. 


Given log 2 = 0°30103, and log 3 = 0°47712, find log )- 


Given log 2, and log 3, as in last example, find log (3): 


Jr 
yr 


Given log 2, and log 3, as in Ex. (2), find log 12, 





Given logy, find the log. of 


Given log 2, find the log. of 


oO > 


Given log 2, find the log. of 6:4. 

If a™b™ =, find a. 

If a¥* =}, find x. 

If /a=b), find 2. 

If log x = 4loga—logd, find x. 

If dloga = nloga+mlog b—p loge, find z. 
Given log 2 = 0°30103, find the log. of 16”. 


, 
Given logx+logy= and log x—logy = 5, find x and y. 


Given log x—logy = logn, and ax+by =c, find x and y. 
If log,,« = 3 log,,@—2, find x. : 
If loga+logy = loga, and 2logz—2 logy = log), find x and y. 


EXERCISES. Zs. 


[N.B. log 1:05 = 0:02119, and log 1:04 = 0°01703.] 


What would £200 amount to in 7 years at 4 per cent., compound 


How much money must be invested at compound interest to 


(2) 
amount to £500 in 12 years at 5 per cent.? 
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(3) In how many years will a sum of money double itself placed out 
at 4 per cent. compound interest? 


(4) A freehold estate which produces a clear rental of £100 a year is 
sold for £2500; at what rate is interest reckoned? 


(5) Find the amount of £100 in 10 years at £100 per cent., com- 
pound interest. 


(6) Ifa person returns 100 guineas for the loan of £100 for 3 months, 
what is the rate of interest allowed? 


(7) A person returns £287. 10s. for the loan of £250 at the rate of 
5 per cent. per annum, simple interest. For what time was the money 
lent? 


(8) Supposing interest paid halfyearly, what will £500 amount to in 
8 years at 5 per cent., compound interest? (given log 1025 = 0:0107239.) 


(9) How many years’ purchase should be given for a freehold estate 
when money is worth 34 per cent.? 


(N.B. The Answers to all the Hwercises are printed on a separate sheet, 
and may be had gratis, by any School-Master, Lecturer, or Tutor, on 
application to Messrs. Lonaman & Co., 39, Paternoster-Row, London, 
or to the Rev. THomas Lunp, Morton Rectory, near Alfreton. | 


NOTES. 


NOTE 1. 


DIVISIBILITY OF AN EXPRESSION BY x—a. 


In Ex. 7, p. 49, it will not fail to be observed, that the remainder is 
the same expression as the dividend, with @ written in the place of x; this 
we shall shew to be true in all such cases. 


Let it be required to divide the expression 
Dex"+ pc" +p +... +p _x+p 


by a—a, and let Q@ be the quotient, and # the remainder; then, writing for 
the sake of convenience (x) for the dividend, we have, 


f(a) = Qx(a—a) +R. 


Now #& cannot contain x, for otherwise the division would not have 
been completely performed, and therefore # remains unaltered whatever 
value x assumes; also Q, being evidently of the form 


qe" +," 8+9,20" 8+... 4¢ 


n—1) 


cannot become infinite for any finite value of x Let then z=a; 


F(a) = Qx0+h, 


i.e. R= f(a), the same expression as the dividend, with a written in the 
place of x. ° 


In order to find the quotient, we have 
JF (a) = U(x—a)+h, 
1.6. pie" + pa" +p.a" + ...+p +p, = (q,0" +90" *+...4+9,_,)(e—-a) +h, 


identically ; ... performing the multiplication, and equating the coefficients 
of the several powers of x in each member of this equality, we get 


Po = Vo % = Py» 
P, = 7,- 2% Ti. = adyt+ Py 
Ps = Ws 99 and Y= 49, +Py 


&e., ee &., 
Pa~1 = Vn—1~ 9-29 Var = ag, —-at Pr 
P,, = K—aq,_, ) R = ad, , +P, 
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From the second of these sets of equations we discover an easy method 
of forming the quotient, viz. to obtain any one coefficient, multiply the 
preceding one by a, and add in the corresponding coefficient in the divi- 
dend : it also appears that the remainder can be found by this method. 


Ex. 1. Required the remainder, when 2‘—22°+3x°-x—-1 is divided 
by %+2, * 


Here a =—2, and .°. the remainder is 
(—2)*—2x(—2)*+ 3x(—2)8§—-(-2)—1 = 45. 
Ex. 2. Required the quotient, and the remainder, in the division of 
8° Qa*—11a*— 55a+7 by x3. 


Here a = 3, and, observing that one term in the dividend is wanting, 
and writing the coefficients in order, we obtain 


3 -2 -TI1 QO —55 +7 
9 21 30 gO 105 
7 10 380 35 112 


The quotient, therefore, is 32*+ 7x*+ 1027+ 30z+35, and the remainder 
112. 


In the equality f(x) = Q(z—a)+R, if f(x) = 0, when x =a, we have 
R= f(a) =0; .. if a be a root of the equation /(x) = 0, then x—a will 
divide the expression /(x) without remainder. This has already been 
perceived to be the case in quadratic equations (Art. 205), and ought to be 
borne in mind. 


By applying the above method we can easily see, that 2"—a”™ is always 
divisible by x—a, and also by «+a when m is even; and that w”+a”™ is 
only divisible by x+a, and that when m is odd. 


But the simplest way of shewing, that «"—a@” is divisible by x--a, is as 
follows : 


e g—a™ 2 gn a 
x— Oh x Ob 
from which it appears, that if «"~'—a"™ be divisible by x—a, so also is 


x"—a™, But we know, that x’-a’ is divisible by «—a; therefore also is 
a—a*; and if «°—a*, therefore also x‘—a‘; and so on generally. 


NOTE 2. 


EXTRACTION OF SQUARE OR CUBE Root oF NuMBERS. 


The rules for pointing in the operation of extracting the square and 
cube roots of arithmetical quantities (see pp. 77, 79) will perhaps be more 
clearly perceived by considering what part of the square or cube arises 
from the several terms of the root. 


NOTES. 579 


(i) For square root. Let a be the part already obtained, and b the 
next digit, so that if there be m places of figures after a, the root is 
a.10"+6.10""'+&c. The part of the square which depends upon this is 
a’.10™"+ 2ab.10""~'+b7.10""?; whence we see, that @ is to be determined 
from the first term, which, as it involves an even power of 10, has an even 
number of figures following it; and that the introduction of 56 brings in 
two inferior powers of 10, ze. every fresh figure in the root involves two 
fresh places of figures in the square; we have therefore to bring down at 
every trial division two figures. If then we point according to the rule, 
we shall satisfy both the above conditions, and consequently extract the 
root correctly. 


(ii) For cube root. If a.10"+b.10""'+&c. be the rvot, the part of the 
cube which depends on this is 


a*.10""+ 3a7b.10"~ +4 3ab?. 10-74 6.10", 


The first term has therefore a number of figures following it which is 
a multiple of 3, and the introduction of a fresh figure in the root brings in 
3 inferior powers of 10; and therefore at every trial division we have to 
bring down 3 figures. These conditions are satistied by the ordinary rule 
for pointing, and therefore the operation will be correct. 


NOTE 53. 
TueEory oF INDICES. 


The theory of Jndices is often established in the following manner: 
With our original definition of an index there is no meaning to be attached 
to a fractional or negative one. We are therefore at liberty to assign any 
meaning we please to them; this may, or may not, make fractional and 
negative indices follow the same laws ag positive integral ones; but it is 
evidently most convenient that they should follow the same laws: if then 
we assume these laws to hold good in all cases, we shall be guided to an 
interpretation of our indices. 


The fundamental laws that have been proved for positive integral 


indices are these:—a™.a"=a™*", and a"+a"=a"", when 7 is less than m, 


1 : P 
and = aa 9 when ” is greater than m. Let these hold universally; then 
( 


we shall have 


P P P 


PP 
ee we _+-+,..to 7 terms 
ha a to q factors = a’ 4 


= at" =a’; 
i , . ° 
ie a! is a quantity such that, when multiplied into itself q times, it 


produces a’, and therefore = af a’; which gives us the meaning of a positive 
Jractional index. 
Again, for a negative index we have 


m —n m 


_ 1 
a".a "=a" "= a"+a", or a". “. & =-a, 


which gives a meaning to a negative index whether integral or fractional. 
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| 
Lastly, we have a"..a"=a°ea".==1; .. w= 1. 


a 


It will be observed, that this manner of establishing the theory of 
indices is the inverse of that pursued in the text. (See Art. 162.) 


NOTE 4. 


ALGEBRAICAL AND GEOMETRICAL RATIO. 


In Arts. 257, 260*, it is shewn, that ratios, which are equal according 
to the algebraical detinition, are equal also according to the geometrical 
definition, and vice versd. It may also be strictly proved, that if ratios are 
unequal algebraically, they are unequal geometrically. 


Let Fi >> be two — e* algebraical, and wnequal, ratios, of which * 


b 


is the greater; and let | be a fraction, which is readily found, less than 


a 


the difference between ; and “ Multiply ; successively by 2, 3, 4, We. 


till its multiple excceds 55 and let f 
a C 


c. Then ase is not greater than % 7? and | <——-— 


be the first multiple which exceeds 


a a J Ob a? 
woe +3<(5-§ +5, or - “. fa<eb. 
Also asp? *. fe<ed. 


Hence it appears, that equimultiples /a, fe, have been taken of a and ¢, 
and equimultiples eb, ed, of 6 and d, such that the multiple of @ is greater 
than the multiple of 6, but the multiple of c is less than that of d; that is, 
the ratios a : 6, and c : d, are proved unequal according to the test statcd 
by Euclid. Q.E.D. 


NOTE 5. 
New Proor or THE BinomiaL Tueoremt. 
By actual Multiplication the successive powers of the binomial a@+0 are 
found to be as follow : 
(a+b) = a+b, 
(a+b) = a?+20b+0', 
(a +b)’ = a*+3a*b + 3ab?+ b°, 
(a+6)* = a*‘+4a°b + 6a°b'+ 4ab°+ 6, and so on; 


* Euclid is concerned with positive magnitudes only, and treats of none other, 


t+ This proof is taken with some slight alterations from Principes D’Algebre, par 
E. E. Bobillier, 1857. 
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which may be written thus, 
(a+b)' _a' BF 
rE" 
(a+b)? _ a a’ ars 
2 BEE’ 
(a+b)? a” bh aw oe 
is “Be RD eB’ 
gee aed de and so on 
A EBD EER EB EL’ | 
the same law of formation of the terms of the expansion being found to 


hold for (a+6)’, (a+6)", &e. 











Suppose, then, the same law to hold for (a+6)", so that 
(a+b) b)* a Bb! a"? 5? ma 57>? 


2 ae [ei *in=3'[2* sieant “The Cae, (1), 


. b 
where the Ist and last terms are —, and — » ” being a positive in- 


[ne 
a"? bY” 


teger, and the general term, expressed by the r+1", is jar |r 





+6 a b 
Now multiply (1) by ——— at on ag Pe then we have 
(a+b)"*" _ at 5" 
atl [nel scutes [eet? 





a series of which the general, or 7+1", term, ¢.¢c. the term involving 8’, is 
a a’ & rn b attr Br 
a+1 [n—r'|r mt+1 [n—r+1 [r—1 ? 
i | fret r 
Y [nara —r+l1 ‘|r m+1 nts’ 
@g@thnr b” 
' [(@+1)—r "|r" 
. a+é x+1 
Hence it is proved, that the expansion of a2) 


[w+l 


as that of e+? . But the law above stated has been shewn to hold, 


follows the same law 





when 7” is 1, 2, 3, or 4; therefore it holds for 5; and if for 5, for 6; and 
so on; and therefore generally for any positive integer whatever. 
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Thus it follows, that for all positive integral values of n, 


= —1)...(n-7r 
(a+b) = a*+na"'b+ Be aie. wet ae. +0", 


which is the Binomial Theorem. 
ii (Gul ee ae Arey: , being the 
[ 2 ae m’ | mm 

(b +0)" ig br 
| 2 [me—r" r 

(a+b+e)" an | ese. 

| 7 _ ™ [a mM "[m— =T i ag 

m—r=q, observing that a— M+ m—T = p+q 6 that p+qtr=n, the 

a? Dine r 


Pig le 

Again, writing c+d for c, the general term of 
(a+b+e+d) , ‘ a’ 6 c¢ a 

i Tag tas 

ne so on, giving us the Jfwtinomial Theorem for a positive integral 

index. 


Cor. The general term o 





nv+1™ term, and the general term of 








-, being the r+ r+it 








term; .°. the general term of or if n—m = p, 


general term is 





where p+qt+rts= 


NOTE 6%. 


Lemma. Jf f(m, n) represent a positive integral function of m and un, 
af not more than p dimensions in m, nor more than v dimensions in n, 
which vanishes for each of +1 given different values of m, combined with 
any one of v+1 given different values of n, in every way in which these can 
be combined, then will f(m, n) be identically zero. 


For arrange /(m, 7) according to ascending powers of 7, so that /(m, 7) 
assumes the form 


F(a) +A (2). m+f (nr). m+...+f(n).m'+... +f,(n).m Mahal (A), 


where each coefficient of m and of its powers, 


Sin), Ar), S,(2),-.---; F(2),. 00+ Ful), 


will, by hypothesis, be a positive integral function of x, of not more than 
vy dimensions. 


Let the given values of m and n be 
m,, m,, m 


and Ny» Nyy N n,, respectively ; 


* For this Note I am indebted to the Rev. Henry Geo. Day, M.A. Fellow of St 
John's College, Cambridge. 
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substitute in (A) one of the values of , viz. n,; then 


F(n,) +4, (n,).m+f(n,).m'?+...+fi(n).m'+...+f,(n,).m 
will vanish for more than p» different values of m. Hence 
S(n,) =9, s(n) =0, A(n,) = 0,.....A(n,) = 0,.....f,(,) = 0. 
Similarly, J,(n,) = 0, A(n,) = 0,.....f.(n,) = 0,.....A.(%,) = 05 
and so on, for the other given values of n. 


‘Hence any one of the coefficients in (A), as f(x), which is a positive 
integral function of x, of not more than v dimensions, will vanish for more 
than v different values of 2, and .. f (7) = 0, identically. 


Similarly, f(n)=0, /(7) =0,....., (2) =O; or, substituting these 
values in (A), 
Sim, n) = 0, identically. Q.E.D. 


PROOF OF THE BINOMIAL THEOREM FOR NEGATIVE AND FRACTIONAL 
INDICES. 
As long as 7 is a positive integer, the series 
Wo n(n—1) oft n(n —1)(n—2) 
1° 1.2 ° 1.2.8 


= —2 —?r 
seller a x”, will terminate 


<i 
in a finite number of terms, and will have for its value (1+2)". 


T4 z+ Ke. 


whose 7 +1", or general, teri is 


But if n be negative, or fractional, the series will not terminate, and 
will consequently have no arithmetical significance, unless it be convergent. 


Now, as long as x lies between —1 and 1, the series 7s convergent, and 
we may safely assume, under those circumstances, that the limit of 


1+ 7 + mn) at i ey a8) i ree in inf. 
has a definite numerical value dependent only on the values of x and «. 
Assume, therefore, that this series, which we shall write 
14+Navt+ Nict+ Not+...+Na+...an inf. 
is equal to f(n) ; and, similarly, that 
14+ M+ Mix? + Ma*+...+ UM o'+...1n inf. 
is equal to /(m). 
Now, these series being convergent, and therefore having definite arith- 


metical values, are subject to the arithmetical laws of multiplication, d&c. 
Hence 


J (nr)xf(n) = (1+ M+ Moae*+...).(1+ N+ NaP+...), 
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or the series 1+(M +N )x+(M+N+MN)a*+... obtained by the multiplica- 
tion of the two former series will itself be convergent, and have an arith- 
metical value represented by /(m)x/(n). 


But the coefficient of x” in the resulting series will be of the form 
M+M_,N+M_N,+...4+1,N__+N,=A_,, suppose, the law of its formation 
being obvious. 


Now as long as m and 7 are both positive integers, and each is not less 
than 7, 


M,, M,, M,,...M. : will be coefficients of the successive powers of x in 
and WV, WN, WN,...¥_,) the expansions of (1+2)", and (1+<)", respectively ; 


and A will be the coefficient of x in their product, or in the expansion 
of (1+a)"*", 


Hence, whenever m and » are positive integers, and each not less 
than 7, 


A—(M+N) =0, identically. 


But A, and (4+), and therefore 4—(J+),, are integral functions 
of m and n, of not more than r dimensions in either m or n. And 
A—(M+N)_ vanishes for each integral value of m from r to 27, combined 
with each integral value of » from 7 to 27, that is, for each of more than r 
different values of m, combined with each of more than 7 different values of 
2, in whatever manner these can be combined. Hence, by the Lemma, 


A_=(M+N), identically, for every integral value of r however large. 
Now /(m)x/(n) has been shewn to be equal to 
144 0+ Ao*+...4A 2'+...0 inf. 
. f(m)xf(n) = 14+(M4+ NV), 04+ (M+) o%+...4( M+) x +,..in inf. 
= f(m+n). 
Multiply each side of this tdentity by f(p); then 
S(m)xf(n)xf(p) =S(m+n)xf(p) =f(m+n+p), by what has been proved; 


and this may be continued to any number of factors; therefore, 


generally, f(m).f(n). f(p).f(q).&e. =f(m+n+p+q+d&e.) 


I, Letn= r a positive fraction, where @ and 6 are both positive 


integers; then 
r(5) #(5)-4 to b factors = rj +S +dic, to b terms), 


e r($) = f(a) = (1+2)", ("a is a positive integer), 


a 


b s 
that is, { ei G)t = (l+a)*, or f (3) = (1+2)’, which proves the Theorem for 
a positive fractional index. 


NOTES. 585 


II. Next, let be a negative index, integral or fractional, =—~m, 
suppose. Take s any positive integer or fraction greater than m; then 


S (8). Sn) =f(8+n) = f(s—m), 


= (1+a)"", (.° s—m is positive), 





os (1+) | 
~ (1+a)"? ; 
 S(n) = eee" +(1+x)' = (1+x)"-" = (1+2)", which proves the Theorem 


for a negative index, integral or fractional. 


Collecting these results, it is proved, that, whenever x lies between —1 
and 1, for all commensurable values of n, the arithmetical value of (1+.)" 
is equal to the limit of the series 


= —1)(n—2 . 
1+ arg MOOD) ot, MMO?) asim inf 


III. Lastly, suppose x wncommensurable; and take a series of fractions 
C5 C,, C,)----..converging to n. Then, ultimately, the series /(c) will tend 
to equality with /(), and in the limit will be equal to it. 


Also, by the law of indices, (1+) tends to equality with (1+2)", and 
the limits of these are equal. But (1+2)°=/(c); therefore (1+2)" anc 
J(n) will have the same limit, that is, for incommensurable indices 


(1+2)" =/(n). 


NOTE 7. 


CONTINUED FRACTIONS. 


The law of the formation of the convergents to a continued fraction. 
investigated in Art. 346, may also be proved in the following way: 


We have, as in the text, , and M, is in its lowest terms 


D= 1 DE + D, D 

therefore, by Art. 258, 9,V+ x ad q, D +D are either equal to, or are 
equimultiples of, WV and D; 4.6. q+ = kN 1» O0+D=k.D, where 
k =1, or some other integer. Now it is observed for the first two or three 


fractions that V.D—-N .D==+1. Let this be true as far as a , so that 
N,D,— ND, =]. 
Then ND—ND, = 5{(7,N,+N)D,-¥9,D,+D), 


=7.(ND-N,D) = 5. 


onl 
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But as the V’s and D's are all integers, the left-hand member of this 
equation is an integer, and therefore also the right-hand member. This 
cannot be unless = 1, which consequently is the case, and then 


N=gN+N, N=q2Q+D, 


which proves the rule. It will be observed that this proves each conver- 
gent to be in its lowest terms, and also establishes independently the truth 
of Art. 349. 


NOTE 8. 


CONTINUED FRACTIONS. 


It has been assumed in the formation of the continued fraction which 


represents ,/n in Art. 348, that the quantity corresponding to r” will at 
some stage of the operation become equal to 1, when the quotients will 
recur. It is evident, that the continued fraction will never terminate; 

the recurrence of the quotients will be seen by investigating the process of 
formation. 


We have ata’ =1'l’; rr” = n—a’”; and similar equations for deter- 
mining successively the values of the symbols. Now taking the quotient 


jln+a and if & N 


b”, the complete quotient is ~—, 





at an D? 2 , be the two preceding 
convergents, 
Jnea" vy 


y 





_ vn. Nita’ N +r N | 
Ineo D+D In. D+a’D+r"D* 


dita 
.. multiplying up, and sania the rational and irrational parts, by virtue 
of Art. 179, we have 
nD =a"Nir’ 
N, = a” D+r"D; 


. nDD-NN = a a 
Ni-nD? = 7"(ND-ND). 
Now a 
latter than to the former; ; therefore, according as this order is ascending 
or descending, 


4M, 
Jn, n , are in order of magnitude, and Jini is nearer to the 


NN, N? ‘3 
oe DD? i oe ND-ND =); 
1 


therefore, in both cases, a” and r” are positive integers. And as 





i , &e., 


are all >1, b, b, 6”, &c. are positive integers, therefore all the symbols in 


NOTES. 987 


this investigation are positive integers. The equation 7’r” = n-—a™, and 
those similar to it, shew that a”, &c. are all less than ,/n, therefore a’, a”, dc. 


are not >a, which is the greatest whole number <,/n; and then from the 
equation a’+a” =7')’ and those similar to it, we find that none of the 
quantities corresponding to 7’ and 0’ can exceed 2a. As then these are 
restricted to lie within the above limits, since the operation never termi- 
nates, it is clear that they must recur. If then we make the comparison 
of these recurring quotients in a retrograde order, we shall see that there 
must be one corresponding to the first that we obtain; here then the 
quantity 7” must be equal to the corresponding quantity at the beginning, 
2¢@ 1. Now if, instead of Jn, it had been proposed to converge to a n+d, 
the whole operation would have been the same as that we have been per- 
forming, excepting that the first step would have been exactly similar to 
all the following ones, and the first quotient would have been 2a instead of 
a. It is evident, then, from these considerations, that when the recurrence 
begins, the quotient is 2a. Consequently in performing the operation, we 
need only carry it on until we obtain a quotient 2a, and afterwards write 
the quotients over and over again as far as we please. 


In the equation V?-vDt=r(ND-NS), if we put r”’=1, (which 
e ° . 7 2 Q e 
value it does take periodically), we have .V°—1D* = +1, according as 


NN - 
D =p? and .. 2 4/n, 


? 


e ° i\ ° s 
i.e. according as ay occupies an even or an odd place among the series of 


e L . 
converging fractions. But as r” =1, the next quotient = 2a, and therefore 


a 
— is the fraction preceding any one formed by stopping at any quotient 


D 


1 
AY 
we 


2a. Now, if the number of recurring quotients be even, 7] is always in 
4 e 1 e 
an even place, and therefore V°—xJ)* = +1: but if the number of recurring 
e N e e 
quotients be odd, 7) is alternately in an odd and an even place, and 


therefore V,*—nD* alternately equals ~1 and +1. Therefore by forming 
the convergents to ,/n, and taking those corresponding to quotients imme- 
diately preceding the quotients 2a, we have c=, y= PD, for a solution 
of the equation a*—ny’=1, when the number of recurring quotients is 
even; and c=NV, y=, a solution of the equations 2’—ny* = —1, 
a'—ny* = 1, alternately. The equation 2*—ny?=1 can, therefore, always 
be solved in positive integers; but 2°—2y? =—1, only when the number of 


recurring quotients in the convergence to ,/n is odd. 
Ex. 1. 2*—3y* = 1. 
In the convergence to J 3, the quotients are 


1,1, 2, 1; 2,.@e.3 
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and the converging fractions are 
1 2 5 7 19 26 
1°? 3? 4 at’ 7g? &: 
therefore, as the number of recurring quotients is even, the solutions are 
x22, 7, 26, &e., 
y=, 4, 15, ke. 
And 2*—3y* =—1 is impossible. 
Ex. 2. 2°-13y'=1. 
In the convergence to ,/13, the quotients are 
3, 3, 1, 1, 14, 6; 1, 1, 1, 1, 6; ke; 
and the fractions are 
3 4 ¢ il 18 119 137 256 3893 649 
1’ 1’ 2’ 3’ 5’ 33’ 88’ ZL’ 109’ 180’ 


also the number of recurring quotients is odd; 


Ke. ; 


. 2218 y= 5, 
is a solution of 2’—13y/’ =-1; 
and # = 649, y = 180, 


is @ Solution of 2°—-13y' =+1. 


NOTE 9. 


DISTINCTION AND CONNECTION BETWEEN “ ARITHMETICAL” AND 
‘“ SyMBOLICAL ” ALGEBRA. 


Dr Woop, in the foregoing work, has nowhere distinctly recognised 
the division of Algebra into two parts, Arithmetical, and Symbolical. But 
of late years the tendency has been towards increased generalization ; and, 
as a consequence, Synbolical (or, as some will call it, Furmal) Algebra has 
received greater attention. Whether indeed much practical benefit will 
arise from keeping up a marked line of distinction between Arithmetical and 
Symbolical Algebra may perhaps be doubted; nevertheless it is due to an 
exact science, that its foundations be laid sure and strong, and the discussion 
of first principles is at all times to be encouraged. 


The only book in our language, in which this distinctive teaching i: 
fully carried out, is the admirable “ T'reatise on Algebra,” in 2 vols., by the 
late Professor Peacock; and to that work the higher class of Students wil 
doubtless have recourse. But for the sake of others, with the kind permis 
sion of the deceased Author’s literary representative (the Rev. Jas. Raine) 
a few extracts are here reprinted, which may serve at least to give a sor 
of notion of what is meant by Symbolical Algebra, and of its relative 
importance. | 
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I. Definitions, and Explanation, of Termes. 


“In Arithmetical Algebra, zero and infinity are the extreme limits of 
the values of the symbols which we employ, though the circumstances of 


their usage will very generally confine them within a much less extensive 
range.” 


“Thus, in the expression a—6, a may have every value between infinity 
and 6, whilst 6 may have every value between a and 0. The expression 
a—b may have every value between 0 and infinity.” 


“But in Symbolical Algebra, a, b, and a—b, may severally have every value 
between positive and negative infinity, zero being included in their number.” 


IT. Statement of “the Principle of the Permanence of Equivalent 
Forms.” 


“This principle, which is made the foundation of the operations and 
results of Symbolical Algebra, may be stated as follows :— 


“ Whatever algebraical forms are equivalent, when the symbols are general 


an forin but specific in value, will be equivalent likewise, when the symbols are 
general in value as well as in form.” 


III. Connection between Arithmetical, and Symbolical Alegbra. 


“The Principle of the Permanence of Equivalent Forms is that which 
expresses, in the most general terms, the nature of the connection between 
Arithmetical and Symbolical Algebra.” 


‘‘ All the conclusions of Arithmetical Algebra are considered to be the 
necessary results of the defined operations of addition, subtraction, multipli- 
cation and division, involution and evolution, when applied to numbers or 
quantities whose relations are fully understood ; and such conclusions when 
represented through the medium of symbols, which are general in form, but 
specific in value, or by rules, which are general in their form, though 
applied to quantities, which are specific in their value, are assumed to be 
true likewise, when the symbols, which represent such magnitudes, are 
equally general in their form and representation.” 


“In Arithmetical Algebra it is the definwton of the operation (whether 
expressed or understood) which determines the result, and also the rule for 
obtaining it. In Symbolical Algebra it is the rule which determines the 
meaning of the operation, such rude being determined by the principles of 
Arithmetical Algebra, when the symbols, though general in their form, are 
yet so specific in thew vulue, as to come under the operation of its definitions. 
The rules of operation are the same in Arithmetical and Symbolical Algebra, 
and therefore the results are the same as far as they proceed in common; 
but it is at the point of transition from Arithmetical to Symbolical Algebra, 
when the symbols, or the conditions of their usage, cease to be arvhmetical, 
that the meaning of the operations must be determined not by definition, 
but interpretation; and such interpretations must vary with every change 
in the circumstances of their application.” 
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“The results of Arithmetical Algebra may be said to exist by necessity, 
as consequences of the definitions, and those definitions, whether expressed or 
understood (for they are never formally enunciated), may be considered as 
derived immediately from the relations of numbers, and as consequently 
involving nothing which is arbitrary or variable in our conceptions of their 
nature or essence. They may be said, therefore, to possess, in an eminent 
degree, the character of mathematical necessity.” 


‘The case is very different, however, with the results of Symbolical, as 
far as they are not common likewise to Arithmetical, Algebra; inasmuch as 
they may be said to exist by convention ouly, for the rules for forming them 
are not proved as consequences of definitions, but are borrowed, or adapted, 
from a kindred science. And it is only when specific values are assigned to 
the symbols, that their relations or properties can become the subject of our 
reasenivgs, with a view to their aterpretation in those cases, and in those 
cases only, where the requisite correspondence, between the symbols and the 
quantities which they are assumed to represent, can be shewn to exist.” 


“‘ Again, such interpretations must not be confined to the meaning of the 
operations performed merely, but may extend likewise to the nature of the 
connection which exists between the operation and its result. The sign =, 
which is universally used for this purpose, meaus arithmetical equality in 
Arithmetical Algebra, when placed between the primitive expression and 
the result of the operation which it involves, whether the result, to which 
it leads, presents itself under a finite, or indetinite, form. But in Symbolica! 
Algebra, in cases which are not likewise common to Arifhmetical Algebra, 
and in which the operation which produces the result requires tlerpretation, 
the sign =, in common with the expressions which it connects, must neces 
sarily be included in it. Its most comprelensive meaning will be, that the 
expression, which exists on one side of it, is the result of an operation 
(using this term in its largest sense) which is indicated on the other side ¢ 
it and not performed. This view of its general meaning will include, as, 
consequence, Arithmetical equality, or Algebraical equivalence, according 2: 
either one or the other of them may be shewn to exist.” 


“The phrase ‘algebraical equivalence, as distinct from algebraica 
identity, or arithmetical equality, would be applied in the case of expression. 
which, though not possessing either of these characters, are capable of repro 
ducing or representing the symbolical propertics of the expressions frou 
which they are derived.” 


IV. Drivereine Series, weither false, nor insecure. 


“Tt has become a common practice with many distinguished analysts tc 
denounce all diverging series as either false, or insecure ; or, in other words 
as not capable of replacing the expression in which they originate in an 
algebraical operation, without leading to erroneous results. It would, how 
ever, be more in accordance with large and comprehensive views o 
Symbolical Algebra and its operations, if it should be said, that divergin 
series are not arithmetical, and therefore incapable of arithmetical computa 
tion by the aggregation of their terms, that inasmuch as they rarely, of evei 
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originate in expressions which are arthmetical both in their arrangement 
and value, it would be more correct to term them /alse under such circum- 
stances, if they gave arithmetical values of expressions which were not 
themselves arithmetical; and further, that an algebraical equivalence may 
exist between an expression and its developement, when they are not 
arithmetically equal.” 


NOTE 10. 
On THE PRINCIPLE OF MATHEMATICAL GENERALISATION. 


(By the Rev. J. R. Lunn, M.A.) 


In any mathematical investigation it is evidently convenient, that weé 
should have our symbols as free from any restrictions as they can possibly 
be; for otherwise it might happen at the end of the investigation that a 
certain symbol employed was not subject to the laws we assumed through- 
ont the operation, and then the whole work would be useless. For in- 
stance, at the outset of Algebra we might have been acquainted with the 
arithmetical operations on whole numbers only: if then, in the solution of 
a problem which required us to perform these, such as multiplication and 
division, we obtained for any symbol a fractional valuc, we could not rely at 
all on the correctness of our reasoning, uuless we had previously discover- 
xd, that the results of multiplication and division in fractions take the 
‘ame symbolical form as they do when those fractions become integers. 


In order to get rid of the restrictions in such cases, when we know 
nothing as yet about the meaning of the symbols excepting under the 
restrictions, we have the choice of either of the two following methods: 
(1) from the original defn ition of our symbols or terms to form a new one 
which shall merely express in other words what the original one did for 
he restricted case, and shall not by its phrasevlogy exclude the case to 
vhich we wish to generalize: or (2) to take any property which the 
yinbols possess, and assume it to be true wxiversal/y, always provided that 
it be one which is deduced immediately from the original definition. This 
can very often be seen by assuming the property in question, and deducing 
the original definition from it. 

An example of the first method will be found in Art. 129. 


It is, however, in most cases not so easy to generalize the definition, 
and consequently the second method is usually adopted ; and the principle, 
or convention, upon which we assume the symbolical proposition to be 


universally true is called “the Permanence of Equivalent Forms,” and is 
usually stated thus : 


When any Algebraical Proposition is proved true for the symbols subject 
to certain restrictions, but there is nothing in its form which should lead us 
of necessity to assume these restrictions, tt shall be true without any restric- 
tion whatever. This, of course, is to be adopted under the conditions pre- 
viously stated (i.e. that we know nothing about the unrestricted symbols, 
and the proposition in question, is obtained directly from the definitions) : 
but in cases where we know all about the properties of the symbols when 
they are unrestricted, it is still of great use in indicating to us the manner 
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upon which we must proceed to prove the proposition we are invest 
gating. 
For instance, in positive integral indices we have proved that a™x¢ 
m+n, 


= a”™""; we wish to know whether indices are the only things which posse: 
this property (positive integers being assumed throughout). 


Let then a”xa”" = a™*" for all positive integral values of m and n, an 
suppose a’ =a; then a™=@""*' =a” xa= a" *xaxa = &e. = axaxa... t 
m factors ; therefore indices, in the usual acceptation of the term, are th 
only symbols which satisfy the above law: and therefore we assume thi 
law to be true universally, so that it stands in place of a definition 


Sractional, or negative, indices. 
If we had used another notation such as a,xa,=a_,, where a, =a 


we should have a, = axax... to m factors = a”, and a, = Ja; a_,= 3 &c. 


thus we see, that if in any expression, involving a symbol m suppose, w 
write m+n for m, and the result is equivalent to that obtained by multiplyin, 
two such expressions together, then the assumed expression is equal to th 
m* power of the value which it takes, when 1 is written for m. 
In the Binomial Theorem we have proved, that (1+x)"=1+m: 
aed) &c. as long as m is a positive integer: there is nothing 
in the form of this equality to lead us to suppose that m must be 
restricted ; we should therefore expect, that it will be universally true 
but this cannot be assumed, since we have already discovered the propertie: 
of fractional, and negative, indices. If, however, we wish to prove thi: 
proposition to be true in these cases, we must first investigate whether the 
above series is subject to the index law or not, ie. whether writing in it 
m+n in place of m gives the same result as that obtained by the multipli- 
cation of two such series together. 


Now at the very beginning of Algebra, definitions, conventions, and 
assumptions are made, so that the symbolical forms of addition, subtrac- 
tion, multiplication, and division, should be always the same, whether thc 
symbols are positive or negative, integral, or fractional ; and if the series 
1+ma+ ae x’+d&e. be denoted by /(m), or a,, in the expression 
J(m)xf(n), or a,x@,, no other operation than these four is involved, there- 
fore the form of the result is unalterable, and therefore either always, or 
never, f(m)xf(n) = f(m+n); or, with the other notation, either always or 
never @ Xa, =a,» 


All then that is now necessary is, that /(1), or a, should be equal to 
1+, and then /(x), or a,, will be equal to (1+2)” in all cases. 


It will easily be seen, that in the latter part of Euler’s proof of the 
Binomial Theorem, every step is analogous to a corresponding step in the 
method adopted to discover the meaning of a fractional or a negative 
enden. 5 
THE END. - e 
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